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Abstract

In this paper, we establish further results concerning integrability of the Dunkl transform
of function f onR and in radial case oR?, whenf satisfies a suitable condition.
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1 Introduction

On the real line, Dunkl operators are differential-difference operators introduced in 1989, by C.

. . 1
Dunkl in [3] and are denoted by, wherea is a real parameter ——. These operators, are

associated with the reflexion groép onR. Dunkl kernelE,, is used to define Dunkl transform
Fo which was introduced by C. Dunkl in [5]. @8ler in [7] shows that Dunkl kernel verify a
product formula. This allows us to define Dunkl translatign = € R. As a result, we have a
Dunkl convolution.

OnR?, we consider the differential-difference operatdrsl < j < d, associated with a
positive root systenk and a non negative multiplicity functiof, introduced by C. Dunkl in
[3] and called Dunkl operators. These operators can be regarded as a generalization of partial
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derivatives and lead to generalizations of various analytic structure, like the exponential function,
the Fourier transform, the translation operators and the convolution (see [2, 4, 5, 12, 14, 15]). K.
Triméche has introduced in [15] the Dunkl translation operatgrs: € R%. At the moment an
explicit formula for the Dunkl translation operator of functiof( f) is unknown in general. In
fact, may not even be a positive operator. However, a such formula is known jaisenradial
function and the.’-boundedness af, for radial functions is established (see next section).

In this paper, we establish further results concerning integrability of the Dunkl transform
of function f onR and in radial case oR¢, when f satisfies a suitable condition. Analogous
results of integrability have been obtained in Lipshitz-Hankel spaces for Hankel transform on
(0, +00) (see[1]).

The contents of this paper are as follows.

In section 2, we collect some basic definitions and results about harmonic analysis associated
with Dunkl operators.

In section 3, we establish further results of integrability for the Dunkl transform.

In the sequet represents a suitable positive constant which is not necessarily the same in
each occurence. Furthermore, we denote by

* E(R) the space of'*°-functions onR.
* E£(RY) the space of infinitely differentiable functions &q.
* D(R?) the space of functions ifi(R¢) with compact support.

* S(R?) the Schwartz space of functionsdiR?) which are rapidly decreasing as well as
their derivatives.

2 Preliminaries

1
e For a real parametex > —— and\ € C, the Dunkl kernelE, (X .) on R has been
introduced by C. Dunkl in [3] and is given by

A
° Jari(ide), 7 ER (2.1)

Eo(Az) = ja(idz) + Aa+1)

wherej, is the normalized Bessel function of the first kind and ordé€see [16]). The
Dunkl kernelE,, (X .) is the unique solution oR of initial problem for the Dunkl operator
(see [3]).

Let ., the weighted Lebesgue measurelgiven by
‘$|2a+1

= a1

dpa ()
For everyl < p < +o0, we denote by.”(u,) the spacd.’(R, du,) and we usé| ||,
as a shorthand faf || zr(,.,)-
The Dunkl transformF,, which was introduced by C. Dunkl in [5], is defined f¢re

L' (1) by
Fulf) () = /R Eol—izy)fW)dpaly), = €R.
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According to [7], forz,y € R and f a continuous function o, the Dunkl translation
operatorr, is given by

() () = /R F(2)day (2)

wherev; , is a signed measure @

Forz € R, 7, is a continuous linear operator frofi{R) into itself . According to [11],
the operator, can be extended tb”(u,,), 1 < p < 2and forf € LP(u,) we have

||Tx(f)||p,a < 4Hpr,oc- (2.2)

e Let W be a finite reflexion group oR¢, associated with a root systefhand k.. the
positive subsystem aR (see [2, 4, 5, 8, 12]). We denote bya nonnegative multiplicity
function defined oR with the property thak is W-invariant. We associate with the
index

y=7(R)= ) k(&) =>0,

§ERY

and the weight functiomw;, defined by

w(x) = [ &), zeRr,
§ERy

where( , ) denotes the usual Euclidean inner product. Further, we introduce the Mehta-

type constang; by
ck = (/ e wk(:c)dx> .
R4

For everyl < p < +oo, we denote by.? (R?) the spacd? (R, wy(z)dx),  LP (R
the subspace of thosgé € LZ(R‘Z) that are radial and we usg ||, » as a shorthand for
I 1lze (mey-

By using the homogeneity afy,, it is shown in [8] that forf € L}(R%)"%?, there exists a
function F on [0, +00) such thatf(z) = F(||z||), for all z € RY. The functionF is integrable
with respect to the measuré *¢~1dr on [0, +-00) and we have

—1

/Sdl wi(x)do(z) = 27+d/2flkr(7 + %) ) (2.3)

whereS9! is the unit sphere oR? with the normalized surface measuke and

Rdf(m)wk(x)dx _ /0+°° (/Sd_lwk(ry)da(y))F(r)rd1dr

_ Ck e Pp2r+d=1 g, (2:4)
= )/O F(r)yr*? dr.
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The Dunkl kernelE;, on R? x R? has been introduced by C. Dunkl in [4]. Fgre R?, the
functionz — Ej,(z,y) can be viewed as the solution &7 of initial problem for Dunkl opera-
tors (see [3]). This kernel has a unique holomorphic extensid@if te C%. Below, let us collect
some properties of Dunkl kernel which we can find in [4, 8, 9, 10, 12, 14].

Properties 2.1.

1. Forallz,y € C¢, Ey(z,y) = Ey(y, x).

2. Forallz,y € C¢and\ € C, Ey(\z,y) = Ex(x, \y).
The Dunkl transforng#;, which was introduced and studied by C. Dunkl in [5] (see also [2]) is
defined forf € D(RY) by

Fi(f)(x) = IR{Ulf(y)l‘lk(—ifv,y)wk(y)dy, z € R%

According to ([8], Proposition 2.4), we have the following results:

-1

, _ k - d
oy Dz y)ek(y)do(y) = SRS S Jypay(l), = eR®  (25)
and for f in Li (R%)md,
Fi(f)(x) = C;§1H7+g71(F)(||$H)a z € RY, (2.6)

whereF is the function defined ofv, +-00) by F(||z||) = f(z), =z € R? andegf1 is the

Hankel transform of ordey + g -1

K. Triméche has introduced in [15] the Dunkl translation operatgrs: € R? on £(R?).
As un operator or.; (R%), 7, is bounded. A priori it is not at all clear whether the translation
operator can be defined fé?- functions forp different from 2. However, according to [12] the
operatorr, can be extended tb} (R?)"*¢, 1 < p < 2 and forf € L} (R%)"* we have

172 (F)llpe < I llpe- (2.7)

3 Integrability of the Dunkl Transform of Function

In this section, we establish further results concerning integrability of the Dunkl transform of
function f onR and in radial case oR?, when satisfies a suitable condition.

Putg = Ll the conjugate op for 1 < p < 2.
p J—
Theorem 3.1.Let3 > 0,4 >0,1<p<2andf € LP(u,). If f satisfies

HTx(f)x;f P, <A, (31)
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then
1. Poro<pg< 2(a+1),wehave
p
/ : (a4 1)p ,
Fa € LP () provided that <p <
(et la)p B2t np-1) " ="
2. For 3 > 2Aa+ 1),We haveF,(f) € L' (ua).

Proof. Sincef € LP(u,), by [11] and (2.2) we have

Fao(re(f) = F)y) = (Ealizy) — D Fa(f)(y),

x € (0,400) and a.e; € R. Then according to [2] and (2.2) we can assert by the Marcinkiewicz
interpolation theorem (see [13]), that

. 1/q
1Fa(m () = Fllaa = /R Fal W Ealizy) = 1 dpia(y))
<c ||Tx(f) - f“p,a-
Moreover there exists, b € (0, +00), such that
lja(zy) — 1| > a(zy)?, foreach0 < |zy| < b. (3.2)
Hence by (2.1), we can write

|Ea(izy) — 1 lja(zy) — 1]

>
> a(zy)®, 0<|zy| <b,

so using (3.1), it follows that far € (0, +0),
1/
$2(/| |<b |'7:°‘(f)(y)|q’y|2qd/ia(y)) ' <cllr(f) = fllpa <c a’. (3.3)
Yise

2(a+1)p
Bp+2(a+1)(p—1)

Letp’ e} , q] , we define the function

)= [ 1R b daw), > 1
1<ly|<t
By using Hlder inequality and (3.3), we have

([ rwwrsamm)” ([ auw)”

¢ {2 PP A5 g

Qs

IN

g(t)

IN
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Then we get
t
[ P dw = [ v
1<]y|<t 1
t
= ¥ g(t) + 29 / Yy~ L g(y)dy
1

< ¢ (t_ﬁp,+2(a+1)(1—%) +1)’ t>1,

sinceF.(f) € L (pua) andLd(] — 1,1[,dpa) C LP (] —1,1], dug), we obtain the desired result
(2).

L . 2 1
By proceeding in the same manner as in the proof on (1) V)ﬂ1e>nmp+) andp’ = 1,
we deduce (2). |
Theorem 3.2.Let3 >0,A > 0,1 <p<2andf € LY(RH)™ If f satisfies
sup wp(j;)(t) <A (3.4)
te(0,400) t
where
(N0 = [ ()= flpudoto.
then
9 d
1. Poro<pg< M,we have
/ - 2(y + §)p
Fiu(f) € LY (R?) provided that 2 <p <q
g Bp+2(v+ 9)(p—1)
2(y + 4) 1/md
2. For g > ——22 we haveFy(f) € Li(RY).

Proof. Let f € L?(R%)™, by [15] and (2.7) we can write

Fi(ru(f) = F)(@) = (Br(itu, ) — 1) Fp(f)(2),

ue St € (0,00) and a.er € R, then according to [2, 5, 8] and (2.7), we can assert by
Marcinkiewicz interpolation theorem (see [13]), that

(|, 1@ Buitn.) = 1on@)de) " < ) = s (35)
On the other hand, from (2.3), (2.4), (Properties 2.1. (1), (2)) and (2.6) we have

L A @It ) = 117w o) (3.
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+o00
— hk/o [Hypa 1(F)(r)|q</5d1 | By (itru, z) — 1|qwk(2)dg(z)) w2V,

-1
C

2570 (y + )
for all z € R%.
By (2.5) and Hlder’s inequality, we get

il g2 (0) =11 = | [ (Bulitru,2) = Yun(z)do(2)

< </Sd1 wk(z)da(z)>1/p(/Sdl | Ep(itru, 2) — 1|qwk(2)dg(2>)1/q’

so using (2.3) we obtain

wherehy, = and F is the function defined of0, +o00) by F(||z||) = f(x),

Uﬂﬁ4@w—1wgc/ |Ep(itru, =) — 1%y, (2)do (2).
2 Sd—1

Then according to (3.5) and (3.6) it follows that

oo
| g s PV gy 1) = 1907741 < il f) = S

From (3.2) and (3.4), we can write

b/t 1/a
t2 (/0 |Hw+g_1(F)(r)|qr2qr27+d_1dr> < cwp(f)(t) <ctl.

0 , q] , we define the function

/| L (EYO 51,

By reasoning as in the proof on Theorem 3.1, we can assert that

/ 1 v+4 a_ (F)()[Pr? e < e <(5 Pr'+2(r+5)(1- )—|—1> §> 1.

Since
Hw—%—l(F) € L((0,400), r27+d_1dr),
we obtain

+o0 ,
/ |H o L) (r)]P P21y < oo,
0

thus using (2.4) and (2.6), we conclude that

/ \Fr(f) (@) P wi(z)da < +o00.

o . 2(y + ¢
By proceeding in the same manner as in the proof on (1) v;@hemM andp’ = 1, we

deduce (2). |
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