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Abstract

Given a formal power serieg(z) = Y-, b, 2" and anonunitf(z) =Y " a, 2"

n=1

it is well-known that the derivative of the composition of formal power series satisfies the
Chain Rule, thatis(g o )" = ¢'(f) - f’. Itis also proved that the right distributive law

for formal power series exists if the composed series, sughamve, is a nonunit. This
paper provides a generalized Chain Rule without the requiremembroinitnesgor the
composed formal power series. A generalized right distributive law for formal power series
is proved in this paper too.
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1 Introduction

The composition of formal power series or functional composition is always an interesting topic
for mathematicians and therefore many developments about it can be seen almost every year.
For example, Raney [1] investigated the functional composition patterns and created a Lagrange
inversion formula more than forty years ago, Bender [2] provided a lifting theorem in early
seventies and then Garsia and Joni [3] brought us a new expression for umbral operators and
another Lagrange inversion formula, and Li [4] studied how to commute two formal power
series in 1997. More recent applications can be found in [5], [6], and [7].

These results about the composition of formal power series require that the composed formal
power series is a nonunit, that is, the constant term of this series is zero.

In 2002, Gan and Knox [8] provided a necessary and sufficient condition for the existence
of the composition of formal power series and hence provided a possibility of removing the
requirement of nonunitness. In this paper we will use this result as our main tool to generalize
the differentiation properties for the composition of formal power series.
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For our convenience and for the consistency of the notations, we recall some definitions
below.

Definition 1.1. Let S be aring and letl € N be givena formal power seriesn S is defined to
be a mapping from¥ to S, whereN represents the set of all natural numbers. We denote the set
of all such mappings b¥(S), or X.

In this paper, we only discuss formal power series ffdro S. A formal power serieg in
x from N to S is usually denoted by

f(@)=ao+a1x+...+apz" +..., where {a;}52,CS.
In this caseqy, is called thek-th coefficient off, Yk € NU{0}. If ap = 0, f is called anonunit

Let f andg be formal power series inwith f(x) = >, foz™ andg(z) = > 07 gna”,
and letr € S, theng + f,rf, andg - f are defined as

(g—l—f)(l’): Zgn+fn ,
(rf)(@) =rf()=Y_(rfa)a",
n=0
and
(f-g9)(x) = chx cn—Zgjfn j,m=0,1,2,.

Itis clear that all those operations are well deflned, thatis,f, rf, andg - f are all inX.

Definition 1.2. Let f(z) = ag + a1x + a2 + - - - be a formal power series over a risg the
derivative off(z) is a formal power series denoted by

o0
fl(@) =ap + diz + aya® + - = ay + 209w + Baga® + - = Y _(n+ ap12”,
n=0

thatisa), = (n+ 1)ap41 forn =0,1,2,....

It is proved that the derivative of the product of two formal power series satisfies the Product
Rule, thatis iff(z) = >"°7 japa™ andg(z) = >"° , byz™ are two formal power series, then

(f()g(x)) = f'(2)g(z) + f(2)g'(x).

The Power Rule of differentiatior{,f"(z)) = nf" '(z) - f'(x), is just an application of
the Product Rule.

Definition 1.3. Let f(z) = Yo7 jan 2™ and g(z) = "7, b, 2™ be formal power series in

over a ringS. Write
@) = [f@)]" =D a" ot
k=0
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forn =0,1,2,..., whereaéo) = 1,a,(€0) = 0 Vk € N. Then the compositiop o f in z is
defined to be a formal power series

o0

>t

k=0

wherec,, = > > by a,,g”) fork =0,1,2,... if ¢, exists inS for eachk. It is convenient to
write the composition of with f asgo f(z) =Y 2 b, (f(z))" if it exists.

If f is a nonunit formal power series, the Chain Rule for the formal power series is true.
Henrici provided the following theorem in his book [9].

Theorem A. If Ais a formal power series an@ a nonunit, ther{ A o )’ exists and
(A0@) =(A"0Q) Q"

Is it really necessary fo€) above to be a nonunit formal power series? If it is not, what can be
said?

Theorem B below gives a necessary and sufficient condition for existence of the composition
of some formal power series.

Theorem B [8]. Let S be a field with a metric. LeX be the set of all formal power series from
Nto S. Letf, g € X be given with the forms

f@)=ao+az+-+anz”+---,  gl@)=bo+bw+ - +bpa" -,

and deg(f) # 0. Then the compositiono f exists if and only if

> (Dbaay €S VEeNU{0}.
n=~k

where(}) = mo=l-nzktl),

2 A Generalized Chain Rule

Theorem B provides a necessary and sufficient condition for the existence of the compaosition of
formal power series. Can we generalize the Chain Rule for formal power series in Theorem A
and no longer require the nonunitness for the composed series? In order to answer this question,
not only we have to show that the existenceyof (x)) implies the existence aof (f(z)) , but

also we need to show that these two compositions are equal, that is,

(g0 f)(z) =g (f(x)) f'(2).

Lemma 2.1. Letg(z) = > 2 bya™ and f(z) = > 7 ap,x™ be two formal power series in
z overR. Theng(™ (f(x)) exists if and only(f(z)) exists wheren € N and ¢("™ is themth
derivative ofg.
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Proof. Let f(z) = >_,° , anz™ be a formal power series ovRr Letn € N be given and write

iz =3 o,

k=0

we first show that

k

n n ~ (n—

a,gﬁl ~ i1l Z(k‘ +1 —j)ag- 1)ak+1_j Vk € NU{0}. (1)
7=0

By the power rule of derivatives and the product rule for the formal power series, we have

(f"(x)) = nfr ) f (2)

= n(z ag-n_l)xj) (Z(z + 1)ai+1xi)
=0 i=0
oo k .
=ny [, “gn_ Mk +1 - fagsjla®,
k=0 j=0
On the other hand,
(@) =3k + Dal),a*
k=0
Then,(k + D)), =n S5 af" ™V (k+1 = far).
Thus,
k
n n ~ (n—
ay”, = D (k1 — )a" Vap1; Yk eNU{0}.
=0

Next, letg(z) = >0 bpa™ and f(z) = Y 7, a,z™ be two formal power series inover
R, we show that
g(f(x)) exists if and onlyy’(f(x)) exists. (2)

Suppose/(f(z)) exists. By Definition 1.2 and Theorem B, we have

i(g)(n + 1Dbpral ™ € R VE € NU{0}. (3)

n=~k
For the existence of(f(x)), by the Theorem B again, we need only show that

> (MbnagF €R Yk e NU{0}. (4)
n=~k

If ap = 0, (4) is trivial. We suppose that # 0. Letk € NU {0} be given. Define

(e o]

o) = Y (B + Dbnyrag o,

n=~k



A Generalized Chain Rule For Formal Power Series 41

Since (3) is trueg(x) converges uniformly offd, 1] by Abel's Limit Theorem. Letp,,(x)
be the partial sum of this power series far= k,k + 1,.... The uniform convergence of the
power serieg)(x) on [0, 1] yields that

1
/ ¢(x)dxr = lim Z(Z)(n + Dbpyrad Fa"* dx
0

1

= Jim > @+ Dbanag "0y

= lim Y (7 )bpsray "
= Jim > el
-1 > el
()bjad ™" — alob’“‘

ThenZ?’;k({:)bjaé*k € R. Sincek is arbitrary, (4) is true for alk, and hence(f(z)) exists
by Theorem B.

Now suppose(f(x)) exists. Then (4) is true by Theorem B. We need only show that (3) is
true. Notice that for any € NU {0},

3 n n— - n n+1—(k
Z(k)(n + Dbprag = (k+1) Z(kﬂ) bnt1 a0+1 (k0
n=k n==k
=(k+1) Z (1) by ag%(kﬂ)
m=k+1

=7y (M bnag”

for everyr € Nif we writer = k + 1.

Thus, (3) is true.

Applying mathematical induction, we can easily have the conclusion that:theorder
derivativeg"™ (f(z)) exists if and only ifg(f(x)) exists. [

Notice that the formula (1) applies to any formal power series over a%ing
We now introduce a generalized Chain Rule for formal power series.

Theorem 2.2. Letg(x) = > o2 bpa™ and f(z) = >"°° ; a,a™ be two formal power series in
x overR. Then(g o f) exists if and only ifj o f exists and

(go f)(z) =g'(f(x)) f'(2). (5)
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Proof. The first part of the conclusion of the theorem is true by Lemma 2.1 above. We need
only show that the equality (5) is true, that is, the corresponding coefficients on both sides of (5)
are equal.

Sinceg o f(x) exists, by Definition 1.3, we have

gof :kz()(Zbak>a:,

whereaff) is the kth coefficient of f(z), n € NU {0}; ao = 1,a,§°> =0 VkeN, and
3% bual™ € Rvk € NU{0}. Then

If wewrite  (go f)(z) =3, rma™, then

rm:(m+1)Zbka£szrl,m:0,1,2,.... (6)
k=1

On the other handy/ (z) = Y72 ;(n + 1)b,412™, and then

g (f(x)) = Z [Z(n + 1)bn+1a§€n)] z".

k=0 Ln=0

Ifwewrite  ¢'(f(x))- f'(z) = ,_,cma™, then apply the product rule and Formula (1), we
have

m o0
Cm = Z [Z(n + 1)bn+1a§n)
j=0

n=0
m
:Zn+1 41 Zm—kl—j Umt1—j
n=0 7=0
gty mt1

= Z m+1 n+1am+1)

form=0,1,2,.... Applylng (6), we have

oo o

k
em =) (m+ 1bn 10y = > (m+ Dogal) =1, m=0,1,2,....
n=0 k=1

The proof is completed. |
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3 A Generalized Right Distributive Law

Theright distributive lawfor formal power series is a very interesting result. This law says
(A-B)oP=(AoP)-(BoP)

for formal power series!, B, and P if the compositions involved exist.

It is proved9] that the right distributive law is true if the formal power serfégbove is a
nonunit. The following theorem tells us that the right distributive law may also be true even if
the composed formal power series is not a nonunit.

Theorem 3.1.LetA(z) = > 7 jana™, B(z) = Y .2 bpa™ and P(z) = Y o2  p,az" be three
formal power series oveR. The right distributive law, that is,

(Ao P)(B oP) = (AB) oP
holds if bothA o P and B o P exist.

Proof. We suppose that both o P andB o P exist. LetP"(z) = > 2, p,ﬁ")x’“ foralln e N
as in Definition 1.3, and write

(Ao P(z))(Bo P(x Zrmx
SinceP™i = P". Pi it follows thatp{" " = >ito pg-")pff?_j foreachm = 0,1,2,.... Then
) - bip'®
Z Zanp] Z iPrn—;
=0 i=0

:z_% (ij pm J)
_Zan szpg,?ﬂ

is a real number for each because botll o P andB o P exist.
On the other hand, if we writeAB) o P(z) = > ", sma™, then

s

Z b jp"
Z b p(n+J

}DPHﬂEZ I\ Pllﬂé% I M8

Il
<
3

form=0,1,2,.... Thens,, € R ands,, = r,, for eachm. This completes the proof. |
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The theorems in this paper helps us to establish a method to compute the coefficients of the
composition of formal power series no matter the composed formal power series is a honunit
or not. That will alow us to extend many computation formulas in the related fields. We will
discuss these in a forthcoming paper.
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