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STUDY AND REALIZATION OF ROTARY DOUBLE INVERTED-
PENDULUM CONTROL

ZHANG Dong-jun' CONG Shuang' LI Ze-xiang’ QIN Zhiqiang’
(1. Dept. of Automation, University of Sci. & Tech. of China, Hefei 230017,
2.Dept.of EEE, Hong Kong University of Sci. & Tech. Hong Kong)

Abstract: This paper analyses the dynam ics of rotary inverted pendulum system and linearizes the pendu-
lum system at the unstable equilibrium point at the “ inverted” state. The linear quadratic optimal control
strategy is adopted to design the controller and the simulation experiment is done. The controller designed is

successfully applied to the actual rotary inverted pendulum system which makes it be steadily stabilized at the

“inverted” state. Such application and actual experiment is the first in China.
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Fig.1 The structure of rotary double inverted pendulum

control system

(BT AR RGN PR N 18] 2 T,

B2 R g5 SR A B SO
Fig. 2 The physical m odel of rotary double

inverted pendulum

Horp 5 B HUAIE B 2 tink,, BITATAR; 11 5 FAT
K53 — i AH 3 B A2 80 57 tink> (R FF) AT links ( &

FEY . AR B0 my omos B ms; B sl oy
A T T BT FERAS AN 20 21 R 215,

I QAR ST AR ) T AR BB AL At
AT e RS, H Uk s 5 PAT A 55 — i A4 0 R
FER L FF A 2 E T 1 e RIS 8. 4RI A
EES LBV AR EN N AL e S U S o N (A v
i O O B A A< DL R AN TR R N E
180 SEMINLE b ok, 75 B S @ i i R A EL
SRR AT ARG MAAR R U 2 TR, RS

) 838 73 AA B

X li cos6;

Al = | lsin6 ,

Zol R 0

X2 licosB,- LsinB sinb,

Y2 = | LsinB+ LcosBsinG,| ,

Za! TR LcosB,

X3 licosB- 2Lsin6 sin6,- LsinG sinb;
Vs = | l;sin® + 2LcosO,sin6,+ lcosb sind; ,
Z3) AR 2hLcosB,+ Lcosb;

X4 licos®,- 21Lsin6 sinb,

Ya = | lisin®+ 2LcosB sinb, (1)
Z4) s 2Lcosb,

Horbre, TS x BTSSR, 6, 6 2050 B
FAERTE 2 BT 1R A
W H New ton-Lagrange LR

d 0L oL
Efa‘%'_ aqu T, L(q.9) = T(q.9) - V(q,9)

Jorh L GRS SE T, 0 MR ALK i=

2,3, 4, = {x. 6, 6, 8}, S AR THONER
GEyig) SRR IR E I SRSy, T = 1?va= 13
m(x+ g+ 20) R RAIBAE v R RA AL T
o {81 42 A 4

| .
T.= 3]1 o

[ﬁ( licosB- LsinB sind,) I

ma| + [ﬁ( lisin@ + LcosB sind,) J*

1 . 1
T:= )2 03+ B

+ [%( LcosB,) T

1 .
Ts= s 05+
[ﬁ(llcosel- 2Lsin® sin@,- Lsin sinB;) ]

177113 + [i( Lisin® + 2LcosB, sinB,+ LcosO sinds) ]

+ [%(Zchosefr LicosBs) T



TR A BEAE PRI R STAR R R 9 S B

125

[ (heos8i- 2Lsindisins)

+ [i( Lisin® + 2LcosB sind,) T

+ [i(ﬂzcosez) T

T = u- o él,
T = - Cz.e2+ C3(ég- éz),

TG = - Cs(ez - 92)
b o= mi B/3, Jo= maB/3, Js= msB/3, u /&

V= mg(2Lh+ L)+ maglh+ L+ L(1- cos6)]  HUAJIH g P Ir e,
+ 25L(1 - + L(1 - + PO p JEL s
mgl 2h(1 - cosy) + h(l- cosB) ] F4 X = (01,6, 0. 01, 6, 0}, 0= 0 AL F(2)
m4g[ 212(1 - COSGQ) + l3 ] it
1 0 0 .
4 O
I lz(ﬂlz-i— 2ms + 2m4)cos92 l%(?mz-i- dms + 24my) 212137113005(92- 93) . e B
| =
l] l3m3C0893 212 l3m3008(62 - 63) % l%?’l’l} 63
0 0 0 0o |6 v
- glz(mz + 2ms + 2m4)sin92 + 0 e, Cowe, 05 C3 éz + 0
- gl3mgsin93 0 C3 - C3 . 0
0
6 0 Y= CX
M “62 = | - glz(mz + 2m; + 2m4)Sil’lez + /‘EP
0, - glm;sinG; A= TAT ', B=TB, C= CT ' (3)
. PIES: R HHAT B EL A B, WA B UL SR 1
6 WS R WIRE T RN
Gl +V X(k+ 1) = GX(k) + Hu(k) "
5 Y(k) = CX (k)
3 _ T. _
> S \ . _ AT _ s A(T- Dy NS
IBARGAE xo= {0,0, Lm0, = m, 0} KeLRIEALN: A G= ¢ H ‘,[o e BT, T, WRHFH
y ﬁ 5 W =
X= AX + BU 3, *%‘fﬁﬁln 0. 005s. e
Horp m.= 0. 062kg, ms= 0.126kg, m.= 0.178kg
Oy Ius Oun | L= 0.213m, L= 0.088m, L= 0.248m
A= M:dE MGl 'S MoV ci= 0.05IN* s/m. c:= 0. 0008N * s/m,
C=1[1Isxs O3] c;= 0. 0008N * s/m
0 0 0 3 RGN LI HEE Wt (System analysis
=|0 I + 2ms+ 2 0 .
F g bmo 2t 2ms) and controller design)
0 0 gl3m3
L X=TX, Hrh B, BATESEB IR R ENE. 1E xo0=
1 0 00 0 0 (0,0, Xm0, £ m 0340, RG(G, H) MEFIEAR K
0 0 01 0 0 Eigenvalue (G) = [1.02826 0.97212 1.01366
. 0 1 0 0 0 0 0.9865 1.0000 1.00000 ]
o 0 00 1 0 AR RETPE. TR HE R E RS
0 -1 1 0 0 0 RIS AR R R A e SRR, M= [H GH
0 0 0 0 -1 1 .G'H ], WA 0 1F rank (M) = 6, Bl R G 1]

JUES)

P MR EME R SRR, Al DA VHIRAS B Bt il 2545



126 i B 5 & # 32 %
IR R G RS BLEAE § WAT AL E. RS R H'SG+ C'Q,C= S (8)

WA
u(k) = - K,X (k) (5)
[FVREHh, 2255 th 2 T WA, VAT DA TR A W 38 ok
SR ZR G P AT 492 0 3 3 A (L Sy
UL, T Tt HL D 8 £ T 4, FRAT T
ISR 4 35 B 1 22 43 KA A A
T ARG A T RS, Y RG]
AV 1 2 S
Q=[B AB A8 A'B A'B

_ max[ Eigenvalue(Q" Q) ] _
0= m in[ Eigenvalue(Q Q) ] 839. 01

M S B KA, FRGenT¥51 RRIR . X H gy {5 7 4%
B ARG @K a1 AT L5 g A
LQR.LQY PAA L SHIBCE 3 Rl vk, LQy
BA el s s . DRk, 1 R g 48 37 4%,
WATEERH LQy I SFEng vt i 45, i Hh £
PE IR B A I SR s e i R

vt SR A TR X (k) = -
SIS A SE A R R e FR b oR L

A°B ]

K X (k).

Jv= ; (Y(K)'Q,Y(k) + u(k)'Ryu(k)) (6)

Qy~ Ry, 73 FHR 4 1) & Y (k) 4830 ) 1
(k) FEPEREFR AR AR FE PR AT AL — et
BR,=1.
4 H 2SS R (Simulation and actual
control results)

TSSO SIS RGBT 0 UL, A FLIR BN
MATLAB Vers. 3 F /) SIMULINK Ver3. 0. 1i B
gt 3 pos.

‘ I },__’4
» x(n+1)=Ax(n)+Bu(n)

Y(N)=Cx(n)+Ou(r)
Step

Discrete State-Space
Pendulum System

[« le
[

Feedback
Matrix Gain

K3 iR ARG LK

The simulation system structure

G NSRS
K, = [1.3392 4.7797 276.3570

Fig. 3

N 170.1969 - 458.4606 - 75.7067 ]
N Ej/ \’ S 'fﬂ“ It . - s
g . oo RGVIIREA:
= Jr -
Ro= U SH TR (H%/SG) 7 xo=[000.10- 0.10]
Horbr s H1 RAUER R (Ricatti) T FERAS:
G'SG- G'SH(H'SH + R,) '~
02 N
= =
: =
5 i
E of
| s
=
: = 0 1 2 3 4 5
0 ] > ? il () 10 (8D
20 (\/
0.1
= g O
- T 20
= =
; 4 % 40
= E-C}Q‘
il -80
E I E ; 8 S (E5) 0 l : : 1) (655

Bl 4 BT ZRETIR M R G N

Fig. 4 The system simulation curves of rotary double inverted pendulum
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The actual control curve records of rotary double inverted pendulum system
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