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ABSTRACT

Janssen’s model for the effect of gustiness on the mean energy transfer from a turbulent wind to a surface
wave is simplified through a Gauss-Hermite approximation to his probability integral. Two examples are con-

sidered.

1. Janssen’s model

Janssen (Komen et al. 1994) and Nikolayeva and
Tsimring (1986) have shown that gustiness may increase
the energy transfer from a turbulent wind to surface
waves. Following Janssen, we assume that this gustiness
can be described by a slowly varying (compared with
the surface wave) friction velocity u.(t) with the Gauss-

ian distribution
Clu - w
2 o

where U. and o are the mean value and standard de-
viation of u.. We seek the mean, dimensionless growth
rate (o = o, and { = ylw in Janssen’s notation)

Z(J*) = f

on the assumption that the dimensionless growth rate
for o = 0,

P(us; Uy, 0) = (27) Y20 texp,

(@

P(uy; Uy, 0)d(uy) du, 2

{(u:) = (wE)"*(0E/at), ©)

is known for a monochromatic wave of energy E and
angular frequency w.

Substituting (1) into (2) and introducing X = (U. —U.)/
\/20, we obtain

Z(U*) = WUZJ

—o

e U, + V20x) dx.  (4)

If, as for most theoretical models, {(u.) = 0 for u. <
0, we may replace the lower limit in (4) by —T./\/20.
It follows, as remarked by Janssen, that gustiness may
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imply a positive energy transfer to a wave moving
against the mean wind if —T. = O(0).

2. Gauss—Hermite approximation

The integral in (4) may be expressed in terms of the
error function and its derivatives through the expansion
of {(T. + \/20x) in powers of x. However, this requires
differentiation of {(u.), which may be avoided through
Gauss-Hermite quadrature to obtain (n = 3 in Abra
mowitz and Stegun 1964, § 25.4.46)

() = ég(u* +V30) + gg(u*) )

+ ég(u* - V30).

This approximation implies a positive energy transfer
for . > —+/30; higher-order members of the Gauss-
Hermite sequence would extend the tail of {intT. < 0,
but thistail isunlikely to be significant for t. < —+/30.

3. Quadratic fit

The quasi-laminar (Miles 1957) and related models
yield ¢ in the form

) =

,/c)?
{g(u ° (u, = 0), (6)

where c is the wave speed and 3 (rescaled from Miles
1957) is a slowly varying function of c/u.. Substituting
(6) into (4) and neglecting the variation of B, we obtain

7 = B)¥Z(v), 2 = & + 02 v =t/ 20,
(7a=<)

where 12 is the mean square of u.,

Z(v) = %[1 + erf(u)] + 77”2<1 +” 2U2>ev2, ©)
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Fic. 1. The function Z(v), as calculated from (8) (——) and (9)
=.

and erf is the error function. Alternatively, the approx-
imation (5) yields (7) with
1, [v=vy, = (3/2)Y7]

(1 + 2v?)~2/3v2(1 + sgnv)
+ 13 (v + )3, ([vl = w),

0, (v=—v),

Z(v) = (9a—<)

which coincides with (8) at Z(0) = % and is amost
indistinguishable therefrom in the plot of Fig. 1. A cor-
respondingly close approximation to (4) by (5) may be
expected for any smoothly varying {(u.).
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4. Empirical fit to &
Janssen adopts the empirical fit (Snyder et al. 1981)

~ JAIC(us/c)—-1] >1
() = {O (Cu*/c _ 1), (10a,b)

where A = 0.2 and C = 28. Since (10) appears to have
been derived from observations of ¢ and u. it presum-
ably is afit to(U.), rather than £(u.); however, it pro-
vides an example of the importance of the smoothness
of {(u.) for the approximation (5).

The substitution of (10) into (4) yields Fig. 2.6 in
Komen et al. (1994), in which the sharp corner of Z(u.)
at Cu./c = 1 is replaced by a smooth curve between
the upper and lower asymptotes ¢ ~ {(U.) derived from
(10a,b). The Gauss-Hermite approximation (5) replaces
this curve by the segments of two straight lines and is
less satisfactory than in the example of section 3, pre-
sumably in consequence of the discontinuity in slope of
(10) at u./c = 1/C = 0.036, where (10), (4), and (5)
yield £ = 0, 0.080U./0 and 0.058U./a, respectively.
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