
� 26 � � 4 � � � b � � � Vol. 26 No. 4
2003 � 10 G ACTA MATHEMATICAE APPLICATAE SINICA Oct., 2003

sp����mGauss-Markov���

�tw�q��Minimaxtx ∗

	
�
(k���d�D���x�F��M 410082)

� 
 P Y ��A�X Xβ g�J�P σ2V � n xgp�	� Sβ ��	
Vbc�N�
X, S g V ≥ 0 �
U�P� β ∈ Rp g σ2 > 0 �zU	c
�
KE�jU�����	V
�
Minimax 	
K����P����� Sβ �u
�	 Minimax V
 (AZu
	Kwj����
���).

uyo E�jU�
Vbc� Minimax V


1 ��
�������

EY = Xβ, Cov (Y ) = σ2V, (1)

�� Y v n w����� X v n × p �OyO� β v p wyT����� σ2 > 0 v
yT��� V v�T� n���LN��O�O Sβ v���T���M� S v k× p

����O�
�B V vR��O�D�� Efron[1,2] �HJhS�� ‖d− β‖2/σ2 ������

β J�BTy��� Minimax Ty���� [3] �EhS��

L0(d, Sβ) =
(d − Sβ)′(d − Sβ)
σ2 + β′X ′V −1Xβ

���� ��T�� Sβ J��Ty��� MinimaxTy� �k [4] !�!���
�� Minimax Ty����"� [3] �"#S$��R��#%�S$�&%���
 � Gauss-Markov �� (1),  &� [3] ��C'hS��j��!�"O�J''�
�Ty���RerN���Ty� Minimax ��J��q(��()� Sβ ���
Minimax Ty�"Jvi**#$�S$�m�t���

%B�%&'�o(!K�+d�
O A )�R�O� R(A) ,Z A �)� A+ ,Z A � Moore-Penrose -$*�

λ(A) ,Z A �i.oQW� µ(A) ,Z% A �+��Q/���e,-� tr (A) ,Z
A �q�

0. 2001 / 9 H 17 J012
∗ 34fG1�o2 (10101006 e) dc*32
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2 ��zv

O R(V ) = r, Q = (Q1

...Q2) vR4�O�5g

Q′V Q =
(∧ 0

0 0

)
, ∧ = diag (λ1, λ2, · · · , λr), λi > 0, i = 1, 2, · · · , r.

.T� V = Q1 ∧ Q′
1, V + = Q1 ∧−1 Q′

1, Q2Q
′
2 = I − V +V .

/ Sβ v���T���X µ(S′) ⊂ µ(X ′), B µ(X ′) = µ(X ′Q1) + µ(X ′Q2). l0�
6J�O T1, T2 X(

S = T1Q
′
1X + T2Q

′
2X

∆= S1 + S2. (2)

+

£0 = {LY : L v k × n ����O, LQ2Q
′
2X = S2},

£ = {LY : L v k × n ����O },
L(d, Sβ) =

(d − Sβ)′(d − Sβ)
σ2 + β′X ′V +Xβ

, R(β, σ2;L) = EL(LY, Sβ).

�1 1 O LY ∈ £, V XX ′(I − V +V ) = 0, L sup
σ2>0, β∈Rp

R(β, σ2;L) 6J�7C6
7 LQ2Q

′
2X = S2, C2
sup

σ2>0, β∈Rp

R(β, σ2;L) = max {tr (LV L′), λ
[
(LQ1 − T1) ∧ 1

2 P ∧ 1
2 (LQ1 − T1)′

]}
,

�� P = ∧− 1
2 Q′

1X(X ′V +X)−X ′Q1∧− 1
2 .

�

sup
σ2>0, β∈Rp

R(β, σ2;L) = sup
σ2>0, β∈Rp

σ2tr (LV L′) + β′(LX − S)′(LX − S)β
σ2 + β′X ′V +Xβ

=max
{
tr (LV L′), sup

β∈Rp, β �=0

β′(LX − S)′(LX − S)β
β′X ′V +Xβ

}
. (3)

L LQ2Q
′
2X = S2, L

(LX − S)β =
[
(LQ1 − T1)Q′

1X + (LQ2 − T2)Q′
2X

]
β = (LQ1 − T1)Q′

1Xβ,

8B

sup
β∈Rp, β �=0

β′(LX − S)′(LX − S)β
β′X ′V +Xβ

= sup
β∈Rp, β �=0

β′X ′Q1(LQ1 − T1)′(LQ1 − T1)Q′
1Xβ

β′X ′Q1 ∧ −1Q′
1Xβ

. (4)

% (3),(4) Ys [3] �(7 2.1 �S$IG�(
sup

σ2>0, β∈Rp

R(β, σ2;L) = max
{
tr (LV L′), λ

[
(LQ1 − T1) ∧ 1

2 P ∧ 1
2 (LQ1 − T1)′

]}
.
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HV�L sup
σ2>0, β∈Rp

R(β, σ2;L) 6J�=KO

sup
β∈Rp, β �=0

β′(LX − S)′(LX − S)β
β′X ′V +Xβ

= a,

L
β′(LX − S)′(LX − S)β ≤ aβ′X ′V +Xβ (5)

��B β ∈ Rp /:�
E β = (X ′Q2Q

′
2X)+X ′Q2(LQ2 − T2)′t, t ∈ Rk, L2

(LQ1 − T1)Q′
1Xβ =(LQ1 − T1)Q′

1X(X ′Q2Q
′
2X)+X ′Q2(LQ2 − T2)′t

=(LQ1 − T1)Q′
1XX ′Q2(Q′

2XX ′Q2)+(LQ2 − T2)′t.

%pO�T Q′
1XX ′Q2 = 0, 8B

(LQ1 − T1)Q′
1Xβ = 0. (6)

r7�S
β′X ′V +Xβ = 0. (7)

% (5)–(7) YT
β′X ′Q2(LQ2 − T2)′(LQ2 − T2)Q′

2Xβ = 0

��B β ∈ Rp /:�BM�;B LQ2Q
′
2X = S2. (7S>

%B(7 1,  &Z(J £0 �n<Ty� Minimax ��
�1 2 O V XX ′(I − V +V ) = 0, LJ £0 �6J Sβ � Minimax Ty�
� O LY ∈ £0 , L L �0,v

L = S2

[
X ′(I − V +V )X

]+
X ′(I − V +V ) + N(I − P0),

�� P0 = (I − V +V )X
[
X ′(I − V +V )X

]−
X ′(I − V +V ), N vI#� k × n �O�

+ g(L) = max
{
tr (LV L′), λ

[
(LQ1 − T1) ∧ 1

2 P ∧ 1
2 (LQ1 − T1)′

]}
.

.T� tr (LV L′) = tr (NV N ′), C

λ
[
(LQ1 − T1) ∧ 1

2 P ∧ 1
2 (LQ1 − T1)′

]
= λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
.

X
g(L) = max

{
tr (NV N ′), λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]}
= g(N).

NYf$�J £0 �6J MinimaxTy�7C67�B LY ∈ £0 , g(L)2i9W�
BM�;B��B NY ∈ £, g(N ) 2i9W�

L tr (NV N ′) = 0, L g(N) = λ
[
(NQ1 − T1)∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

}
, :F2i9W�

=KO tr (NV N ′) �= 0, 8B NQ1 �= 0. l0 g(N) = max
{
tr (NQ1 ∧ Q′

1N
′), λ

[
(NQ1 −

T1) ∧ 1
2 P ∧ 1

2 (NQ1 − T1)′
]}
YB N )LN=;���C

lim
tr (NN ′)→∞tr (NV N ′) �=0

g(N) = +∞.
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X g(N) 2i9W�uJ £0 �6J Sβ � Minimax Ty�
�1 3 L N X g(N) ?)i9�L

tr (NV N ′) = λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
.

� L tr (NV N ′) > λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
, �@M9� a > 0, >

N1 = (1 − a)N , L tr (N1V N ′
1) < tr(NV N ′), C

λ
[
(N1Q1 − T1) ∧ 1

2 P ∧ 1
2 (N1Q1 − T1)′

]
=λ

[
((NQ1 − T1) − aNQ1) ∧ 1

2 P ∧ 1
2 ((NQ1 − T1) − aNQ1)′

]
≤λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
+ a2λ(NQ1 ∧ 1

2 P ∧ 1
2 Q′

1N
′)

+ aλ
[ − NQ1 ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′ − (NQ1 − T1) ∧ 1

2 P ∧ 1
2 Q′

1N
′],

�@M9� a > 0, 2
a2λ(NQ1 ∧ 1

2 P ∧ 1
2 Q′

1N
′) + aλ

[ − NQ1 ∧ 1
2 P ∧ 1

2 (NQ1 − T1)′

− (NQ1 − T1) ∧ 1
2 P ∧ 1

2 Q′
1N

′]
<tr (NV N ′) − λ

[
(NQ1 − T1)∧ 1

2 P∧ 1
2 (NQ1 − T1)′

]
,

X
λ
[
(N1Q1 − T1) ∧ 1

2 P ∧ 1
2 (N1Q1 − T1)′

]
< tr (NV N ′),

8B g(N1) < tr (NV N ′) = g(N), CpO?A�HV�L tr (NV N ′) < λ
[
(NQ1 − T1) ∧ 1

2

P ∧ 1
2 (NQ1 − T1)′

]
. E N1 = T1Q

′
1 + (1 − a)(NQ1Q

′
1 − T1Q

′
1), M� a > 0 @M9�L

N1Q1Q
′
1 = (1 − a)(NQ1Q

′
1 − T1Q

′
1) + T1Q

′
1, 8B

λ
[
(N1Q1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
=λ

[
(N1Q1Q

′
1 − T1Q

′
1)X(X ′V +X)+X ′(N1Q1Q

′
1 − T1Q

′
1)

′]
=(1 − a)2λ

[
(NQ1Q

′
1 − T1Q

′
1)X(X ′V +X)+X ′(NQ1Q

′
1 − T1Q

′
1)

′]
=(1 − a)2λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
<λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
,

tr (N1V N ′
1) = tr (N1Q1 ∧ Q′

1N
′
1)

=tr (N1Q1Q
′
1Q1 ∧ Q′

1Q1Q
′
1N

′
1)

=tr
[
(NQ1Q

′
1 + aT1Q

′
1 − aNQ1Q

′
1)Q1 ∧ Q′

1(NQ1Q
′
1 + aT1Q

′
1 − aNQ1Q

′
1)

′]
=tr (NV N ′) + a2tr

[
(T1Q

′
1 − N)V (T1Q

′
1 − N)′

]
+ 2atr

[
(T1Q

′
1 − N)V N ′].

�@M9� a > 0, 2
a2tr

[
(T1Q

′
1 − N)V (T1Q

′
1 − N)′

]
+ 2atr

[
(T1Q

′
1 − N)V N ′]

<λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

] − tr (NV N ′),

8B tr (N1V N ′
1) < λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
, g(N1) < g(N), CpO?A�

X tr (NV N ′) = λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
. (7S>�
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��O S1(X ′V +X)+X ′Q1 ∧ − 1
2 j@<WMA�

S1(X ′V +X)+X ′Q1 ∧ − 1
2 = K

(
F 0
0 0

)
R′, (8)

�� F = diag (f1, f2, · · · , ft), f1 ≥ f2 ≥ · · · ≥ ft > 0, t = R
(
S1(X ′V +X)+X ′Q1 ∧− 1

2
)
,=

KO t < min {k, n}. K f R MFv k �f n ��R4�O�
I+

Ci =
[ i∑

j=1

(fj − fi)2
] 1

2
, i = 1, 2, · · · , t, L Ct ≥ Ct−1 ≥ · · · ≥ C1 = 0,

m = max {i : Ci ≤ fi}.
�1 4 O N X g(N) ?)i9�L6J�VO ∆ = diag (h1, h2, · · · , ht), X 0 ≤

hi ≤ fi, C

NQ1Q
′
1 = K

(
∆ 0
0 0

)
R′ ∧ − 1

2 Q′
1,

�� K,R,∧ f Q1 ��$rA�
� NQ1Q

′
1 �,Zv

NQ1Q
′
1 = KAR′ ∧ − 1

2 Q′
1.

M�
A = K′NQ1 ∧ 1

2 R =
(

A11 A12

A21 A22

)
, A11 = (aij)t×t.

>

hi =

⎧⎪⎨
⎪⎩

aii, 0 ≤ aii ≤ fi,

0, aii ≤ 0,
fi, aii > fi,

i = 1, 2, · · · , t,

N0 = K

(
∆ 0
0 0

)
R′ ∧ − 1

2 Q′
1, ∆ = diag (h1, h2, · · · , ht).

�S NQ1Q
′
1 = N0Q1Q

′
1.

L NQ1Q
′
1 �= NQ1 ∧ 1

2 P ∧ − 1
2 Q′

1, L> N1 = NQ1 ∧ 1
2 P ∧ − 1

2 Q′
1.

�0S$� NQ1Q
′
1X = N1Q1Q

′
1X, C (N − N1)V N ′

1 = 0, 8B

tr (NV N ′) =tr (N1V N ′
1) + tr

[
(N − N1)V (N − N1)′

]
=tr (N1V N ′

1) + tr
[
(NQ1 − N1Q1) ∧ (NQ1 − N1Q1)′

]
.

/ NQ1Q
′
1 �= N1Q1Q

′
1, l0 NQ1 �= N1Q1, 8B tr (NV N ′) > tr (N1V N ′

1). [�I\
λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
= λ

[
(N1Q1 − T1) ∧ 1

2 P ∧ 1
2 (N1Q1 − T1)′

]
.

%N�T� g(N1) ≤ g(N), MCpO?A�X NQ1Q
′
1 = NQ1 ∧ 1

2 P ∧ − 1
2 Q′

1.
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B)
(NQ1 − T1) ∧ 1

2 P = NQ1 ∧ 1
2 P ∧ − 1

2 Q′
1Q1 ∧ 1

2 − T1Q
′
1X(X ′V +X)−X ′Q1 ∧ − 1

2

=NQ1 ∧ 1
2 − S1(X ′V +X)+X ′Q1 ∧ − 1

2 = K

(
A11 − F A12

A21 A22

)
R′,

λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′] ≥ λ

[
(A11 − F )′(A11 − F )

]
≥ max

1≤i≤t

{
(aii − fi)2

} ≥ max
1≤i≤t

{
(hi − fi)2

}
,

B

λ
[
(N0Q1 − T1) ∧ 1

2 P ∧ 1
2 (N0Q1 − T1)′

]
=λ

[
PR

(
(∆ − F )′(∆ − F ) 0

0 0

)
R′P

]
≤ max

1≤i≤t

{
(hi − fi)2

}
,

X

λ
[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

] ≥ λ
[
(N0Q1 − T1) ∧ 1

2 P ∧ 1
2 (N0Q1 − T1)′

]
. (9)

[�I\

tr (NV N ′) = tr (NQ1Q
′
1Q1 ∧ Q′

1Q1Q
′
1N

′) = tr

[(
A11 A12

A21 A22

) (
A11 A12

A21 A22

)′]
.

L NQ1Q
′
1 �= N0Q1Q

′
1, L

tr (NV N ′) > tr (N0V N ′
0) =

t∑
i=1

h2
i . (10)

l0 g(N0) ≤ g(N), u N0 =X g(N0) ?)i9�
%(7 3, (9) YZ2>Q=�d/:�%P�( g(N0) < g(N), CpO?A�X

NQ1Q
′
1 = N0Q1Q

′
1. (7(S�

�1 5 L N X g(N) ?)i9�L2 NQ1Q
′
1 = K1∆fR′

1 ∧ − 1
2 Q′

1Cg(N) = J2
f , �

� K1 f R1 MF) K C R �A m +� ∆f = diag (f1 − Jf , f2 − Jf , · · · , fm − Jf ).

Jf =

m∑
i=1

f2
i

m∑
i=1

fi +
[( m∑

i=1
fi

)2

− (m − 1)
m∑

i=1
f2

i

] 1
2
.

� %(7 4,

NQ1Q
′
1 = K

(
∆ 0
0 0

)
R′ ∧ − 1

2 Q′
1, (11)

�� ∆ = diag (h1, h2, · · · , ht), 0 ≤ hi ≤ fi, i = 1, 2, · · · , t.



4� ERl9D:iT34; Gauss-Markov 8569Uaa<78 Minimax Uz 699

� K,R,∆ !?�!�M]�

K = (K1

...K2

...K3), R = (R1

...R2

...R3),

∆ =
(

∆1 0
0 ∆2

)
, ∆1 = diag (h1, h2, · · · , hm), ∆2 = diag (hm+1, hm+2, · · · , ht),

K′
1K1 = R′

1R1 = Im, g(N) = max
{ t∑

i=1

h2
i , (f1 − h1)2, · · · , (ft − ht)2

}
.

+ N2 = K1∆1R
′
1 ∧− 1

2 Q′
1. L ∆2 �= 0, L tr (NV N ′) > tr (N2V N ′

2). %B N X g(N) ?)
i9s ∆2 �= 0, l0 max

{
(h1 − f1)2, · · · , (hm − fm)2, f2

m+1, · · · , f2
t

}
> g(N).

% f1 ≥ f2 ≥ · · · ≥ ft > 0 �( f2
m+1 > (hi − fi)2, i = 1, 2, · · · , t, C

f2
m+1 >

t∑
i=1

h2
i , (12)

I% 0 ≤ hi ≤ fi s fm+1 > fi − hi �( 0 ≤ fi − fm+1 < hi, i = 1, 2, · · · ,m. % m �

�$2 f2
m+1 <

m∑
i=1

h2
i , C (12) Y?A�X ∆2 = 0. 8B NQ1Q

′
1 = K1∆1R

′
1 ∧ − 1

2 Q′
1. L

m∑
i=1

h2
i = (f1 − h1)2 = · · · = (fm − hm)2 =/:�=KO

m∑
i=1

h2
i > (fl − hl)2 = min

1≤i≤m

{
(fi − hi)2

}
. (13)

7 hl > 0 W�E 0 < b < hl, X(

[
fl − (hl − b)

]2 ≤ max
1≤i≤m

{
(fi − hi)2

}
,

+ N3 = K1diag (h1, · · · , hl−1, hl − b, hl+1, · · · , hm)R′
1 ∧− 1

2 Q′
1,L tr (N3V N ′

3) < tr (NV N ′),
C

λ
[
(N3Q1 − T1) ∧ 1

2 P ∧ 1
2 (N3Q1 − T1)′

]
= λ

[
(NQ1 − T1) ∧ 1

2 P ∧ 1
2 (NQ1 − T1)′

]
.

C(7 3 ?A�

7 hl = 0 W�% fl ≥ fl+1 ≥ · · · ≥ fm s (13) Y�W2 hl = hl+1 = · · · = hm =
0, fl = fl+1 = · · · = fm C fl ≤ fi − hi, i = 1, 2, · · · , l. /B

m∑
i=1

h2
i =

l∑
i=1

h2
i ≤

l∑
i=1

(fi − fl)2 =
l∑

i=1

(fi − fm)2 =
m∑

i=1

(fi − fm)2

≤f2
m = f2

l .

C (13) Y?A�X
m∑

i=1

h2
i = (f1 − h1)2 = · · · = (fm − hm)2.
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% m ��$�TN_I[h2A�CAv

hi = fi − Jf , i = 1, 2, · · · ,m,
m∑

i=1

h2
i = J2

f .

l0 NQ1Q
′
1 = K1∆fR′

1 ∧ − 1
2 Q′

1, C g(N) = J2
f .

r1 1 O V XX ′(I − V +V ) = 0, L Sβ J £0 �� Minimax Tyv

LY =
[
S2(X ′(I − V +V )X)+X ′(I − V +V )

+ K1(I − JfF−1
1 )K′

1S1(X ′V +X)+X ′V + + M(I − V +V )(I − P0)
]
Y

C g(L) = J2
f , �� M vI#� k × n �O� P0 ��$r(7 2.

� %pOs(7 2, (7 5 �T� Sβ J £0 �� Minimax Ty6J�C�0,
v

LY =
[
S2(X ′(I − V +V )X)+X ′(I − V +V )

+ K1∆fR′
1 ∧ − 1

2 Q′
1 + M(I − V +V )(I − P0)

]
Y.

� F !?�!�M]�

F =
(

F1 0
0 F2

)
, F1 = diag (f1, f2, · · · , fm).

% (8) Y�( S1(X ′V +X)+X ′Q1 ∧ − 1
2 = K1F1R

′
1 + K2F2R

′
2, l0

K1∆fR′
1 ∧ − 1

2 Q′
1 = K1∆fF−1

1 K′
1(K1F1R

′
1 + K2F2R

′
2) ∧ − 1

2 Q′
1

=K1(I − JfF−1
1 )K′

1S1(X ′V +X)+X ′V +. (15)

% (14), (15) Yu�(�7�S$�
r1 2 J�7 1�q(�� Sβ J £0 ��I#`R MinimaxTy0Pev 1�

��
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�Y 1 L V > 0, L Sβ �t��� Minimax Tyv
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L1Y = [S2(X ′(I − V +V )X)+X ′(I − V +V ) +
1
2
S1(X ′V +X)−X ′V +]Y

C

g(L1) = J2
f =

1
4
(S1(X ′V +X)−S′

1)
2.

Jvi**#$�� L1Y )t���
� % k = 1�T��7 1��K1 = 1, F1 = S1(X ′V +X)−S′

1. Jf = 1
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1,
8B K1(I − JfF−1

1 )K′
1S1(X ′V +X)−X ′V + = 1
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"</:�

�Y 3 L k = 1 C V > 0, L Sβ �t��� Minimax Tyv

L2Y =
1
2
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f = 1

4

(
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THE LINEAR MINIMAX ESTIMATORS OF ESTIMABLE
FUNCTION IN A GENERAL GAUSS-MARKOV MODEL

UNDER QUADRATIC LOSS FUNCTION

YU Shenghua

(College of Mathematics and Econometrics, Hunan University, Changsha 410082)

Abstract Let Y be a random n-vector with mean Xβ and covariance matrix σ2V , and
Sβ be a linear estimable function, where X,S and V ≥ 0 are known matrics, β ∈ Rp

and σ2 > 0 are unknown parameters. In this paper under the quadratic loss function, the
minimax property of linear estimators is studied. Under suitable hypotheses, we obtain
the unique linear minimax estimator of Sβ (We must comprehend uniqueness in the sense
“almost everywhere”

Key words Quadratic loss function, estimable function, minimax estimator


