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Abstract: Let A,(p) (p,n € N = {1,2,3,---}) denote the class of functions of the form
f(2) = 2” + aptnz”™™ + - that are analytic in the unit disk F = {2z : |z| < 1}. By using
the method of differential subordinations we give some sufficient conditions for a function
f(z) € An(p) to be p-valently starlike or strong starlike.
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1. Introduction

Let An(p)(p,n € N ={1,2,3,---}) be the class of functions of the form

f(z) = P + Z ap+mzp+m

that are analytic in the unit disk £ = {z : |z|] < 1}. A function f(z) € A,(p) is said to be
p-valently starlike of order « in F if it satisfies

2f'(z)
f(2)

for some o (0 < a < 1). We denote by S} (p,a) (0 < a < 1) the subclass of A, (p) consisting

Re

>pa (z € E)

of functions f(z) which are p-valently starlike of order « in E. Clearly, Sk (p, ) C S} (p,0) for
0 < a < 1. Also, we write A;1(p) = A(p), A(1) = A, ST(p,a) = S*(p, @) and S*(1,a) = S*(«).
A function f(z) in A(p) is said to be p-valently strong starlike of order « in E if it satisfies

z2f'(2) 14z
G

for some o (0 < o < 1), where the symbol < denotes subordination. We denote by 5*(p, @) (0 <

)a

a < 1) the subclass of A(p) consisting of all functions which are p-valently strong starlike of
order o in E. It is clear that S*(p,1) = S*(p, 0)!!.
Recently, Owa et al.[>3! Yang!¥!, Silverman!®!, Ponnusamy and Singh!®! and others have

obtained various sufficient conditions for a function f(z) to be in Sk(p,a) (0 < a < 1) and
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S*(p,a) (0 < a < 1). In the present paper, using the method of differential subordinations, we
give new criteria for f(z) to be in the classes S (p,a) (0 <« < 1) and §*(p,a) (0 < o < 1).

To derive our results, we need the following lemmas.

Lemma 171 Let g(z) be analytic and univalent in E, and 8(w) and @(w) be analytic in a
domain D containing g(E), with p(w) # 0 when w € g(E). Set

Q(2) = 29'(2)¢(9(2)), N(2) = 6(9(2)) + Q(2),

and suppose that

(i) Q(z) is univalent and starlike in E, and

~~ zh'(2) _ 0'(9(2)) | 2Q'(2)

(11) Re Q(Z) = Re{ @(g(z)) + Q(Z) }> O (Z S E)
If p(2) is analytic in E, with p(0) = ¢(0), p(E) C D and

0(p(2)) + 2p'(2)e(p(2)) < 0(9(2)) + 29 (2)0(g9(2)) = h(2),
then p(z) < g(z) and g(z) is the best dominant of the subordination.

Lemma 2 Let g(z) = by + b,2" + by 12"t + -+ (n € N) be analytic in E and h(z) be
analytic and starlike (with respect to the origin) univalent in E with h(0) = 0. If z¢'(z) < h(z),

then ) h)
Z h(t

b — —Zdt.
g(2) < 0+n/0 "

2. Main results

Theorem 1 Let 0 < a <1, u be an integer, and —1 < pa < 1. If f(z) € A(p) satisties f(z) # 0
in0<|z| <1, f(z) #0 when x > 0, and

FE) oy 6 @) 20 o
PN e e ) S e ) W
then f(z) € S*(p,a) and the order « is sharp.
Proof Let us define the function p(z) in E by
_z2['(2)
P = i)
Then p(z) is analytic in F and
f2) vy 27 2fz), 1 2p(2)
Cre" e T T e ?)
From (1) and (2) we have
L (@) (3)

ph plHi(z)
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Let 0 < @ <1, p be an integer, —1 < pa < 1,

_/c (< -1)
b= { {0} (n>—1),

and choose |+ 1
9(x) = (7=2)" 6w) =0, p(w)= 4)

Then g¢(z) is analytic and univalent in E, g(0) = p(0) = 1,p(E) C D, 6(w) and ¢(w) satisfy the

conditions of Lemma 1. The function

oy, - 2az

Q) =20 ()e02) = e =y 5)

is univalent and starlike in E because
2Q'(2) z z
Re 20) =1+ (1 + po)Re( 1+z)+(1 ua)Rel_Z >0 (z€E).
Furthermore, we have
20z
0 = =h
0 +QE) = e =y = M)
and W ,
ReZE) L po2@3) (6)

Q(z) Q(2)
for z € E. The Inequality (6) shows that the function h(z) is close-to-convex and univalent in
E. Now it follows from (2)—(6) that

0(p(2)) + 20" (2)p(p(2)) < 0(9(2)) + 24" (2)@(g(2)) = h(z).

Therefore, by virtue of Lemma 1, we conclude that p(z) < g(z), that is, f(z) € 5*(p,a).

For the function

1) ==re [ B

| m)a —1)dt € A(p),

it is easy to verify that

FE) oy 26 PG,
Cre) e e )
and ) -
|argpf(z)|:a|arg1_ |—>7 as z — 1.

This completes the proof of the theorem.

Letting 4 = o =1 in Theorem 1, we obtain
Corollary 1 If f(z) € A(p) satisfies f(z)f'(z) # 0 (0 < |z| < 1) and

fE) ) 2 .
@ ) S e

(1+2)
then f(z) € S*(p,0) and the order 0 is sharp.

(1+
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Remark 1 Because )
hi(E) = {w: |arg(w — (1 + %))I > 0},

(21, Furthermore we see that the result

hence Corollary 1 coincides with the result of Owa et al.
of [2] is sharp.

Letting 4 =0, 0 < @ <1 in Theorem 1, and noting

20z 20e™? at

hz) = =22 petf) = 22¢ &
(2) 1— 22’ (™) 1—e29  ging’

we have Reh(e??) = 0 and [Imh(e??)| > a, and

Corollary 2 If f(z) € A(p) satisfies f(z)f'(z) #0 (0 < |z| < 1) and
1 /

L) )

'z 1)

where b is a real number and |b| > a (0 < o < 1), then f(z) € S*(p, ) and the order « is sharp.

# ib,

Letting 4 = —1 in Theorem 1, we have
Corollary 3 If f(z) € A(p) satisfies f(z) # 0(0 < |z| < 1) and

G () ) 2z
) (” e 1) ) St a)e(l—zyire

where 0 < a < 1, then f(z) € S*(p, ) and the order « is sharp.

Letting p = a = 1 in Corollary 3, we have

Corollary 4 If f(z) € A satisfies f(z) # 0(0 < |z| < 1) and

RO Y C N TR
f(z) 1+ f'(z) f(2) ) < (1—2)2 = ha(2),

then f(z) € S*(0) and the order 0 is sharp.

Remark 2 Owa and Obradovicl®! have proved that if f(z) € A satisfies

) D 1
YT e T T EE R

Re{
then f(z) € S*(0). Since
1
ha(E) = (w': arg(w + 1)) < 7}
we see that Corollary 4 improves the result in [3].
Theorem 2 If f(z) € A, (p) satisfies f(z)f'(z) # 0(0 < |z| < 1) and

F&) L 2 G,
e AR T B T R @)

where 0 <1 < 1,0 <a < . Then f(z) € Sy(p,1/(1+ %Ma)%) and the order 1/(1 + %Ma)% is
sharp.

(
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Proof Let (
zf'(2)
g(z) = . 8
) pf(z) )
Then g(z) =14 b,2™ + - -« is analytic in E and
1 fz 2f"'(z)  zf'(z
) =~ (L LB 2T,
9" (z) 2f'(z) 'z f@)
From (7) and (8), we have
1 /
2(——)" < —uptaz. 9
) )
For 0 <p<1and0<a< ., applying Lemma 2 to (9) we have
1 _ up“az
g"(2) ’
which implies that
1 1
9(2) = (e ) ¥ = a(2) (10)

The region hs(F) is symmetric with respect to the real axis and hs(z) is convex univalent in F

because
2hY(2) 14 2la, 1_ Pa
Re{1 3 = n n_ > E).
U+ ey ) = Rl ) > e 20 (€ )

Hence Rehs(z) > hs(—1) > 0 for z € E and it follows from (8) and (10)

zf'(z) 1 1
Re > —)* (2 € E).
pf(2) (1+—“’;“) ( )
This shows that f(z) € S (p, 1/(1 + “22)i).
If we take
£ =P exp [ 2 — 1
Z) = z"exp A W\ _ %‘Latn )
then it is easy to see f(z) € A, (p) satisfies (7) and

1
14 42e

1 .
Vi as z— e/m,

')
Re pf(2) (

Thus the order 1/(1 + %ﬂ’l)ﬁ is sharp.
Letting 4 =n = p =1 in the Theorem 2 yields

Corollary 5 Let f(z) € A satisfy f(z)f'(z) #0 (0 < |z] < 1) and

1) L AN e,
o0t )<z (z€B),

') 1)
where 0 < a < 1. Then f(z) € S*(

N

H%) and the order plr—a is sharp.
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Remark 3 Silverman!® Theorem 1] pag nroved if f(2) € 4,0 < a < 1, and

1+z2f"(2)

I (=
Go={f: (55— -1l <a z€E},

f(z)

then G, C S*(2/(1 + /1 + 8a)). Because 2/(1++/1+8a) < 1/(14 a)(0 < a < 1), we see that

Corollary 5 improves the result in [5].
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