NAMRg B IE Chinese Journal of Applied Probability
FE=M 200846 H and Statistics Vol.24 No.3 Jun. 2008

BRIEFRHENTRZIZRIERHT 2 UE *

LEH  FEAM
(VF B 2Bt SRR SRR 2B, VFE, 461000)

i E
T AN ST AL G S B LA A AT SR B v e R R RS A e AW Sk i — Ak
EH.
KRR VHHOTRE, MRS sE s, — b B
ZRHES: 02114,

§1. 3| =
[ HsuMRobbinsM /4 T 58 4 84 @E’J*E)E/\U\ﬂ% LT RO X 7 T 25 R
A X, kb > 1} ELLd YR RTFA, S, = Z X, n > 1, HeydefESCHR 2] UEI] T
k=1

o0
hm Z P(|S,| > en) = EX?.

HAPEX] =0, EX? < oo, FALX T HI W45 H a2 W [3-5). FEEAMOEGutP 6T
TSR VI ER R (RORG 1ff 58 A WSRO 1 485 SR T — A . & { X, b > 1) 52i0.d B
WA TP, B X A dant s s, 4

L(1) =1, L(n) = min{k : X3 > Xp—1),k > L(n—1)}, n>2.

DRI BOL R (n) = n > 1358 XA p(n) = max{k : L(k) < n}. Big(x)fh(z) R 1E AT
(R 5L, p(x) = g/ (h(2))W (2),

5 ng/W)g@w*%”%l Ue) ~ — el
_= —_ 5 ~Y ) a.
L Y Uo(e)

EE R Ok T I s B

FEH K HAREL R BB H (60475040), W RS BE T A ARE RS B I H (2008B110016).
A C20054E9 H 26 H W R, 200646 H 26 H W 216 2k




266 N FHME 2 4801 oy IR ES

I 1.1 Wg(x)Fh(z) € LT [no, oo) b 11" 18 AT 13k e 2L, Hxlin;og(w) = o0
Tim h(z) = o0, ¢(z) = g/ (A(£) W (z), ), F5 I, W Tien p(rn + 1) /() = 1.
A Ea > 0, iUy ()i 2: Up(e) < oo, € > a, li{n Uo(e) = oo, HFE T =AMz —
JNAT

o0
(1) X @n)(logn)™? < oo; (1.1)
n=ng
(2) lim lim aU(g)/ g(y)e ¢ W24y =0, (1.2)
M—oo eN\a (U () M)
lim lime U (e / y 9dg(y) =0 XFdg > 2507 (1.3)
M—ooeN\a LUy (e)M)

JUIES)
i U(e) Y pn)P(lu(n) ~ Eu(n)| > e(logm)!/h(n) = 1. (1.4)

n>ng

Bit—2, Ma > 08ia = O HAFEB N H D > 0FIMy > 1, AXTAEEe > 028 /MEf
Eg_l(Uo(E)Mo) > b

AT, WA Flog nfRFEp(n).

SCHR[7)5 K8 T FORG A 58 B SSOTE (7 SR ARG 1t 56 s O S ME RO A RS2 BT 225 (7)), T2
HAREE ) S5 LT 52 B LA RO A e AW S e a7

PRI S, JATHIE TR, 32 7RISR, iR T (1.2).

§2. EFEHFR

AT B X, b > 1HELLD BN REFA, X R 4aniE4L, pin) 5151
(AT B ()RR (2) & AT P00 IE PR 3R, 4

o0

o(x)/logz = ¢ (h@)H (x),  Gole) = /h <@ > o)

! el a. (2.1)

Go(e)’
EE 2.1 Wg(x)Mh(z)dE LT [ng, oo) L4 19 1K AT Tl ek 4L, H lim g(z) = oo

lim h(z) =00, ¢(z)VIog o, RIS Y, )”\U*&Ji_)ngo on+1)/p(n)=1. B&FFEEa > 0,

fiGo(e)ilift: Go(e) < o0, € > a, g{n Go(e) = oo, HAF NIl A2 — 0T

(1) 3 em)logn)® <oo M THa > 0L (2:2)

n=ng

G(e) ~

(2) lim lim e 9G(e) /oo yidg(y) =0 X THq > 2T (2.3)
(Go(e)M)

M—ooeN\a



= AR BT A RIS T B0 R R ORS i 52 4ol 267

IS
i G(e) 3 p(n)E{|u(n) ~logn| - =(logn)/2h(n)} = 1. (2.4)

n>ng
HALT[6], Tl TREAFEN N LA
Ag(x) = 2"l(x), r > 0, Hrhi(e) E— 2R H(2.1), &

e
Gle) = (r + 1)~ E[N[+1’

e>0=a,

TR

B 2.1 A h(z) &2 X T [no, oo) I IE FL T B0 I0 B8 KL, 7 Ks 0 T 9, o(x) =
(r(h(@)) =M (h(x)) + (h(x))"V (h())) 1 () /Tog 2 -, F HJHIEHG, WL lim [p(n + 1)
Jo(n)] = 1. Bedb, 1(2)7E[no, co) AN E T4 LA . MIpkar

lim er<1<e*1>>*1n;m pn)E{Ju(n) —log | — elogn) *h(n)} = ——EINT*L (25)

Lglz) =e™ r>0, H(2.1), &
G(g):\/z—log\/lm7 e>a=2r,
TR
iR 2.2 A h(x) 5 LT [no, oo) I IE FLT B 66 8, 7 H 1 TE 99, p(a) =
2re™™* @ h(a)h () /v/Tog o 4 1, 5 4 I, WIBE lim p(n+1)/o(n) = 1. S5 B A ()
A (2.2), WA
1

2
Jm m,?%f( >E{m<n>—logn|—e<1ogn>1/2h<n>}+:\ﬂ. (2.6)

F i, Ah(z) = (logloglog z)'/2, TATH

r—1 1

2
E{|11(n)—log n|—e(log nlogloglog n)*/?} = \/7
s

r

lim 1 > (loglogn)
w2 — log VeZ = 2r nShy n(logn)3/2
Ag(z) =€, r >0, H(2.1), 2G(e) =27 e lre /) ¢ > 0 = a, THROL:

iR 2.3 L h(x) 2 & LT [no, oo) HIIE H AT 34 ) B& £, 4% 38 T 655, o(x) =
re™@n! () //log Bk, 75 LI 5 1, Jﬂ\'HFiiﬁnli_)rgoap(nJr D)/p(n) = 1. &Jah(z)i
JE(2.2), WST

lim e Le /=) S o(n)E{|u(n) — log n| — (logn)/2h(n)}s = 2. (2.7)

e\0 n=ng r

e, 2h(x) =loglogx, 0 <1 < 1/2, Al

1 r2)(262) o 1 r—3/2 B B 1/2 _ 2
lime e > n" " (logn) E{lu(n) —logn| —e(logn)"/“loglogn} = —.
eN\0 n=ng r



268 N FHME 2 4801 oy IR ES

§3. B XKu(n)B)—LE 4R K& EIE /YRR

TG I BES.URI G I BE3. 293 T3l K 1 SCHR[8] 1) e B 1R 5 BE3.

31 3.1 (1) (u(n) — logn)/VIogn % N(0,1); (2) FE5I{](uln) — logn)/viogal".
n > 3} —H |

1
W«@fn ¢2/W%*%a fERr > 0.
s

313 3.2 X Tk > 24T

< n—logk)‘> 1.9
P Jogk /| = Vlogk

EH2.189ER: R FIT N (9), Hn > nyli,

P(u(k) = n) — o

pntDylog(n+1) & p(n)y/1og (1)

>1-9,
¢(n)+/log (n) o(n+1)y/log (n+ 1)
HATEO<d < 1. 1M
n)VIognE{|N| — eh(n)}y = VM&E{/m<HMU>ﬂ&}
n>ni n>n1 h(n)

= \/logn/ P(IN| > t)dt

nznl
= A. (3.1)

TR

1

\/logaﬁ/ P(IN| > t)dtdx < A
1
< 1—6/ \/logx/ P(|N| > t)dtdz.
ni

1]

/ \/logx/ P(|N| > t)dtdz = / / P(|NV| > t)dtdg(h(x))
n1+1 ni1+1 Jeh(z)

=/ L/HW>MW@
h(ni1+1) Jey

_ / cg)P(IN| > ey)dy + C. (3.2)
h(ni+1)

HrpCol— BRBEEMHE R (). LA

G(e) ~ = . (3.3)



=M AR BT A RIS T B0 R R ORS i 52 4ol 269

H1(3.1)-(3.3) EL K Go () B ME T ] 1%

1

—— < liminfG(e) > @(n)y/lognE{|N| —ch(n)}+
1 + (5 s\a nzno
< limsupG(e) > ¢(n)y/lognE{|N|—ceh(n)}+
e\a n>ng
1
< =
S 1z
26— 0, 13
1{n G(e) Y. p(n)y/lognE{|N| —¢ch(n)}+ = 1. (3.4)
g€ \a nzno
WUk

lim G(e) 32 (n)|E{|u(n)—log n| —e(log n)"/>h(n)} —/log nE{|N| ~eh(n)}-| = 0. (3.5)

E\,a nZnO
A7 (2.2) §oT:

E{lu(n) — logn| - £(logn)/*h(n)}s — \/log nE{|N| — eh(n)}|

_ E/OOOI{W > ch(n) + \/I:@}dx _ J@E/mem > eh(n) + r}de]
- /jp(‘“%?lzgm > eh(n) + %)dx - \/@/OOOP(\M > eh(n) + x)dm]
_ \/@/OOOP(W > eh(n) + x)dx - \/@/OOOPUM > ch(n) + :L‘)dm‘
< ogn Om\P(w > eh(n) +x) = P(N| > eh(n) +:v)‘d:c
= \/@/D(logn)a Adz + J@/(loo | Aqdz. (3.6)
oy
H 5 B3, LRI 5 3. 2401
A < \/% AISW, ¥ > 0.
LRy K, BATH
(3.6)5% < 3.8(logn)® + /logn—C"— < C(logn®). (3.7)

(logn)er =

H1(2.1)-(2.2)~ (3.6)-(3.7)BI AT %01(3.5) AT
(2.3) HAL:

o



270 N FHME 2 4801 oy IR ES

Ab(e)=h"tog H(Go(e) M), M2\, altf, b(e) — oo. FI[6]H HIUEH—FE, #io(x)/logx
EFE, H[6]0I5 [ BE3%N T Eeo, Ma < e < o,

b(e)
1GoEM = Ag(h(b(e) = gohlbe)+1) = [ dglhlz)

b(e)+1 b(e) n+1
= / o(z)y/logadr > > o(x)y/log zdx
no n=ng Jn

b(e) b(e)+1
> Y em)ign=(1-9)( 3 wn)viogn - p(n)ylogni). (33)

n=ngo n=no

Frp(x)y/log zAEXE RAATIA

b(e)+1
4Go(e)M > > p(n)y/logn — v(ng)+/log no. (3.9)
n=ng
1]
b(e)+1
> @(n)[E{|u(n) —logn| — c(logn)'/h(n)}+ — \/log nE{|IN| — eh(n)}+|
n=ng
b ) —logn|
< 1 —_— h —P(|N h d
< nno \/ogn/ \/@ >£(n)+x> (IN| > eh(n) + x)|dx
b(e)+1
= > p(n)ylognl,.. (3.10)
n=ng

d 5 [ H3. R 5 [ #E3. 240, XFFATEr >0,

(logn)t/4 00
N, = / Aqdx + / Aqdx
0 (logn)1/4
3.8 & 1
2% e 4
(logn)l/4 + /(logn)1/4 (eh(n) + x)r+1 v
38 ¢ o (3.11)

(logm)/% " (log n)"/A

4545 (3.8)-(3.11) R mJ 45

lim G(e) > o(n)[E{|u(n)—logn|—c(logn)'/*h(n)} y —/log nE{|N|—eh(n)} | = 0.

(3.12)
1ii]
%:)H(P(”)\E{’M(n) —logn| — e(logn*?)h(n)}4 — \/og nE{|N| — eh(n)}+|
< Y em)lognA,.. (3.13)

n>b(e)+1



= AR BT A RIS T B0 R R ORS i 52 4ol 271

K
1

o0
1
N < — —dz =Cj———,
CQ/O h(n) + 21 = S ana(n)

Fir A
>, pn)ylognAy,. < C,

n>b(e)+1

1
>, p(n)yv1 gnm

€)+1
> p(z)yVlogx

elhd(x

(@)
1
a9 (1)

q (0]
n>b(
C/ dx
b(e)
e /
()
C / L
(be)) € a1
C/ —d 3.14
1 (Goe)M 6"3/‘1 o) 340

H(2.3)+ (3.13)-(3.14)%3

lim lim G(e) Y o(n)|E{|p(n)—logn|—e(logn)"/*h(n)} —/log nE{|N|—eh(n)} | =
M—ooeNa n>b(e)+1

(3.15)
H1(3.12)F1(3.15) B £5(3.5).
454 (3.4)~ (3.5)RIF5 e #E2.1. O
#IL2.1899ERB: G4
Go(e) = /OO ex"l(x)P(|N| > et)dt = /OO e "t (e H)P(|IN| > t)dt
h(no) eh(no)
4
_ )t
&) = e nTgNT
FABU[6]HER 2.1 R, EJfﬂhm G(e)Go(e) =
1M1(2.3) 7E[6] 2. 1Eﬁmﬁﬂ)ﬂqﬂmﬁ%‘ﬁ, NS O
HIL2.2099ERB: S0
Go(e) = /OO aem2P(|N| > ex)dz.
h(no)
IEAI AT AL, ZAIRY 6 > 0, Bor
CQ‘*’L = Eer;ﬂi —& xZ/de < GO( ) 1 o geerL — $2/2d$+01,

1+ ) h(no) 2wex 1-— (5 h(no) Qmex
HAr ORI Co 2 PIAS RO O 1) 3 4L



272 N R G oy IR ES

M
/oo Eerx2i —& x2/2d _ /OO 2 e—x2(52—2r)/2dx
h(no) 2mex h(ng) V2Tx
o0 2 t2/2
pr— 76 dt-
/\/52—2rh(n0) \/ﬁt
B LA
s 1 2
lim - Gple) < lim / eft 124t
Sw2r V 2 —logveZ —2r oe) = 1-6 ~var —log \/52 — 2r J\/EZ2rh(ng) T
1
C1=4
™ 1 1 2
lim > lim / €_t /2dt
E\\/ﬂ log\/€2_27a ( ) - 1+55\\/§—10g \/52_27' Ve2— 2rhn0) i
1
146
[i44
i \/? 1 Gole) =1
im /= ,
e\WV2r —log ve2 —2r
TaE Al
T 1
o= — L
©) \/g— log ve? — 2r
[l
#Ei22.3H9IERR:
o
Gole) = / ™ ™P(|N| > ex)da
h(no
= / ee"/FP(IN| > t)dt
nO
= EehmIp(IN| > eh(ng)) + — /Oo ert/e=t Rt
7" 271 Jeh(no)
_ ErhOP(IN| > ching) 4+ —25_gr2/2e) / T /o2y
MR > eh(ng) + = N
_ Zeh0P(IN| > eh(ng)) + —o e/ ) /Oo e /2t
7o PUNT> ehlmo)) + 72 na)—re
P LA
lim 271671T67T2/(2€2)G0( ) = lim / e /2t = 1,
e\0 eN0 /27 h(no)—r/e
R UL

G(e) = 2 lemlpe/(26%), a=0.



=M AR BT A RIS T B0 R R ORS i 52 4ol 273

[1]

2]
3]

[4]

2 £ X M

Hsu, P.L. and Robbins, H., Complete convergence and the law of large numbers, Proc. Nat. Acad.
Sci. U.S.A., 33(1947), 25-31.

Heyde, C.C., A supplement to the strong law of large numbers, J. Appl. Probab., 12(1975), 173-175.
Gut, A. and Spataru, A., Precise asymptotics in the Baum-Katz and Davis laws of large numbers, J.
Math. Anal. Appl., 248(2000), 233-246.

Gut, A. and Spétaru, A., Precise asymptotics in the law of iterated logarithm, Ann. Probab., 28(2000),
1870-1883.

Gut, A., Precise asymptotics for record times and the associated counting process, Stochastic Process
Appl., 101(2002), 233-239.

Wang, Y.B. and Yang, Y., A general law of precise asymptotics for the counting process of record
times, J. Math. Anal. Appl., 286(2003), 753-764.

FEME, AR ) 694 RSO WD K2, WTTT, 2004.

Gut, A., Convergence rates for record times and the associated counting process, Stochastic Process
Appl., 36(1990), 135-151.

The Quadrature Complete Convergence for Record Time

and the Associated Counting Process

JI YuQING CAO YUSONG
(Department of Computer Science, Xuchang University, Xuchang, 461000)

The paper gives the quadrature’s precision and complete convergence general theorem, which is about

the i.i.d. absolute continue variable arrange for the record time and the associated counting process.
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