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Abstract

In this paper, intuitionistic fuzzy Euclidean normed spaces are considered and compact-
ness in these spaces is studied.
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1 Introduction and Preliminaries

The theory of fuzzy sets was introduced by L. Zadeh in 1965 [7]. After the pioneering work
of Zadeh, there has been a great effort to obtain fuzzy analogues of classical theories. Among
other fields, a progressive developments is made in the field of fuzzy topology. The concept of
fuzzy topology may have very important applications in quantum particle physics particularly in
connections with both string and € theory which were given and studied by El Naschie [1].
One of the most important problems in fuzzy topology is to obtain an appropriate concept of
intuitionistic fuzzy normed space. This problem has been investigated by Saadati and Park [5].
They have introduced and studied a notion of intuitionistic fuzzy normed spaces. In this section,
using the idea of intuitionistic fuzzy metric spaces [3], we define the notion of intuitionistic fuzzy
normed spaces with the help of continuous 7-norms and continuous 7-conorms as a generalization
of fuzzy normed space due to Saadati and Vaezpour [4].

Definition 1.1. The 5-tuple (V, u, v, %, ©) is said to be an intuitionistic fuzzy normed space if
V is a vector space, * is a continuous ¢#-norm [6], ¢ is a continuous ¢-conorm [6], and u, v are
fuzzy sets on V x (0, oo) satisfying the following conditions for every x, y € V and ¢, s > 0:
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(@ plx, 1) +vlx, 0 <1,
(b) ulx,1) >0,
(¢) u(x,t) =1ifand only if x =0,
d) plax,t) = u(x, ﬁ) for each a # 0,
€ mCx, 1) *u(y,s) < ulx+y,t+s),
) wu(x,-): 0, o00) — [0, 1] is continuous,
(g) lim;_, o u(x,t) = 1and lim,_,ou(x,t) =0,
(h) v(ax,t) = v(x, ﬁ) for each a # 0,
@O vix,t)ov(y,s) =v(x+y, t+s),
(G) v(x,-) :(0,00) —> [0, 1] is continuous,
(k) lim;_,ov(x,t) =1.
In this case (i, v) is called an intuitionistic fuzzy norm with respect to * and ¢.

Example 1.2. Let (V, || - ||) be a normed space. Denote a * b = ab and a ¢ b = min(a + b, 1)
forall a, b € [0, 1] and let py and vy be fuzzy sets on V x (0, 0o) defined as follows:

[lx 1l

o(x, 1) = ———,
r+ x|

t
(xvt) =, V
Ho t+mx|

for all + € R in which m > 1. Then (V, uo, vo, *, ©) is an intuitionistic fuzzy normed space.
Here, po(x, t) +vo(x,t) = 1 for x = 0 and wo(x, t) + vo(x, ) < 1 forx # 0.

Definition 1.3. A sequence {x,} in an intuitionistic fuzzy normed space (V, u, v, %, ©) is called
a Cauchy sequence if for each ¢ > 0 and ¢t > 0, there exists ny € N such that

wx, — xpm,t) >1—¢ and v(x, —x,,1t) <&,

foreachn, m > ny. The sequence {x,} is said to be convergentto x € V in the intuitionistic fuzzy

normed space (V, u, v, *, ¢) and denoted by x,, (u—v)) xif u(x,—x,t) —> landv(x,—x,1) —
0 whenevern — oo forevery r > 0. An intuitionistic fuzzy normed space is said to be complete
if and only if every Cauchy sequence is convergent.

Lemma 1.4. Let (V, u, v, *, ©) be an intuitionistic fuzzy normed space. If we define
M(x,y,t) =pux —y,t) and N(x,y,t)=v(x —y,1),

then (M, N) is an intuitionistic fuzzy metric with respect to x and ¢ on V, which is induced by
the intuitionistic fuzzy norm (i, v) with respect to x and <.

Lemma 1.5. Let (i, v) be an intuitionistic fuzzy norm with respect to * and ©. Then, for any
t > 0, the following hold:
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(1) u(x,t) and v(x,t) are nondecreasing and nonincreasing with respect to t, respectively.

(2) p(x =y, 1) =p(y —x,t) and v(x —y, 1) = v(y — x,1).

Definition 1.6. Let (V, w, v, %, ©) be an intuitionistic fuzzy normed space. For ¢ > 0, we define
open ball B(x,r,t) with center x € V andradius 0 < r < 1, as

Bx,rnt)={yeV:ukx—y,t)y>1—r, v(x —y,t) <r}.

A subset A C V is called open if for each x € A, there existt > 0 and 0 < r < 1 such that
B(x,r,t) € A. Let 7,,,) denote the family of all open subsets of V. 7, ,) is called the fopology
induced by intuitionistic fuzzy norm.

Note that this topology is the same as the topology induced by intuitionistic fuzzy metric
(see, Remark 3.3 of [3]).

Remark 1.7. In an intuitionistic fuzzy normed space (V, u, v, %, <), if u(x,t) > 1 — r and
vix,t) <rforx e V,t>0,0<r <1,wecanfindaty,0 <ty < t,suchthat u(x,7) >1—r
and v(x, fy) < r (see [2]).

Definition 1.8. Let (V, u, v, %, ©) be an intuitionistic fuzzy normed space. A subset A of V
is said to be IF-bounded if there exist 1 > 0 and 0 < r < 1 such that u(x,7) > 1 — r and
v(x,t) < rforeachx € A.

Theorem 1.9. In an intuitionistic fuzzy normed space every compact set is closed and IF-bounded.

Proof. By Lemma 1.4 the proof is the same as intuitionistic fuzzy metric space (see, Remark
3.10 of [3]). [

Lemma 1.10 ( [S]). A subset A of R is IF-bounded in (R, ., v, %, ©) if and only if it is bounded
in R.

Lemma 1.11 ( [5]). A sequence {B,} is convergent in the intuitionistic fuzzy normed space
(R, w, v, %, ©) if and only if it is convergent in (R, | - |).

Corollary 1.12. If the real sequence {8} is IF-bounded, then it has at least one limit point.

Definition 1.13 ( [6]). Let % and %’ be two continuous #-norms. Then %’ dominates *, and we
write %' > x, if for all x1, x5, y1, y» € [0, 1],

(x1 % x2) % (y1 % y2) < (x1 % y1) % (x2 % y2).

Definition 1.14. A continuous ¢-norm * is said to be normal if a > Oand b > Othena xb > 0
for every a, b €]0, 1].

For example the product -norm a * b = ab is normal but t-norm a x b = max{0,a +b — 1}
is not normal.
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2 Main Results

Definition 2.1. The 5-tuple (R", @, W, %, ¢) is called an intuitionistic fuzzy Euclidean normed
space if * is a t-norm, ¢ is a ¢t-conorm and (&, V) is an intuitionistic fuzzy Euclidean norm
defined by

o, 1)=[[u@x;n and W0 =][v@;.0,

j=1 j=1
n n
where x = (xy, - - - ,x,,),l_[jzlaj =a * -« a,, ¥ > *, L[j:laj =qaq;¢---%a,t>0,and

(u, v) is an intuitionistic fuzzy norm with respect to * and <.

Lemma 2.2. Suppose that hypotheses of Definition 2.1 are satisfied. If * is normal and ¢ = max,
then (R", @, ¥, %, ©) is an intuitionistic fuzzy normed space.

Proof. For (a), let V(x, 1) = max;?:1 v(xj, 1) = v(xg, 1) in which 1 < k < n, since ®(x,1) =
]_[;f:] n(xj, 1) < wu(xg,t) then we have ®(x, 1) + W(x,1) < pu(xx, 1) +v(xg, t) < 1. The
properties of (b)-(d), (f)-(h) and (j), (k) are immediate from the definition. For triangle inequalities
(e) and (i), suppose that x, y € V and ¢, s > 0.

O(x, ) xD(y,5) = [[n,0x][[r0;.s
j=1 j=1

(xy, ) oo w(xn, 1) % ((yr, 1) % -+ % @y, 1))

=< ([/L(XI, t) * :u“(yla t)) */ e */ (/’L(-xna t) * I’L(yrh t))

< pr Ayt +s) K w oyt +5)

= l_[,u(xj +yi,t+s5)=dx+y,r+5s).

j=1

The proof for (i) is similar to (e). [ |
Example 2.3. Let (¥, W) be the standard intuitionistic fuzzy EuclideannormonR" i.e. ®(x, 1) =
m, U(x,t) = thl‘c” and (u, v) be the standard intuitionistic fuzzy norm on R, i.e. u(x;, 1) =
W, v(xj,t) = tJerIQ/I’ * = min and ¢ = max. Then we have ®(x, ) = min; u(x;, t) and

W (x, ) = max; v(x;, t) or equivalently ||x| = max; |x;].

Lemma 2.4. Suppose that hypotheses of Lemma 2.2 are satisfied. If A is an infinite and IF-
bounded subset of R", then A has at least one limit point.

Proof. Let{x,,} € A be an infinite sequence. Since A is I[F-bounded, so is {x,,}. Then there exist
0 < rg < 1 and ¢ty > O such that for each m,

Iy
rog > \I!(xm,to)=maxv(x(.m),to> =V 1,—0 .
i j (m)|

max; |x;

Therefore there exists a k € RT such that max j |x§m)| < k, for every m, i.e. the real sequences

{x](.m)}, j =1,...,n, are bounded. Hence there are subsequences {x](.mk)}, j=1,...,n, con-
verging to x; in A in the intuitionistic fuzzy norm (., v). Hence the subsequence {x,, } tends to
x = (x1,...,x,) € R". [
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Lemma 2.5. Let {Q, Q», ...} be a countable collection of nonempty subsets in R" such that
Oi+1 € Oy, each Qy is closed and Q1 is IF-bounded. Then ﬂ,fil QO is nonempty and closed.

Proof. Using the above lemma, the proof proceeds as in the classical case. |

We call an n-dimensional ball B(x, r, t) arational ballif x € Q",r € QN (0, 1) andr € Q*.

Theorem 2.6. Suppose that hypotheses of Lemma 2.2 are satisfied. Let G = {Ay, Ay, ...} be
the countable collection of n-dimensional rational open balls. If x € R" and S is an open subset
of R" containing x, then there exists Ay € G such that x € A, C S, for some k > 1.

Proof. Since x € § and S is open, there exist 0 < r < 1 and ¢t > 0 such that B(x,r,t) C S.
We find rational number 1 € (0, 1) such that (1 —n) * (1 —n) > 1 —randn < r. Let {&};_,
be a finite sequence such that 1 —n < [[,_,(1 — &), n > & and x = (xy, ..., x,). By density
property of Q" we can find y = (yi,...,y,) € Q" such that u(x;y — y,1/2) > 1 — & and
V(X — Yk, t/2) < &. Therefore

Ox —y,1/2) = [n =y, 1/2) = [ —&) > 1-1
k=1 k=1

and

W(x = y.1/2) = maxv(x — yi. 1/2) < max(&) <.

and so x € B(y,n,t/2). Now we prove that B(y, n,t/2) € B(x,r,t). Letz € B(y,n,t/2).
Then ®(y — z,¢/2) > 1 —nand W(y — z,1/2) < 1, and hence
Px—2z,t) > Px—y,t/))xDP(y—2z,t/2) =N —nx(1—n)>1—r
and
U(x —z,t)) SV(x —y,t/2) o d(y —z,t/2) <non<r.

On the other hand, by Remark 1.7, there exists 7y € Q such thatfy < t/2 and x € B(y, n, %) C
B(y,n,t/2) € S. Now B(y, n, tp) € G the proof is complete. |

Corollary 2.7. Suppose that hypotheses of Lemma 2.2 are satisfied. In an intuitionistic fuzzy
Euclidean normed space (R", ®, W, x, o) every closed I F-bounded set is compact.

Theorem 2.8. Suppose that hypotheses of Lemma 2.2 are satisfiedand S C R". If S is a compact
set then it is IF-bounded and closed.

Proof. S is IF-bounded (see Theorem 3.9 of [3]). We prove that S is closed. If not, then S has a
limit point, say y, which is not in S. For each x € § we put

Ox —y,2t,) =1 —ry)*x(1—ry) and W(x —y,2f) =71, Oy

in which r, €]0, 1[ and #, > 0 and (R", ®, W, *, ¢) is an intuitionistic fuzzy normed space
defined in Lemma 2.2. Since y # x and r, # 0, the collection {B(x, ry, t,) : x € S} is an open
cover for S. Since § is compact, a finite number of members of above collection cover S, say
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S <€ Ui B(xk, 7, ). Letr = min{ry : 1 <k < p}and ¢t = min{t : 1 < k < p}. We show
that forevery k =1, ..., p,
B(y,r, 1) N B(xg, re, 1) = 0.

In fact, if x € B(y, r, t) we have
dPx—y,t)>1—r>1—r, and VY(x —y,t) <r <r.
On the other hand, we have

D(y —xp, 2tx) = P(y — x, 1) * D(x — xp, 1)

and

W(y —xp, 26;) S W(y —x, 1) o W(x — xp, 1)
Therefore

(I =r)*x (1 —r) > —=r)* Px —xp, 1)
and

reory <re oWVx —xg, ).

By properties of the t-norm and t-conorm, we have ® (x — xy, ) < 1 —rpand W(x —xy, tx) > 1y

which means that x is not in B(xy, r¢, &), foreach k = 1,..., p, and so B(y,r,t) NS = @,
which is a contradiction. |
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