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Abstract

In this paper a main theorem ¢V, p,, | summability factors, which generalizes
a known result ont N, p,, | summability factors, has been proved.
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1. Introduction

Let > a, be a given infinite series with the sequence of partial sipsandw, =
na,. By u$ andtS we denote the:-th Cesaro means of ordet, with o > —1, of the
sequencess,,) and(w, ), respectively.

The series_ a,, is said to be summableC; a |, k > 1, if (see [3])

) [eS) 1
k—1 « « k a |k

§ — = § — |t "< o0. 11

o n | un un—l | o n | n | ( )

If we takea = 1, then| C, « |, summability reduces tpC, 1 |, summability.
Let (p,,) be a sequence of constants, real or complex, and let us write

Po=po+pi+p2+-+p,#0, (n=0). (1.2)

The sequence-to-sequence transformation

1 n
Op = Fn an,vsv (1.3)
v=0
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defines the sequence,,) of the Norlund mean of the sequence,), generated by the
sequence of coefficient®,,). The seriesy_ a,, is said to be summable N, p,, |, if
(see [5])

o0

Z | Opn — On—1 |< o0, (14)

n=1

and it is said to be summableV, p, |, £ > 1, if (see [2])

an’l | op — 0n1 |/7C < 00. (1.5)

n=1

In the special case when

B I'(n+ «a) N
Pn = NORCES >0 (1.6)

the Norlund mean reduces to thH€', o) mean and N, p, |, summability becomes
| C, v |, summability. Fop,, = 1, we getthgC, 1) mean and thehN, p,, |, summabil-
ity becomeg C, 1 |, summability. For any sequen¢g,, ), we write A\, = A, — \i1.

2. The Known Results

Concerningthé C, 1 | and| N, p,, | summabilities Kishore [4] has proved the following
theorem.

Theorem 2.1: Letp, > 0, p, > 0 and(p,) be a non-increasing sequence)[fa, is

summablg C, 1 |, then the serie¥ a,, P, (n + 1)~ is summablée N, p, |.

Later on Ram [6] has proved the following theorem related to the absolutemd
summability factors of infinite series.

Theorem 2.2: Let(p,) be asin Theorem 2.1. If

Z% | sy |= O(X,) as n — oo, (2.1)

v=1

where(X,,) is a positive non-decreasing sequence @gd is a sequence such that

D n | AN, | X, < oo, (2.2)
n=1
| An | X = O(1) as n — oo, (2.3)

then the series” a, P, \,(n + 1)~! is summable N, p, |.
Bor [1] has proved Theorem 2.2 under weaker conditions in the following form.
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Theorem 2.3: Let(p,) be a sequence as in Theorem 2.1. If

Z ! | t, |= O(X,) asn — oo, (2.4)
v

v=1

where(t,) is the n-th (C,1)mean of the sequerieg,,), and the sequencés,,), (X,)
are such that conditions (2.2)-(2.3) of Theorem 2.2 are satisfied, then theserjg’, A, (n+
1)~!is summablé N, p, |.

Remark 2.4: It should be noted that condition (2.1) implies the condition (2.4), but
the converse need not be true (see [1] for details).
Also Varma [7] has proved the following summability factor theorem.

Theorem 2.5: Letp, > 0, p, > 0 and(p,) be a non-increasing sequence)Ifa, is
summablg C 1 |, then the serie¥_ a,, P, (n + 1)~! is summable N, p, |z, k > 1.

3. Main Result

The aim of this paper is to generalize Theorem 2.3 o5, p,, [, summability. Now we
shall prove the following theorem.

Theorem 3.1: Let(p,) be asin Theorem 2.1. If

Z% |ty |"= O(X,) as n — oo, (3.1)

v=1

and the sequencés,,) and(X,,) satisfy the conditions (2.2) and (2.3) of Theorem 2.2,
then the series_ a, P\, (n + 1)~ is summablé N, p,, |, k > 1.

Remark 3.2: It should be noted that if we take= 1, then we get Theorem 2.3.
We need the following lemma for the proof of our theorem.

Lemma 3.3 ([1]): Under the conditions 00X,,) and()\,), as taken in the statement of
Theorem 2.2, the following conditions hold,

nX,A\, = O(1) as n — oo, (3.2)
D> ANX, < oo (3.3)
n=1

4. Proof of the Theorem

In order to prove the theorem, we need consider only the special case in (@high)
is (C, 1), that is, we shall prove that a,, )\, is summablg C,1 |,. Our theorem will
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then follow by means of Theorem 2.5. L&t be the n-th(C, 1) mean of the sequence
(na,\,), thatis,

n

1

T, = oAy 4.1
" n—l—lgva (4.1)

Using Abel’s transformation, we have

n

1 1
Tn: U/\U:
n+1;va n

= 1In + Tn,2 , Say.

)tv + /\ntn

To complete the proof of the theorem, it is sufficient to show that

— 1
Z — | Ty |F< 00 forr=1,2, by (1.1). (4.2)

1
Now, we have that

m—+1 m+1

n—1 k
1 1 v+1
g — | T k<§ _ g AN, ||ty
n | n,1 | = — TL(TL+ 1)k { v | || |}

n=2 v=1

m—+1 1 n—1 k
=0(1)) i {Zv | AN, || t y}

n=2 v=1

m+1 n—1 lnl k-1
Z me NF |t |F % {— 1}
v=1 nv:l

m—+1 —

Z ZU\A/\ NF ]t |

m m—+1 1
=0y (wlaN D It Y —

v=1 n=v+1

S |t *
=0(1)) v AN | (v] AN, )P ”

v=1
=0(1)) v |A), |’ ol”

v=1
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=0) ) [A@[AN]) [ X, +00)m | Ay | X

I
S
—~
—_
~—

(V1) [ AN | — | AN || Xy +O(1)m | Ay | X
=0(1)) v | A%\ | X,

+ O(1) \AA\X+O()m]A)\m|Xm

=0(1) as m — oo,

by virtue of the hypotheses of the Theorem 3.1 and Lemma 3.3.
Again

Z_|Tn2‘k Z|/\‘k|tn|

n=1
3 (13 A
n=1 n=1

m—1 n k k
by tn
DY apa Y oy, o el
n=1 v=1

m—1

DY AN X+ O0() | A | X
=1

=0(1) as m — oo,

by virtue of the hypotheses of the Theorem 3.1 and Lemma 3.3.
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