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ABSTRACT

The commonly used definitions for available potential energy and its sources in the oceans are based on the
quasigeostrophic approximation, so they are not suitable for the study of basin-scale circulation. Accurate
definitions for the available potential energy and its sources and sinks can be derived from the classic definition
of available potential energy. Application of the exact definitions to the ocean reveal s the dynamic role of internal
mixing and surface thermal forcing. It is shown that the mechanical energy required for sustaining the basic
stratification by mixing light water downward plays a vitally important role in the balance of potential energy

and available potential energy.

1. Introduction

According to the classic definition, available potential
energy (APE) is the difference in potential energy be-
tween the physical state and the reference state:

EaZED—ErZQJJJpZdv—gfij,Zdv,
\% \%

D
where (p, 2) and (p,, Z) are the density and the vertical
coordinates in the physical and reference states. In this
study we will neglect the effects of pressure and salinity
on density, so p, = p for the following discussion. The
reference state is defined as the state of minimum po-
tential energy that can be reached through reversible
adiabatic processes. In the reference state, all density
surfaces are level. For an ocean with flat bottom, the
vertical height in the reference state, Z = Z(p), can be
determined by either acomputer-sorting program, which
reorganizes the vertical position of layers in the refer-
ence state according to their density, or in terms of

2000 = % [ [ | o = oty e,

where A is the horizontal area of the basin and H is the

*Woods Hole Oceanographic Institution Contribution Number
9135.

Corresponding author address: Dr. Rui Xin Huang, Department
of Physical Oceanography, Woods Hole Oceanographic Institution,
Woods Hole, MA 02543.

E-mail: rhuang@whoi.edu

© 1998 American Meteorological Society

Heaviside step function, satisfying H(y) = 0 fory < 0,
% fory = 0; 1 fory > 0 (Winters et al. 1995). For the
case with bottom topography, a similar definition can
apply; see the appendix.

Lorenz (1955) first introduced a quasigeostrophic
(QG) approximation form of APE for the atmospheric
circulation. His definition has since been extended to
studies of oceanic circulation (Bryan and Lewis 1979;
Oort et al. 1989). In these studies of oceanic circulation,
the exact definitions of APE and its source have been
replaced by the following approximations:

e, = -2 f f f o - p)Z(%’> .
AN
b, = —g ffj (p — P)P(E) dv. (©)

Since these definitions are based on the quasigeo-
strophic approximation, their application to basin-scale
circulation may lead to erroneous results. Assuming a
linear equation of state and a constant mixing coeffi-
cient, the main purpose of his note is to reexamine the
classic definition of APE and assess the possible pitfalls
of using the QG approximation of APE.

Paralleling the analysis by Winters et al. (1995), the
time evolution of APE can be derived as follows. The
equations of motion for a Boussinesq fluid are

—-Vp + pogk + V-7,
(4)

J
Pl + u-Vp = kV?%p + CV, (5)

po(%u + u-Vu + kf X u) =
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V.u =0, (6)
where p, is the reference density and 7 is the viscous
stress tensor; CV indicates the convective contribution,
which cannot be parameterized in terms of a constant
mixing rate. We will confine our discussion to an ocean
of fixed volume V.

The time rate of change of potential energy in the
physical state is

EE za—pd
a9 at
—ff gzpu-n dS —P

S

+ kg ” NpndS+ @, — B, (7)

S

o, = —ffJ gpw dv
\2

isthe rate of conversion from potential to kinetic energy,

where

(8)

q)me = kg fj (pb - ps) dx dy (9)

is the rate of potential energy increase due to mixing
supported by the mechanical energy source, and p, and
p, are density at the bottom and the upper surface. The
density structure in the ocean is maintained by the com-
petition between advection and diffusion. Since vertical
advection tends to bring cold and dense water upward
in the ocean interior, energy isrequired to support down-
ward diffusion of warm and light water. For each water
parcel mixing raises the center of mass, so the amount
of external mechanical energy required is & = —gkp,.
The vertical integration of this relation leads to g«(p,
— pg). Thus, @, is the total amount of mechanical
energy required to support the basic stratification in the
ocean. Aswill be shown shortly, @, is one of the most
important contributors to circulation energy; ®g, isthe
energy loss due to convection.

Transferring to density coordinates (X, y, p), we have

20y, 20 =3 f J j SLp(X', 1) — plx, 1]

X [p(x', ) = p(x, B)] dx’
= U(pv t) - b(X, Y, p» t)D(pv t)! (10)

where
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1
D(p, t) = ZJJ JX', Y, p, 1) dX dy’,

1 :
Ulp, 1) = ;ff I Y, Dp(X Y, py 1) X dY,

where J is the Jacobian of coordinate transformation.
For the details, see the appendix. Multiplying (10) by
p and integrating over the whole volume, we obtain

f f f pZ(X, Y, p, HI(X Y, p, 1) dp dx dy = 0. (1)

Thus, the time rate of change of potential energy in
the reference state is

d P
&Er = —g JJ u(f Z(p") dp’) ‘n dsS

+ kg ff ZVpndS+ @, + dn, (12)

S

d., = kg JJ] (—g—i) [Vp|2 dv >0 (13)

is the rate of potential energy increase in the reference
state due to mixing and ®L, is the potential energy
change in the reference state due to convection. In gen-
eral, the vertical mixing rate «, and the horizontal mix-
ing rate «, are different, so the increase in potential
energy in the reference state is defined in terms of

oo [T
o ff e -

where the first term is the potential energy increase in
the reference state due to vertical mixing in the physical
state, while the second term is due to horizontal mixing.
The time rate of change of APE is the difference
between the time rate of change of E, and E,; thus,

where

dv,

9 —o. v @, D,
dt

pk

—g”[zp—fpzof)dp'

u-nds— o,

(15)
where
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o, = kg Jf (z—= 2Z)Vp-ndS

s
:gff B(H — Z) dx dy (16)
is the source of APE due to surface buoyancy flux
B=K%Z;

For a system without mass exchange through the sur-
face, the fifth term on the right-hand side of (15) van-
ishes, so the APE balance for an equilibrium state is

d
—E, =&, + D, —
dt a S me
Therefore, the generation of APE due to surface buoy-
ancy flux and mixing driven by an external energy
source is balanced by an increase of potential energy in
the reference state, conversion to kinetic energy, and
energy loss due to convective mixing.

The mixing rate during convective overturning is dif-
ficult to define exactly. As will be shown in section 3,
it is more convenient to calculate the net sum of &, =
o, — &, so the balance of APE is
EE,D‘zcl);JrCIJmQ—dJ
dt

In comparison, the time rate of change of potential
energy in a steady state is

d
&Ep =P+ P, — D, — D =0
Note that in the steady-state surface thermal forcing
cannot create potential energy

<Dg=gffBdedy=0.

Although this seems like a shocking conclusion, it is a
logical consequence of the assumption of incompress-
ibility made in the model. Since we assume that the
fluid is incompressible, there is no direct link between
the change in internal energy due to heating/cooling and
potential energy. Therefore, thermal forcing on the sur-
face cannot create potential energy directly, and the po-
tential energy balance is reduced to
d

p E, = ®pe — @
In the present case of ho wind stressinput, the only source
of potential energy is the mechanical energy supporting
mixing, and thisis used for supporting the energy required
for sustaining momentum dissipation and convection.

According to (16), in contrast, thermal forcing can
create APE. This apparent contradiction is due to the

q)mr - (I)pk - (I)CV = 0 (17)

-, =0.

pk

a7

mr

(18)

— @g, = 0. (18")

pk
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fact that APE is defined as a global quantity, and the
APE source/sink is meaningful only when it is linked
to the global structure.

Both Egs. (15) and (17) include the available potential
energy source term due to mixing driven by the me-
chanical energy source. In comparison, in the QG ap-
proximation of APE and its sources, the background
stratification is assumed to be given. Consequently, the
term representing the mechanical energy sourcerequired
for mixing does not exist in the corresponding balance
equation for the time evolution of available potential
energy derived from the QG approximation. Therefore,
the important dynamic role of mixing in setting up the
basic stratification and supporting the available potential
energy for oceanic circulation cannot be clearly ex-
plained using the QG approximation of APE.

Furthermore, even the available potential energy source
due to surface thermohaline forcing is not accurately rep-
resented in the QG approximation. The ocean isthermally
forced from the upper surface, but the surface heat flux,
such as solar radiation, can penetrate only a few meters.
Heat does penetrate into the deep ocean, but this is due
to mixing sustained by a source of mechanical energy.
Because the energy of mixing is represented by the @,
term in (17), the contribution of heating itself will be
confined to the surface layer. Sincez — Z=H — Zin
(16) is always positive, heating at the upper boundary
would generally reduce the APE, but cooling at the upper
boundary would increase APE.

However, the results obtained from the QG approxi-
mation for the source of APE are quite different, as will
be shown in section 3. The errors resulting from applying
the QG approximations come from several stepsinvolved.
From the exact definition (1), one can write

E. = Jf C(x, y) dx dy,

Cx,y)=g jHS (z - 2) dz. (19

Integration by parts plus some manipulations lead to

g Ps Ps Z
C(X,Y)Z—Ef (z—Z)de—gf Z(Z—§>dp
Pb Pp

g Pmin
+ = Z2d
2 f P

'max

+ M. = pr) = HE, — P, (20

where p; = py(X, y) and p, = py(X, ¥); Prax &N pry, A€
the global density maximum and minimum. If we omit
the second, third, and fourth terms on the right-hand
side of (20) and approximate the first term on the right-
hand side by substituting the global mean height over
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Fic. 1. Density distribution and potential energy sources. The upper panels show the density distribution, and the lower panels show the
potential energy source due to mixing in the physical state (solid line) and in the reference state (dashed line).

a constant density surface Z(p) for the reference surface
Z(p), using z as the vertical coordinate and assuming
the Jacobian is approximately equal to dp/oz, we are left
with the QG approximation, (2). The errors introduced
in these approximations will be discussed shortly.

2. Two-dimensional examples

Assume adensity distribution p = py(1 — axz), where
po = 29.0 and o = 4/29, x and z are the nondimensional
coordinates. The APE for this system can be calculated
analytically (the algebra is rather elementary and tedi-
ous, so it is not included here):
Ex =

9po- (21)

e
36
Thus, the QG approximation of APE is 50% larger than
the exact APE.

Integrating (19) over the region of [0,1] leads to an
exact balance

1 403 29 17 1
549970 = |5184 T 5184 54 T 2)2%0 (2

o
Ea = 5_49p01

5184 54 4

Clearly, neglecting the second, third, and fourth terms
in (20) and replacing the first term [[ (z — Z)? dp dx

with
— 7\2
”udzdx
P2

can introduce large errors.

As discussed above, mixing light water downward
increases the potential energy of the system, as in-
dicated by the &, term; however, mixing can also
increase potential energy in the reference state, and
thusreduce APE, asindicated by the ®,, term. Wheth-
er mixing is a net source or sink of APE depends on
the slope of the isopycnals and the relative strength
of vertical and horizontal mixing. As an example, we
study two cases with simpl e stratification distribution.
Using (9) and (14) the rate of potential energy change
due to mixing in both the physical and reference state
can be calculated analytically. (Here again, since such
calculations are rather elementary and tedious, they
are excluded from the text.) For simplicity, the hor-
izontal and vertical mixing coefficients, x, and «,,
are assumed to obey the relation «,/H? = k,/L?,
where H and L are the depth and horizontal width of
the model basin.

When the slope of theisopycnal is steep, horizontal
mixing dominates, so the increase of potential energy
in thereference stateislarger than that in the physical
state, resulting in a net loss of available potential en-
ergy (Fig. 1a). As the vertical density gradient in-
creases, potential energy increases in both the phys-
ical and the reference state, and there can be a net
APE source due to mixing (Figs. 1b and 1c). (For
large-scale circulation in the oceans, mixing can be
more conveniently defined in terms of isopycnal and
diapycnal mixing. By projecting the isopycnal and
diapycnal mixing onto the vertical and horizontal di-
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rection, our argument still applies. However, the spa-
tial inhomogeneity of mixing should be taken into
consideration carefully.)

In a more redistic stratification, p = 1 — 0.1xz, there
is anet source of APE in the right-hand side of the model
because the vertical stratification is strong, while the hor-
izontal density gradient is relatively weak. On the other
hand, the source of potential energy in the physica state
due to vertical mixing approaches zero toward the left
edge of the model, but the source of potential energy in
the reference state becomes unbounded toward the left
edge because of the extremely strong horizontal density
gradient. The distribution of the potential energy source
due to mixing in the physica and reference state in this
caseisatypica example of basin-scale circulation, aswill
be explained in detail shortly.

3. Results from a three-dimensional numerical
model

Numerical experiments has been carried out using a
three-dimensional primitive equation model by Cox
(1984). The model ocean is a 60° X 60° square basin,
with a constant depth of 5.7 km. The horizontal reso-
lutionis4° X 4°, and there are 15 layers vertically, with
the top layer 30 m thick. The model is driven by a
relaxation boundary condition for temperature only,
with a reference temperature that is 25°C at the equator
and decreases linearly to 0°C at the northern boundary.
A simplified equation of state is used:

p = 0.7948S, — 0.05968T — 0.0063T2
+ 3.7315 X 10-5 T=. (23)

Since the equation of state is nonlinear, the cabling
effect induces additional termsin the APE balance equa-
tion. However, their net contribution to the APE israther
small, so we will treat them as part of the horizontal
mixing term.

There is neither wind stress nor freshwater forcing
in the model. The coefficients of horizontal momen-
tum dissipation and of tracer mixing are A, = 2.5 X
105 m? s * and «, = 10%® m? s, respectively; the
vertical momentum dissipation coefficient is A, =
10-* m2 s71. The vertical tracer mixing coefficient is
k, = 107* m2 st in the first experiment, but it will
be changed to 10-> m2 s** and 102 m? s* for two
additional experiments to be discussed shortly. The
numerical model includes a scheme of complete con-
vective adjustment, so that stratification is always sta-
ble in each water column. The model is started from
an initial state of a homogeneous ocean with no mo-
tion and integrated for 6000 years to guarantee that
the quasi-steady state has been approached. The
strength of the time mean meridional overturning is
about 9.1 Sv (Sv = 10° m® s71).

In the present case, the APE source term due to
surface thermal forcing is slightly modified by ab-
sorbing the energy loss through convection. Cooling
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at the surface creates dense water on the top of the
ocean and sinking of dense water provides the source
of APE. However, a major part of APE generated by
cooling is lost through strong small-scale mixing and
turbulence in the process of convective adjustment.
(Our calculationsindicated that about 30% of the APE
generated by cooling at the surface was lost through
convective adjustment.) Without considering thisloss
of APE, ®.,, one cannot obtain a balanced budget of
the APE sources and sinks. A simple way to consider
the net APE source due to thermal forcing and con-
vection is to use the center of the completely con-
vective water column, h,,, asthe height in the phys-
ical state, so the modified source term due to surface
thermal forcing is

P = kg ff (z— Z)Vp-n dS — &g,

g JJ B(hw, — Z) dx dy.

Our analysis here is based on results from a finite-
difference grid of 15 X 15 X 15; thus, we rewrite the
APE balance (17') in terms of

d
dt

where ¢¢, ¢l o, and ¢l are the corresponding
source and sink terms defined for the ith latitude band
of grid boxes.

The heat |oss to the atmosphere reaches its maximum
(60 W m~2) in the middle of the western boundary.
However, this local feature does not appear as a max-
imum on the map of APE sources. Instead, the region
of strong source of APE is located much farther pole-
ward because the depth factor h,,, — Z dominates the
strength of the APE source, as indicated in (24) (Fig.
2). Although there is strong heat flux into the ocean
along the equatorial edge of the basin, its contribution
to APE is rather small because h,,, — Z is very small
near the equator.

For comparison, the source of APE due to surface
forcing based on the QG approximation (3) indicates a
strong source of APE in the equatorial region (the thin
curve labeled ¢ o in Fig. 2), similar to the results of
Oort et a. (1994, their Fig. 5¢). According to such a
definition, most of the APE would be generated near
the equator instead of in the polar basin. This seems to
be in contradiction to the real physical process happen-
ing in the ocean where potential energy isreleased when
dense water sinks into the deep ocean.

Most importantly, the exact definition of the source
of APE includes the contribution due to mixing driven
by the mechanical energy source, as indicated by the
dashed line in Fig. 2. Asis well known, mixing raises
the center of mass against gravity, so mixing requires

(24)

E. = ; (U + dhe — by — &) =0, (17"
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FiG. 2. APE sources (integrated over each 4° |atitude band) due to
surface forcing and interior mixing: ¢, is the APE source due to
surface forcing based on the exact denifition, ¢ is the APE source
due to surface forcing under the QG approximation, and ¢, is the
APE source due to external mechanical energy sustaining vertical
mixing.

an external source of mechanical energy. Since mixing
is essential in setting up vertical stratification and cir-
culation in the ocean, external energy supporting mixing
is of vital importance for the oceanic circulation. In the
equatorial part of the basin, stratification is strong, so
the external energy source supporting mixing is also
very strong (Fig. 2).

In a steady state, APE sources are exactly balanced
by sinks, including the increase of potential energy in
the reference state due to both vertical and horizontal
mixing in the physical state and conversion to kinetic
energy. The sink of APE due to vertical mixingisstrong
in the southern part of the basin, while the sink due to
horizontal mixing is strong in the poleward part of the
basin, asindicated by the heavy solid line and the heavy
dashed line in Fig. 3. (However, the horizontal distri-
bution of mixing energy in the real oceans may be dif-
ferent because the rate of diapycnal mixing is highly
inhomogeneous in space.) The conversion rate to total
kinetic energy can be rewritten in terms of the deviation
of density from the basin mean, —[ (p — p)w dv. Ac-
cordingly, most of the APE-to-TKE conversion takes
place along the northern edge of the basin, where density
is highest and sinking takes place.

Combining Figs. 2 and 3, we obtain the latitudinal
distribution of source (thermal forcing plus mixing)
and sink (mixing and conversion to kinetic energy)
of APE (Fig. 4). Accordingly, the major sink of APE
is near the northern edge of the basin where water
sinks. This sink is partially balanced by the local
source of APE due to thermal forcing, and the rest is
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Fic. 3. APE sinks (integrated over each 4° |atitude band): ¢, is
due to vertical mixing, ¢, is due to horizontal mixing, and ¢, is
the rate that potential energy is converted to kinetic energy.

supplemented by the net source of APE at low and
middle latitudes.

The global balance of APE and TKE is shown in
Fig. 5, where results from three numerical experi-
ments are included, with k, = 10-%, 10~4, 10-3 m?
s~t. (For the case of k, = 107> m2 s7%, the model is
run for 14000 years in order to reach a true equilib-
rium). Note that these three experiments were all car-
ried out under the identical relaxation condition for
temperature, with the only difference being in the ver-
tical tracer mixing parameter. As k, increases ten

Net §0urce
\

\

Energy Source/Sink Rate (1011 %%}

-0.4 T T
0 20 40

Latitude

60

Fic. 4. APE sources and sinks (integrated over each 4° latitude
band) due to surface forcing and interior mixing, and energy con-
version.
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Fic. 5. Balance of APE and TKE (total kinetic energy) for three cases with «, = 1075, 1074,
103 m? s~*. MOR is the meridional overturning rate, in 10® m?® s-*; PHF is the poleward heat
flux in 10* W; Vmix and Hmix indicate the potential energy increase in the reference state due
to vertical and horizontal mixing. Both APE and TKE are in units of joules per cubic meter, while

2.207

Conversion

* Hmix

al flux terms are in units of 1076 W m~3,

TKE
0.1523

* Dissipation

0.468

675



676

times, all quantities increase about ten times, includ-
ing the total amount of APE and TKE, and all fluxes.
Although the dependence of the meridional overturn-
ing rate, poleward heat flux, and some other fluxes
on the vertical diffusivity has been studied by many
investigators, for example, FE Bryan (1987), the dy-
namic role of mechanical energy supporting vertical
(diapycnal) mixing has not been discussed previously.
This is our focus here.

In al three cases the source of APE due to mixing
driven by an external energy source is about the same
as the source of APE due to surface thermal forcing.
Thermal forcing alone cannot determine the strength of
the APE source due to surface forcing, the total amount
of APE, the strength of meridional overturning rate
(MOR), and the poleward heat flux (PHF). In contrast,
under a given surface thermal forcing condition, the
amount of energy available for mixing controlsthe strat-
ification and thus the meridional pressure gradient,
which in turn controls the strength of meridional over-
turning, the poleward heat flux, and even the APE source
rate due to surface thermal forcing.

For example, when x, = 10-* m? s, the externa en-
ergy required for sustaining the mixing is about 0.338 X
10-¢ W m~3, which is larger than the APE source due to
surface thermal forcing of 0.21 X 10-® W m~2. The net
APE source due to mixing is equal to the sum of the APE
source of mixing, sustained by external energy, minus the
potential energy increase in the reference state due to mix-
ing in the physical state, so it is0.183 X 106 W m=23 <
0. However, it would be a mistake to ignore the source
of mechanical energy required to sustain mixing and claim
that mixing only dissipates APE. As discussed above, the
mechanical energy to sustain mixing contributes about half
of the APE source. In addition, mixing driven by the ex-
ternal energy source also controls the strength of the APE
source due to surface therma forcing. Furthermore, the
actual amount of external energy required for sustaining
the mixing is about 10 times larger than the value of 0.338
X 10-¢ W m~2 because the efficiency of mixing is only
about 10%, as suggested by Osborn (1980). This large
amount of energy required for mixing may come from
tidal dissipation, internal wave breaking, or wind stress
input, but details of this energy source are left for further
studly.

In many existing textbooks and papers, the oceanic cir-
culation has been compared with other heat engines. How-
ever, there is a big difference between oceanic circulation
and other heat engines. As shown above, in order to put
the oceanic engine in motion, the mechanical energy re-
quired for sustaining the background mixing ismuch larger
than the amount of energy converted from potential energy
to kinetic energy. The ratio is about 10. If we consider
the efficiency of 10% suggested by Osborn (1980), this
energy ratio will be on the order of 100.

The exact sources for the mechanical energy to sup-
port mixing may vary for different oceans or model
oceans. Mixing requires mechanical energy of very
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small scale, most likely from small-scaleinternal waves
and turbulence. Because most strong currents in the
oceans are surface-intensified, kinetic energy of large-
scale currents may not be a major source of mixing for
the oceans. On the other hand, external mechanical en-
ergy, such as tidal mixing and wind stirring, may be
more likely major sources of mechanical energy to sus-
tain mixing. Although strong mixing near the Antarctic
Circumpolar Current (ACC) may be due to lee waves
generated over the large-scale topography, the ACC it-
self is strongly affected by the wind stress input, so
mixing there is also driven indirectly by external me-
chanical energy.

Thus, within the region of realistic parameters, the
oceanic circulation is not a heat engine! However, there
isaspecial region wherevery weak molecular diffusion,
on the order of 10~ m2 s*, can alone drive the oceanic
circulation. Since the diffusivity is about 1000 times
smaller than in case a (Fig. 5), the meridional over-
turning rate and poleward heat flux will be reduced to
about 0.1 Sv and 0.01 PW. This region is, of course,
only an idealized case existing in theory, and it istotally
unrelated to the real oceans.

This study is focused on a few numerical experiments
for thermally driven circulationsin aBoussinesq fluid. The
partition of the APE source between buoyancy forcing and
mechanical mixing may vary with the forcing and param-
eters used in the models. In addition, one of the most
important simplifications is that we exclude the role of
wind stress. Including wind stress is likely to change the
direction of energy conversion between potential and ki-
netic energy. In many cases with wind forcing, kinetic
energy generated through wind stress forcing is partialy
transformed to potential energy, for example, Holland
(1975), Boning (1989), and Treguier (1992).

4. Conclusions

We have analyzed the energetics of the oceanic circu-
lation based on the concept of available potential energy,
especially the dynamic role of mechanical energy in sus-
taining mixing and thus the basic dratification and me-
ridional thermohaline circulation. In particular, the me-
chanical energy that sustains mixing contributes a sub-
stantial part (in our experiments it is about haf) of the
APE directly and it also controls the APE source due to
surface therma forcing. The QG approximation of APE
and its source is based on asimple extension fromLorenz's
(1955) definition for atmospheric circulation. Such asim-
ple definition may not be appropriate for the study of
oceanic circulation because it neglects the important con-
tribution due to the source of mechanica energy required
to sustain mixing. In addition, such a definition may give
an incorrect APE source distribution dueto surfacethermal
forcing.

Although our discussion here is primarily about APE,
the mixing energy argument should apply to the potential
energy balance as well. Namely, the mechanical energy
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required to sustain vertical mixing is an essential part of
the oceanic energy balance. Although such a term is in-
cluded in a few papers and books (e.g., Holland 1975),
so far there are no estimates for such aterm in an energy
budget for either numerical models or real oceans.

The application of the exact definition of APE and its
sources and sinks to the real oceans remains a challenge
at this time. The major difficulties are the nonlinear equa-
tion of state, including the effects of salinity and pressure,
the nonuniqueness of the potential density surface, and
above dl the highly nonuniform distribution of tracer mix-
ing and the uncertainty of the thermohaline forcing (es-
pecialy in the polar oceanswhere most of the APE sources
are located.)

Although there exists no analytical expression of
APE for the real oceans at this time, it is possible to
define both APE and its source due to surface ther-
mohaline forcing by a computer-sorting program. The
essence of such a sorting program is the following:
the ocean is divided into many small grid boxes, each
of which is represented by its average temperature
and salinity. Assuming thereis no bottom topography,
water masses in all these grid boxes are sorted out
and stacked up in the reference state, using the sea
surface as a reference level. Using a single reference
level is, of course, not enough to guarantee the sta-
bility at deep levels. Thus, all water parcels in the
reference state beneath a certain level are resorted,
using a new reference level slightly below the sea
surface. This resorting process can be repeated, and
by using very fine reference intervals the final ref-
erence state with minimum potential energy can be
calculated to any given degree of accuracy. The case
with bottom topography can be handled with addi-
tional iterations. Since solving such a problem in-
volves exact definitions of APE and its source/sink,
requiring elaborate derivation and long calculations,
this will be discussed in a separate study.
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APPENDIX
APE for Oceans with Topography

Due to the existence of separate deep basins the case
with bottom topography may allow multiple solutions
of the reference state that have local minimum potential
energy in the phase space. For simplicity, our discussion
here is limited to the solution that has the global min-
imum potential energy. For a given basin, the topog-
raphy can be defined by specifying the horizontal area
as a function of the geometric height

A=Al for 0=z=h,

where z = h isthe sea surface. The total volume of the
basin at a given level z is a given function of z

v(2 = JZ A(Z) dz'.

Accordingly, given the total volume above the bottom,
the corresponding vertical coordinates can be found
through the inverse function z = z(v).

Thus, the vertical coordinate in the reference state
can be defined as

Z(x, t) = Z(v), with

v = fff H(p(X', t) — p(x, t)) dx’.

The time rate of change of the reference level can be
calculated by transformation to density coordinates (X,
Yy, p), with the Jacobean J(X, ¥, p, t) = d(X, ¥, 2)/(X, Y,
p) defined in the physical state, and the overdot indi-
cating the time rate:

1 , o |
~AZG) j J f 8[p(x’, 1) — p(x, Ollp(X", 1) — p(x, )] dx

B A(Zl(p)) f J dx” dy’ J Slp(X, Y, p' 1) = px ¥, o, DIP(X, Y, 0/, DI, Y, P!, 1) dp’

- A(Zl(p)) JJ dx’ dy, f 6[p(X,! y,1 pr, t) - p(X1 Y, p» t)]p(X, Y, ps t)‘](er y,1 pr, t) dp’

1 S S o o
:A(Z(p))deX dy' p(X', Y, p, DIX, Y, p, 1) rz(p))ffdxdyp(x,y,p,t)J(X,y,p,t)

= U(pv t) - p(X, Y, p» t)D(P: t):

(A1)
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where
D(p, 1)
1 Y4 ' ’
_WJJJ(Xay,p.t)dx dy’, (A2)
U(p, 1)
- mfj JXL Y po Op(XL Y p, 1) dX dy,
(A3)

where —D(p, t) and —U(p, t) indicate the average iso-
pycnal layer thickness and time rate term, noting that
—J is the local isopycnal layer thickness. Using these
relations, the integration of density multiplied by the
time rate term is

f J f pZ(X, Y, p, DI(X, Y, p, 1) dp dx dy

= f dp <pU(p, t) f f J(X, Y, p, 1) dx dY)

X J(X Y, p, t) dx dy)
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_ J dp (A(Z(p»pu (b, DD (p, t))

- f dp (A(Z(p))pD(p, U (p, t)) = 0.
Thus, (11) is valid for the case with topography.
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