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Abstract

In this paper, the open problem published in (Feng Qi, An algebraic inequhlity,
Inequal. Pure Appl. Math2 (1), Art. 13, 2001) is solved by using analytic argu-
ments. At the same time, the precise scope iofthe open problem is given. The

lower bound of the Theorem is refined.
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1. Introduction

In [1], F. Qi, posed the following:

Open problem. Letb > a > 0 andd > 0 be real numbers. Then for any positive
r € R, we have
b+d—a b gt N\ [b® /o] 1/ 6-)
( b—a  (b+6)tl— ar+1) < [(b + 0)b+0 Jqa]1/(b+d-a)"

The upper bound in (1.1) is best possible.
In [1], F. Qi proved:

(1.1)

Theorem 1.1: Letb > a > 0 andd > 0 be real numbers. Then for any positive R,
we have

b—a (b+0)tt —artl
The lower bound is best possible.

2 (1.2)

b+s—a b —grt! 1/’"> b
b+o
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The study of Algebraic inequality has many literature, for example [1, 2, 3, 4, 5, 6,
7, 8,9, 10]. The purpose of this paper is to verify the above inequality (1.1) and refines
the lower bound of inequality (1.2).

We think that the open problem inequality (1.1) should be decomposed with variable
r evaluation. The open problem should be stated as follows.

Theorem 1.2: Letb > a > 0 andd > 0 be real numbers. Then for any positive R

@) If » > 1, then

_ r+1 _ or+l 1/r b/ all/(b—a)
b+4d a b a - [b°/a”] ] (1.3)
b—a  (b+06)+ —art! [(b+ 6)b+0 /qa]1/(b+d—a)
The upper bound in (1.3) is best possible.
N 4
() fo<r< = then
b+6—a pr+l _ grl Lr [bb/aa]l/(b—a) b
( b—a ' (b + 5)r+1 _ a7'+1) > [(b + 5)b+6/aa]1/(b+§—a) > b+d
(1.4)

2. Proof of theorem 1

Proof: (i) The inequality (1.3) is equivalent to

(b + 5)b+5 r/(b+d0—a) (b + 5)7"—1-1 — gt pb r/(b—a) pril _ grtl
— < | _ (2.1)
a b+d—a a b—a

Therefore, it is sufficient to prove that the function

sr/(s—a) r+1 r—+1
F(s) = [s_} /i (2.2)

a? S—a

is decreasing fog > a.
By direct computation we have

7(5) = {S—s]”(m) 9ls) [ (s =) (;) (2.3)

a® S—a
where

g(s) = (1 —7)s"" + (2ar + alna — alns)s™ — a*(r +1)s" — 2a"*'s

+ a"2ins — a"lna + 24"+ (2.4)

andg(a) = 0.
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Straightforward calculating produces

where

7(8) = (1 —=7)(r +2)s" 2 + [a(r + 1)Ina + 2ar(r + 1) — a(r + 1)Ins — als

—a’r(r+1)s" —2a" s + a2

andr(a) = 0.
Direct computing gives us
7(5) = (1 —7)(r +2)*s" + [a(r + 1)*Ina
+2a(r + 1)(r* +r — 1) — a(r + 1)%Ins]s"
27“2(7“ + 1)8771 _ Qar+1
and
(s) = s h(s),

where

h(s) = (1 —7*)(r +2)%s — ar(r + 1)%Ins — a*r*(r* — 1)s~ ! + 2ar*

+ dar® — ar® — dar — a + ar(r + 1)21na

and7’'(a) = 0,h(a) = 3a(1 — r?).
By direct computation we obtain

where
p(s) = (1 =) (r +2)%* —ar(r + 1)%s + a*r*(r* — 1),
pla) = a(r + 12(4 — 5r),
P(s) = 21— r2)(r +2)s — ar(r + 1%,
'(a) = a(r + 1)(=2r° = 7r* —r + 8),
and

P =21 =) 42

Then, whenr > 1 ands > a, p"(s) < 0,
p(s) < p(a) < 0, and thush'(s) < 0, h(s) \,, h(s)

(
P'(s) N\ P(s) < pla) <0 2(s) N\,
< h(a

) < 0; thereforer”(s) < 0,
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(2.5)

] r+1

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

m(s) N\ 7'(s) < 7'(a) =0, andtheW()\ (8) 7(a) = 0; 4'(s) <0, g9(s) \,

g(s) < g(a) = 0; hencef’(s) < 0. The inequality (1.3) follows.



44 Jian-She Sun

(if). The left inequality in (1.4) is equivalent to

(b + 5)b+6 r/(b+d—a) (b + 5)r+1 —art! pb r/(b—a) prtl — grtl
eror > = 29 (213)
a b+d—a a b—a

Therefore, it is sufficient to prove that the function
s1r/(s—a) r+1 r+1
S S —a
o= [2] " e n
a S—a
is increasing fos > a.
- 4
In a similar way, wher) < r < o ands > a, we havep”(s) > 0, p'(s) /, p'(s) >

p'(a) > 0; p(s) /, p(s) > p(a) > 0, and thush/(s) > 0, h(s) /, h(s) > h(a) > 0;
thereforer”(s) > 0, 7'(s) /, 7'(s) > 7'(a) = 0, and thenr(s) , 7(s) > 7(a) = 0;
g(s) > 0,q9(s) /, g(s) > g(la) = 0; hencef'(s) > 0. The left inequality in (1.4)
holds.

The right inequality in (1.4) is equivalent to

b1/ (b—a) b+671/(b+6—a)
[b—} / b> [&} / (b+ 6). (2.15)
a® a®
Therefore, it is sufficient to prove that the function
JERRYICED)
wo=[2]7 /. 216

is decreasing fog > a.
By direct computation, we obtain

s71/(s—a)
L(s) = F—} - M(S) / (s — a)?, (2.17)
aa
where
M(s) = as — aslns + aslna — a* (2.18)
andM'(s) = alna — alns.
ThereforeM” (S) = —g <0, M'(s) \o, M'(s) < M'(a) = 0; M(s) \,, M(s) <

M(a) = 0, and thenZ'(s) < 0. The right inequality in (1.4) follows.

4 . . .
Remark 2.1: Letr € Rand0 < r < o inequality (1.4) refines the lower bound of
inequality (1.2).
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