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ABSTRACT

Regions of negative vorticity are observed to trap and amplify near-inertial internal waves, which are sources
of turbulent mixing 10-100 times higher than typically found in the stratified ocean interior. Because these
regions are of finite lateral extent, trapped waves will not form a continuum but be quantized in modes. A model
for the radial structure of near-inertial azimuthal modes in an axisymmetric vortex is described in order to
explain intense near-inertial motions observed in the cores of a Gulf Stream warm-core ring and a vortex cap
above Fieberling Seamount. Observed signals exhibit little variability of the rectilinear phase ¢ = arctan(v/u)
in the core and evanesce rapidly outside the swirl velocity maximum, where u is the zonal velocity and v the
meridional velocity. The authors focus on azimuthal mode n = —1 (propagating clockwise around the vortex)
and the gravest radial mode (no zero crossing) that appears to dominate observations. Model solutions resemble
Bessel functions inside the velocity maximum and modified Bessel function decay outside, consistent with
observations and solutions previously found by Kunze et al. using a less complete model. The improved model
supports their conclusions concerning radial wavelengths, vertical group velocities, and energy fluxes for trapped
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waves.

1. Introduction

Relative vorticity ¢ associated with rectilinear geo-
strophic currents modulates the lower bound of the inter-
nal-wave frequency band to an effective Coriolis frequen-
cy, about f + /2 (Healy and LeBlond 1969; M ooers 1975;
Kunze 1985; Young and Ben Jelloul 1997), where f isthe
planetary Coriolis frequency. Magaard (1968) was first to
note that meridionally sheared zonal flow U(y) can shift
the turning latitude for a given frequency. In regions of
anticyclonic vorticity (¢ < 0), the internal waveband is
broadened, alowing near-inertial waves with intrinsic fre-
quencies below the planetary Coriolis frequency f. Be-
cause negative vorticity regions are of finite lateral extent,
trapped waves will not form a continuum but will be quan-
tized in discrete horizontal modes.

In this note, we describe gravest radial mode solutions
for near-inertial waves trapped in a steady axisymmetric
anticyclonic vortex. Because of the axisymmetric geom-
etry, azimuthal and radial wavenumbers will be quantized
while vertical wavenumber can be continuous. In an ax-
isymmetric vortex, we find trapped modesin the frequency
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band f + { < w, < f + {2 in contrast to the f + /2
< w; < f trapping band found in rectilinear flow (Kunze
1985).

This model is an attempt to explain the properties of
intense near-inertial motions observed in the negative vor-
ticity coresof avortex cap found atop Fieberling Seamount
(Kunze and Toole 1997) and a Gulf Stream warm-core
ring (Kunze et al. 1995). The seamount measurements
were intended to describe the response of an isolated peak
to ambient motions. They revealed a 200-m-thick vortex
of core vorticity —0.5f above the summit within which
there was turbulence 100 times more intense than typically
found in the main pycnocline, and slightly subinertial mo-
tions. This range of time and space scales was driven by
the barotropic diurnal tides (see also Eriksen 1991; Brink
1995). The warm ring measurements were designed to
evaluate turbulence and mean-flow energy sinks for near-
inertial motions at a near-inertial critical layer. Intensified
near-inertial motions found at the base of the ring's core
were probably generated by the passage of atmospheric
storms (D’ Asaro 1985).

Inside the cores of these vortices, observed near-inertial
motions exhibited little variability in rectilinear horizontal
phase ¢ = arctan(v/u), where u and v are the zona and
meridional near-inertial velocities. Outside the core, they
evanesced rapidly. An absence of rectilinear phase pro-
gression is aso found in numerical simulations of impul-
sively wind-forced warm-core rings (J. F Price 1997, per-
sonal communication). Lack of rectilinear phase progres-
sion is not consistent with propagating plane waves. It can,
however, be interpreted as azimutha propagation in cy-
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TABLE 1. Background, ring, and near-inertial wave properties ob-
served in the WRINCL Gulf Stream warm-core ring (Kunze et al.
1995).

N (45-5.1) X 103 s?

f 9.4 X 10 °rad st

o 43 X 10° m

H 700 m

R, 0.6-0.8

core ¢, —(0.38-0.94) X 10 °st

A 96-200 m
(3.1-65) X 102m*

lindrical coordinates since azimuthally invariant Cartesian
u and v imply radial velocity u, = u cosf + v sing and
azimuthal velocity v, = v cosf — u sinf, where 6 is the
azimuthal angle.

A model for the gravest radia mode structure of a vor-
tex-trapped near-inertial internal wave was previously pre-
sented in the appendix of Kunze et al. (1995). However,
there are a number of errors in their approach. These in-
clude (i) neglect of regular singularitiesin the coefficients
and (ii) neglect of interactions with mean-flow confluence
V,/r — oV, /or outside the velocity maximum. Kunze et
al. (1995) also incorrectly matched radia velocity u, and
its derivative du,/or across the velocity maximum rather
than the more appropriate u, and pressure p. In this note,
we correct these errors. For the oceanic range of parameter
values (Tables 1 and 2), the solutions resemble the Kunze
et a. (1995) predictions, that is, Bessdl functions inside
the core and decaying modified Bessel functions outside.

The equation of motion for radially trapped near-inertial
modes in an axisymmetric anticyclonic vortex is formu-
lated in section 2. A model vortex described in section 3
is used to specify the equations further in section 4. Then,
in section 5, we seek the gravest radial mode solution for
this vortex. In section 6, its structure is compared with
observations and the approximate model in the appendix
of Kunze et a. (1995) and the trapped-wave dispersion
relation is described.

2. Equations of motion

Following Kunze et al. (1995), consider near-inertial
(hydrostatic, o << N) internal oscillations in a tall steady

TaBLE 2. Background, vortex, and near-inertial wave properties
observed in the vortex cap above Fieberling Seamount (Kunze and
Toole 1997).

N (4-5) X 103rad st

f 80 X 10°rad st

o (5-7) X 103 m

H 200 m

R 2.0-6.5

core ¢, —(3.6-4.2) X 1055t
A, 170-220 m

k, (2.9-3.7) X 102rad m*
o K, =0.933f = 75 X 10°s!
core w; 55X 10°5st

r, = Nawk, 3.3 X 10 m
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Fic. 1. Model vortex radial structure (9)—(11). Panels show azi-
muthal velocity V, (a), vorticity { = V,/r + aV,/or (b), and flow
curvature 92V, /ar? (c). Model vorticity ¢ (b) is uniform in the core
(r < r,) and vanishes outside the velocity maximum (r > r).

axisymmetric vortex with azimutha velocity V,(r, 2). The
inertial oscillations are assumed to have a wave solution
of the form ¢ = i (r)-exp[i(nd + k,z — wet)], where n
is the azimuthal mode number, k, = 27/, the vertical
wavenumber, we the invariant Eulerian frequency, and o,
the intrinsic (Lagrangian) frequency following the mean
flow; so motion is wavdlike in azimuth, depth, and time.
The r-dependent intrinsic frequency can be obtained from
the substantial derivative —iw, = D/Dt = d/dt + (V,/
rola6 = —i(we — NV, /r). The equations of motion lin-
earized about the background flow reduce to

2v ]
—iwu, — |f + =|v, = _®
r ar
V \Y i
—iwv, + f+—6+hur=—@
ar r
ib N2w
0=-ikp+bl0d p=—-——=—
Zp p kZ wlkz
L |
iN?
—jwb+Nw=00 b=—""
®

i
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INPUT: N = 4.55.1 x 103 /s OUTPUT: inner X, = 118-136 km

r,= 43 km outer i, =15-60 km
{ =-0.10f, -0.04f o} = (1.001-1.005)f ¢
)g= 96-200 m o= (1.022-1.062)f o
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FiGc. 2. Comparison of solution envelopes for properties found in
a warm-core ring (Table 1) reveals little difference between Kunze
et al.’s approximate solution (upper panel) and the more rigorous one
described here (lower panel). The gray envelope in the upper panel
is the range of solutions given the observed range of buoyancy fre-
quency N, core radius r,, core vorticity £, and vertical wavelength
A, (Table 1). Radial wavelength is estimated from the free internal
wave dispersion relation A, = A,NA/w? — 3, which will overes-
timate A, at higher frequencies (Figs. 4 and 5). The inner solution to
(12) for r < r, (lower panel) closely resembles a Bessel function
(upper panel) though slightly flatter. The outer solution to (14) for r
> r, (lower panel) closely resembles a modified Bessel function
(upper panel). The solutions match smoothly across r = r,. This
supports the interpretation of Kunze et al. (1995) both qualitatively
and quantitatively.

14(ru in .
_g‘kﬁ'f'lkzwz
roar r

where (u,, v,, W) are the radial, azimuthal, and vertica
velocities; b = —N?2¢£ the wave buoyancy anomaly; & the
vertical displacement (positive upward); p the wave per-
turbation reduced pressure; and B the vortex plus back-
ground buoyancy. We assume vortex Burger number (as-
pect ratio) R, = (NH/fL)2 = {NZ[f(0V,/02)]}2> 1 s0
that interaction terms involving mean vertical shear aV,/
dz, mean radial buoyancy gradient oB/or = (f + 4V,/
roV,/oz, and the radia gradient in buoyancy frequency
dN?/or = 092Blozor can be neglected. In both the Gulf
Stream warm-core ring and the Fieberling Seamount vor-
tex cap, length scale Burger numbers R, are O(1) (Tables
1 and 2). However, aN%/or is negligible in the Fieberling
vortex and would result in at most 14% errorsin the warm

0, )
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r,=57 km
[ =-0.52t,-0.45f o) = 1.15-1.44f o
Ap=170-220 m ©p = 1.56-1.98fgg

op =Ky = 1.68-1.72f g
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FiG. 3. Comparison of the radial structure for a gravest azimithal-
mode-one vortex-trapped wave with observations (@) in avortex cap
over Fieberling Seamount. The gray envelope in the upper panel is
the range of solutions given the observed range of buoyancy fre-
quency N, core radius r,, core vorticity £, and vertical wavelength
A, (Table 2) using the less accurate model presented in the appendix
of Kunze et a. (1995). The black envelope further constrains the
wave to have K, diurnal Eulerian frequency. The lower panel shows
solutions for the observed range of N, r,, ¢, and A, using the more
rigorous model described in this paper. The two models solutions
resemble each other but radial velocity u, acrossr, is not smooth in
the more rigorous model. The solution (thick solid curve) best match-
ing the observations (@) corresponds to smaller buoyancy frequency
N = 5.0 X 103 s, smaller core radius r, = 5 km, and stronger
corevorticity { = —0.52f. This solution has the closest (within 0.1%)
Eulerian frequency to the K, diurnal frequency.

ring because their vorticities are O(— f) (see end of section
6).
Eliminating reduced pressure p and buoyancy b =
—Nz2¢, assuming that the buoyancy frequency N depends
only weakly on radius and noting that
dor _nIVy 4V,
o rlr oar

] N2 ow nN2 |V Vv
TS T - T @)

ar wk, or  wkr|r ar

allows (1) to be reduced to three equations:
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. VvV, aV, _NNZ2-w
—iwjv, + |f + —+ —|u, =
r ar wk,r
1o(ru in .
1olu) 1wy G — o, @)

r or

From the azimuthal momentum equation, one canisolate
the azimuthal velocity

nN?2
w?k,r

f + V,/r + aV,lor
w

r

w4

v, = —i

so that it can be eliminated from the radial momentum
equation;

—lokrlof — (f+ £+ )(f + )y,

W
= Nzwirg — nN?[f + ¢ + 2x]'w, 5)
wherethevorticity = V,/r + aV,/dr and the confluence
x = V,Ir — aV,/or, and from continuity to isolate the
vertical velocity
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| w?k,r ]a(ru,)
n2Nz — wizk;é‘rzj ar

W =

n(f + Dok,
n2N2 — w?k2r2

(ru,). (6)

Substituting (6) into (4), we can express the azimuthal
velocity v, in terms of the radial velocity u,

inN2 a(ru,)  i(f + Hwker?
n2N?2 — w?k2rz r n2N?2 — wzkzrz ™"’

Vy =

and from (6) and (1), the remaining consistency relations
for buoyancy b and pressure p are

o Neekr  a(ru) | n(f + ONkr
n2N2 — w?k2rz  or n2N2 — w2k2rz ™
B iN?w;r  a(ru,) in(f + {)N2r
P= Nz — wzkerz ar | meNZ — wikere

Vertical velocity w (6) has radial derivative

ow i w2k, r a?(ru,) iwik, 2(w; + ny)w?zkzrzo(ru,)
— = - - it n(f+ ¢+ 2y) +
ar (n®N2? — w?kzrz)  or (n?N? — w?zker?) (o n(f+ £+ 20) (n®N2? — w?kzr2) [ or
ink, 2(f + {)(w, + ny)w2ker?
T (N — wiker?) w;(ro2Vylorz — x) + n(f + x + (N7 — wrker?) u,. (7

Substituting for vertical velocity w and its radial derivative ow/dr in the radial momentum equation,

oo P Al 2o+ k) fau, | [lof — (F+ O(F £ 01K M- 1 oV, ort - x)
Coarz (N2N2 — w?k2r2) | or N2 r2 w,r?
2(w; + n(f + O)(w; + ny)k2
+ . 8
(N2 — w2ker?) U ®)

3. Model vortex

Consider a steady axisymmetric vortex with a core
of uniform negative vorticity ¢, inside radius r, and
no annulus of positive vorticity outside the radius of
maximum velocity r, as was approximately found for
a Gulf Stream warm-corering (Kunze et al. 1995) and
for a vortex cap above Fieberling Seamount (Kunze
and Toole 1997). The strength of this vortex could
change in the vertical on scales larger than the near-
inertial scale to satisfy the WKB approximation but

here is taken to be barotropic to focus on the hori-
zontal problem. The azimuthal velocity V, for such a
vortex is described by

o

iF)

=0
rg . )
D%ro for r > r, (outside velocity max)
O

for r < r, (inside core)

Vv, ©)

(Fig. 1a) so that the relative vorticity is
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N (rad/s) 4
e 00051 -0.10f
— 0.0051 -0.04f WRINCL
-0.10f
f=9.4e-05rad/s ry=43km
-0.04f
102 T T T TrrrrrTTrrTrTr T I"""<
1.00 +—
0.98 4 F 4
0.96 S
mi /f ------- : :
0.94 1F /,/f
0.92 | 1k ]
0.90 | tent
P [ NP N S I T B
0.88 2 3 0.90 0.92 0.94 0.96 0.98 1.00 1.02
N}‘i("d) free IW o i/f
80 T T T T T
60 4+ -
Cg, (m/day) 4 F et
20 1k -
—
0 1 L n L L PRSI R T T T S SR SR N S el
2 3 20 40 60 80

free IW Cg, (m/day)

FiG. 4. Dispersion relations for vortex-trapped wave intrinsic frequency o; and vertical group
velocity Cg, = dw,/0k, in the warm-core ring (Table 1). Left panels display dependence on vertical
wavelength A,. Right panels compare trapped-wave intrinsic frequency and vertical group velocity
(vertical axes) with free “‘internal wave’’ solutions (horizontal axes) w, = \/f2, + N%k2/k2 (upper
right panel) and Cg, = —2(w; — f)/k, (lowering right panel). The two values of f bracket the
observed uncertainty in core vorticity (Table 1). The free internal-wave dispersion relation over-
estimates trapped-wave frequencies and vertical group velocities at larger vertical wavelengths
(higher aspect ratios). That is, trapped waves exist at aspect ratios that correspond to untrapped
internal wave freguencies. For the observed range of vertical wavelengths (stippling), the free
internal wave relation gives reasonable predictions.

0o forr <r

§:ﬁ+a_\4,: { forr <, (10) 2V, [ 0
rooar 0 forr>r, oz g (11)

(2% forr >r,

ors
(Fig. 1b), the confluence is (Fig. 1c).
4. Application

V. oV EO forr <r, Application of vortex structure (9)—(11) to (8) and
x=-—"-—=g choosing azimuthal mode n = —1 to correspond to
r or D?org forr >r clockwise propagation around the vortex, consistent
ord o with the jetlike structure of trapped near-inertial oscil-

lations in the warm-core ring (Kunze et al. 1995) and
the Fieberling Seamount vortex cap (Kunze and Toole
and the flow curvature with radius is 1997), implies the following.
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N (rad/s) { rg(km)
— 0.005 -0.52f 7
— 0.004 -0.52f 7
"""" 0.005 -0.52f 5
0004 -052t 5
— — 0.005 -045f 7
........... 0.004 _0.45f 7
0.005 -0.45f 5 FIEBERLING
---- 0.004 -045f 5 f = 8e-05 rad/s
T T A ARHRR] T LRARAR RARM
1.00 ] 11
0.90 1F .
0.80 1 F .
w; /f b
i B
0.70 1F . :j
0.60 [ Ik / i
] 1 fogs
d4 i b eff
050 1k ‘// .
L AT PR B il B EPE I PO DWW N P SO
0.40 1 2 3 4 5 05 06 07 08 09 10
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200 a1 rF 1
Cg, (m/day)
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0 L ‘llAI]lll':.‘.l.AlJ 7
5 100 200 300

NL/(frg)

free IW Cg, (m/day)

Fic. 5. Dispersion relation for vortex-trapped wave intrinsic frequency w; and vertical group
velocity Cg, = dw,/ok, in Fieberling Seamount’s vortex cap (Table 2). Left panels display depen-
dence on vertical wavelength A,. Right panels compare trapped-wave intrinsic frequency and
vertical group velocity (vertical axes) with free ““internal wave'” relations (horizontal axes) w;, =

\/ 2z, + N2k2/k2 (upper right panel), and Cg, = —2(w, —

far)/K, (lower right panel). The two

values of f; bracket the observed uncertainty in core vorticity (Table 2). Free internal-wave
vertical group velocities overestimate trapped group velocities by a factor of 2 in the observed

range of vertical wavelengths (stippling).

a. Inside the vortex core (r <r,)
When the vorticity is uniform, (8) reduces to

o= P, 1I3N2 — wikirau,

ar? r|{ N2 — w2ker? | or
+ w?KZ (0 — fq) | + f 2N? u
N2 w, w; N2 — w2ker?[ "

(12)

where the intrinsic frequency w;, = wz — nV,/Ir = w,
+ { /2 isinvariant in the core if the core vorticity is

constant, and f., = f + {,. Note that in an axisym-
metric vortex, the lower bound of the internal wave
band is broadened by ¢, while Kunze (1985) found
broadening by only /2 in rectilinear shear. This dif-
ference is a result of the different geometries (see
appendix B of Kunze 1985). Equation (12) is hyper-
bolic both inside and outside r, = N/(w;k,). It resem-
bles a Bessel equation but with singularities at r,
N/(w;K,) in the coefficients of both du,/or and u,.

b. Outside the velocity max (r > r,)

Where vortex azimuthal velocity decaysas 1/r outside
the vortex core (r > r,), (8) becomes
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d2u 1 2w;(w; — Lralr?)kerz|ou 2(w; — ) — Lor3lr?)
=4 = RS z | + u,, 13
0 ar2 e N2 — w?ker? ar N2 — wzker? ' (13
i s where the intrinsic frequency o, = wg — nV,Ir = wg
+ pelle@f = T+ Lrdir?) + {r3(2r2) - weasr - . Expressed in terms of the
z N2 invariant Eulerian frequency wy, (13) can be expressed as
0= 92U, N 1 34 2(wr* — 2rglakz au,
az r N2r2 — wzkert — welok2rgrz — ggkergla| or

4 pellwz = 1t + (o -

f)Lorar? + £3rgld

2(we — F)r2 + §rél2)(wer? — §rél2)

N2r4

For r > ry and r > N/(wgk,), (14) reduces to

_ 9%y,
ar2

(wf — F2)k?
N2

1du,
-— 4+
ror

0 u.  (15)

For trapped waves (we < f), the lowest radial mode
solution of (15) that vanishes at infinity is the radially
decaying modified Bessel function K,(k,r) with outer
radial “wavenumber” k, = k,\/f2 — w2/N. For r >
ko1, Ko(k,r) — exp(—k,r)A\/r sothat (au,/ar)/u, - —Kk,.

. (14
Ner — wikers — wpdokerars — gkerarzial 49

5. Method of solution

For the two oceanic examples (Tables 1 and 2), r,
lies inside the core (r, < r,). Frobenius series expan-
sions (appendix) about the regular singularities at r =
Oandr = r, = N/(wk,) in (12) are matched in u, and
au,/or at an intermediate point, for example, r = r,/2,
to provide a solution inside the corer < r,,.

Outside the core, (14) is mapped to a finite domain
using x = Ur

0= ?u, 1 2(wg — 3rixtakz au,
Xz X N2x2 — w2k — wg{Kergx? — fokergx*/4f ox
N Ke[(wg = 2) + (we = F)&rex® + &raxi/4 2P(we — f + Lrax2)(we — £,rexél2

x4 N2

which displays an irregular singularity at x = 0. We
integrate from x = 10-¢ m~*, where the modified Bessel
function solution of (15) is used to relate u, and du,/oXx,
via (du,/or)/u, = —k,, to x = 1r,.

Inner and outer solutions for radial velocity u, and pres-
sure p are matched at r = r, for constant Eulerian fre-
quency wg, azimuthal mode number n = —1, and vertical
wavenumber k,. The vorticity discontinuity Al = {,atr
= r, resultsin adiscontinuity in the wave solution’s radial
derivative, A[ou,/or] = —u,(r)Ad(wi,). A compensating
jumpin azimuthal velocity Av, ensures, through continuity
(2), that vertical velocity w is smooth.

, (16
N — wike — wepkeraxe — gperaxrd| (10

For comparison, Kunze et al. (1995) (i) neglected
terms of the form Z,r3/r? outside the core (r > r), (ii)
approximated N2 — w?k2r? as —w?k2r? throughout so
that inner and outer solutions were Bessel functions
Jo(kir) and modified Bessel functions K, (K,r), respec-
tively, where k; and k, are inner and outer radial wave-
numbers, and (iii) matched u, and du,/dr acrossr = r.

6. Results

Using properties found in awarm-core ring (Table 1)
and Fieberling Seamount’s vortex cap (Table 2), the
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range of gravest-radial-mode solutions (lower panels of
Figs. 2 and 3) are compared with Kunze et al.’s (1995)
approximate Bessel solutions (upper panels). The so-
lutions from the two approaches closely resemble each
other.

The warm ring solutions (Fig. 2) differ by at most
a few percent. For warm ring properties (core radius
ro = 43 km, core vorticity ¢ between —0.03f and
—0.1f, and vertical wavelength A, = 96-200 m, Table
1), the inner solution for r < r, closely resembles a
lowest radial mode Bessel function J,(k.r) (upper
panel of Fig. 2) with inner radial wavenumber k; =
k,\/w? — f2/N. The trapped outer solution for r > r,
(lower panel) closely resembles a modified Bessel func-
tion K, (k,r) (upper panel) with outer radial wavenumber
k, = k,Vf2 — wz/N. The solutions match smoothly
acrossr = r,. The inner radial wavelengths A, = A, =
2m/k;, vertical group velocities Cg,, and vertical energy-
fluxes Cg,E found here agree quantitatively with those
inferred by Kunze et al. (1995).

In the smaller, more intense vortex cap above Fieber-
ling Seamount (core radius r, = 5-7 km, core vorticity
{ between —0.45f and —0.52f, and wave vertical wave-
lengths A, = 170220 m; Table 2), the resemblence is
less striking (Fig. 3). The two solutions differ by the
most (25%) at the core edge, r = r,. Asin the larger,
weaker ring, the inner solution for r < r, (lower panel)
resembles a Bessel function (upper panel) and the outer
solution for r > r, (lower panel) a modified Bessel func-
tion (upper panel). Solutions are continuous but not
smooth across r = r, because of the stronger vorticity
discontinuity across the outer edge of the core. The so-
lution best matching the observations (to within 15%)
uses buoyancy frequency N = 5.0 X 10-3 s, smaller
core radius r, = 5 km, stronger core vorticity ¢ =
—0.52f, and wave vertical wavelength A, = 170 m. Pos-
sibly by coincidence, this solution has the Eulerian fre-
guency closest (within 0.1%) to the K, diurnal frequency
of the dominant tidal forcing. Its radial structure more
closely resembles the observed structure than the Kunze
et a. (1995) model in having a change in du,/or at r =
ro =5km.

Figures 4 and 5 reveal that trapped-wave intrinsic
frequencies are confined between the axisymmetric ef-
fective Coriolis frequency fy, = f + and f + /2.
The vertical group velocity approaches zero at both ex-
tremes. At the low-frequency, low-aspect-ratio (small
vertical wavelength) limit, the dispersion relation o, and
vertical group velocity Cg, have the same dependence
on vertical wavelength A, as free internal waves, o, =
V £5 + N2kz/kz (upper right panels) and C,, = —(w?
— f2)(wk,) = —2(w; — f4)/K, (lower right panels),
respectively. More surprisingly, at the high-frequency
limit (o = f + {/2), aspect ratios are much larger for
a given frequency than would be inferred from the free
internal wave dispersion relation. That is, trapped waves
(w; = f + /2) exist for aspect ratios A,/A,, correspond-
ing to untrapped higher internal-wave frequencies (w;
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> f). This arises because of the nonvanishing coeffi-
cient to du,/ar and the second term in the coefficient to
u, in (12). For a given frequency, these allow higher
aspect ratios than the free internal-wave dispersion re-
lation.

In the ocean, the vertical wavelength A,, or aspect
ratio A,/A,, will be limited by the vertical extent of the
vortex. For the observed range of vertical wavelengths
(stippling), the free internal-wave relation gives reason-
able results in the warm-core ring (Fig. 4) but overes-
timates the frequency and group velocity by a factor of
2 in the smaller, more intense vortex cap atop Fieberling
Seamount (Fig. 5).

We tested the consistency of neglecting the oN2/ar
term by using our solution to estimate the size of ne-
glected terms in the equation for u,. In the Gulf Stream
ring, the neglected term amounted to a maximum of
14% of the total near r = r,. In the seamount vortex
cap, dN?/dr vanished. Therefore, neglect of the aN/or
term is justified in both cases.

7. Conclusions

Trapped near-inertial waves appear to be acommon
feature in anticyclonic vortices in the ocean, forced
by astronomical tides over topographic featuresin the
abyssal ocean and atmospheric storms in surface-in-
tensified vortices. They are sources of turbulent mix-
ing 10—-100 times higher than typically found in the
stratified ocean interior (Kunze et al. 1995; Kunze and
Toole 1997).

A model for the gravest radial mode of near-inertial
internal waves trapped in a steady axisymmetric vortex
has been described and compared with observationsin
a Gulf Stream warm-core ring and a vortex cap atop
Fieberling Seamount. Baroclinicity and critical layers
have been ignored but could be treated in this model
provided the vortex structure V,(r, z) is separable in
radius r and depth z, the vortex Burger number (NH/fL)?2
is not too small, and the vortex’s vertical scales exceed
those of the wave so that the WKB approximation can
be applied inthe vertical. A more complete model would
permit any length scale Burger number, strong radial
variation of vortex buoyancy B(r), more general radial
structure V,(r) than assumed here, and nonseparable
V,(r, 2). The case where coefficient singularities in (8)
lie outside the core r, = N/(wk,) > r, (corresponding
to large vertical wavelengths) might also be important
in some circumstances.

Propagating wave structure was assumed in time,
azimuth, and depth. The resulting dispersion relation
is quantized in azimuthal and radial modes. We have
assumed that vertical wavenumber and frequency are
continuous, which requires that the vortex extend to
infinity in the vertical or be bounded by an inertial
critical layer asiscommon in the low- and midlatitude
ocean. Only azimuthal mode n = —1 and radial mode
zero were explored based on observed structure. Other
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modes might be of interest if evidence for them is
found in the ocean. These would be generated by forc-
ing on scales smaller than the vortex. In an analogous
case of seamount-trapped wave generation about ax-
isymmetric topography, Brink (1990) found genera-
tion of higher modes very inefficient compared to the
gravest mode.

The vortex was assumed to have uniform vorticity
initscore (r < r,) and zero vorticity outside its ve-
locity maximum (r > r,). The vorticity discontinuity
A resultsin discontinuities A(ou,/or) and Av,atr =
ro. A continuous vorticity profile {(r) would produce
smooth wave solutions. The radial structure for the
gravest trapped radial mode resembles a Bessel func-
tion inside the vortex core (assumed to be of uniform
vorticity) and modified Bessel function decay outside
the velocity max (where the vorticity is assumed to
vanish). Trapped frequencies are bound by f, = f
+ ¢ < o, < f + g2 with vertical group velocity
C,, vanishing at both extremes in vertical wavelength
(aspect ratio). In the ocean, the frequency islikely to
be imposed externally by the forcing and the hori-
zontal scale set by that of the vortex. The vertical
wavelength will then be fixed by the dispersion re-
lation. For frequencies near the lower bound, w; ~ f
+ ¢ (smaller vertical wavelengths), the model’s dis-
persion relation resembles that of free internal waves
(Kunze et al. 1995). For frequencies near the upper
bound, w;, ~ f + /2, the free internal-wave disper-
sion relation underestimates vertical wavelength and
overestimates vertical group velocity. The trapped
wave's aspect ratio A,/A, isthus higher than it would
be for free internal waves of the same w; and so has
a broader range than would be expected for the range
of trapped frequencies.
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APPENDIX A
Frobenius Series Solutions

We solve (12) for r < r, in the case where the sin-
gularity r, = N/(wk,) < r, using Frobenius series
(Bender and Orszag 1978).

a. In the core: expanding about r = 0

Lettingy = u, and x = r/r, wherer, = N/(w;k,), the
equation in the vortex core (12) can be expressed as

1
=y + =1+ /
0=y X l—xZy
w? — % 2(w; — fu)
+ . Al
o e B

To find a Frobenius series solution about x = 0, we
expand in terms of x

y = 2 a,x+e)
n-0

so that
y =2 a,(n + a)xerey,
n=0
y' = > a,n+ a)(n + a — Lxerea,

n=0

Noting that /(1 — x?) =
(A1) yields

*_o X?™ and substituting into

(n+ a)?a, + 2 >, (N — 2M + a)a, | X"+e2
m=0

2 _ f2
Wi f&
>

T 2w, — f) -

E an72m X(n+a) .
; m=0

(A2)
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Setting a, = 1, the indicial equation is given by the
equation for the coefficients of x(+2

a?a, + 2aa, = 0,

©

0=>

n=0

n/2

(n — 2)2a, +22(n—2m

The coefficients a, are found by solving each successive
equation in powers of x. We find for x2: a, — 2a, =
00 a = 0and for x2

2w, —

of w;

forr)

of — fgff+

— 4l{a, = 0.

This indicates that a, = 0 or the intrinsic frequency is
strictly limited. Thus, the solution for « = —2 is not
physical.

2) The power series for « = 0in (A1) isthe Taylor
series:

n=0

n/2

nzb, + 2 > (n — 2mb,_,.|x"2
m=0

n/2

=3 S, ]

As before, the coefﬁ cients b, can be solved for by gath-
ering together like powers in x. For x~*, we obtain b,
= 0, for x°,

(i_

;

eff b eff)

1
8
and for n > 2, only even coefficients are nonzero

2 _ f2
Wi fa
2

wj

i 2w, — fy)

W;

b,

w_z _ n/2
: eﬁbn 2+2 2 (n - zm)bn 2m
w?

1
" nin+2)

+ 2w, —

i m=0

feff) (n—2)/2
bn72m72 .

0=> (n+ a)(n + a — 2c X2 + >
n=0 n=0

— fgff)cn

wf

+(wi_

eff) ( l) Cn m
>

> 2
i E (@}
n=0

Zwi m=0
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_(w — faC, +
[
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so that the indicial exponents are either « = —2 or
0.

1) For @ = —2, power-series equation (A2) reduces
to

+(i_eff)n2/2 (n-2)_
(1)-2 an anZX

2 _ f2
Wi f 3

n=0

Thus, around x = 0 and up to the singularity at r,, the
solution is u = 2 b,(r/r,)" with vanishing odd coeffi-
cients and even coefficients as given above.

b. In the core: Expanding about the singularity at
r =r, = N(wk,)

To find Frobenius series solutions about r = r,, (12)
is rewritten lettingy = u, and x = (r — r,)/r,, where
r = Ni(wk,)

o, |1, 3 1|y
ox? X 1+x 2+ xdx
+wi2+f§ff_2(i_eﬁ) i_eﬁ)]
w? ;X I(2-|-X)J
(A3)
We expand
y:EC)((nﬂX)
n=0
Noting that
1 ©
1+x_m§::o(_1)x’
1 1 1 _}i(—l)mxm
2+x 2 X 24 2m
1+§

and substituting these expressions back into (A3) yields

n

3 - (D™ — M + a)C_ [ XOFeD

2m+l

(A4)
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Setting ¢, = 1, the indicial equation is given by the «a(a — 2) = 0. Therefore, the inidicial exponents are
coefficient of the lowest power in x, x(«=2, yielding either « = 0 or 2.
1) For @ = 0, power series (A4) becomes

o o

(o= fw)en | S

0= > n(n— 2)cx"2 + + >3- (—Dm(n — M)C,_ | X"V
n=0 n=0 ; m=0 2m*1
d 2 _ f2 e n (—1\m
+ E (wl feff)cn + (wl feff) z ( 1) Cnfm XN
v w? w, m 2m
with coefficients solved for by gathering like powers of co= W~ fest
X. For x~1, we obtain 1 o,
The coefficient ¢, is undefined so can be initialized in-
o, — fu dependently [e.g.,. Case II(b)(ii) of Berjder and Orszag
C = T (1978, p. 72)]. Without loss of generality, we set ¢, =
i 0. Changing it has no effect on the solutions, indicating
that our numerical code is correct. Higher-order coef-
while for x°, ficients are given by

_ 1 {(wi — fa)Cis . (w? — f3)C0s
0}

G n(n — 2) ; w?
n—1 - 1
_ 20 3- om+1 (_1)m(n - m+ 1)Cn—m—1 _ Wi . eff 2 ( ) Cn m— 2}
2) The power series (A4) for a = 2 is
— S n S _M S — — m — n+1,
0=> n(n+ 2dx + > + 23 = oo (CDn(n = m A+ 2d, X
n=0 n=0 i m=0
i i (w? — f3)d, i (0 — fer) i (=1)"dy X2,
n=0 (1),2 2wi m 2m
Coefficients d, are obtained by gathering together like for x?,
powers of x. For xt,
B 1 P
d, = _§ + (0 — fer) ° 1R w? w; ’

3 3w, ' and for x», n = 2,
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— fa)dy s _ (w? —
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faod, o 1
&)d, » 23_
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(_1)m(n -m+ 1)dn—m—1

_ 1 (wl
dh = n(n + 2){ o w?

o, — fq S (_1)mdnm2}

Zwi m=0 2m

Thus, the solution u, near r, is given by

U =AY Cl(r — r)ir]®2 + B Y d,[(r — ry)ir]"

The series solutions for u, and ou,/or around r = 0
andr = r, = N/(w;k,) are matched at a point between
r=0andr = r,, for example, r = r,/2. This sets
the magnitude of the series expansion around r = r,
in terms of the amplitude at r = 0.
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