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Abstract

Domain characterizations on two taut manifolds are obtained by some local biholo-
morphism properties.
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1 Introduction

Characterizations of complex manifolds by means of holomorphic automorphism groups
have been studied in many papers [1, 10]. Characterizations of domains on different com-
plex manifolds were shown in [7]. Here we present a different version of domain charac-
terization. The main result of this paper is:

THEOREM 1. LetD1 andD2 be domains on two taut manifoldsX1 andX2 respectively.
Suppose there are co-compact discrete subgroupsΓ1 ⊂ Aut(D1), Γ2 ⊂ Aut(D2) and D1

is locally biholomorphic toD2 at two h-convex pointsp1 ∈ ∂D1, p2 ∈ ∂D2. ThenD1 is
biholomorphic toD2.

There are some important examples [4]. The method is essentially based on Wong’s
techniques on boundary localization [10]. A full understanding of the general type of
boundary point or local biholomorphism will lead to some generalization of the theorem.
Basic definitions and some backgrounds are presented in section 2. We prove the main
theorem in section3.
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2 Basic Definitions and Remarks

2.1. Normal family of holomorphic mappings
Let M and N be two metric spaces. A subsetF of C(M,N)= set of continuous mappings

between M and N, is called normal if every sequence ofF contains a subsequence which is
either relatively compact in C(M,N) or compactly divergent. A sequence{ fi} ⊂ C(M,N) is
called compactly divergent if for any compact sets K⊂ M andK′ ⊂ N there existsn0 such
that fi(K)∩K′ = /0 for all i ≥ n0.

Definition: A complex manifold N is said to betaut if for every complex manifold M,
the set of all holomorphic mappings from M to N, denoted by Hol(M,N), is a normal family.

It is known, for instance, that aC1 pseudoconvex domain is taut.
A subsetF ⊆ C(M,N) is called an equicontinuous family if for anyε> 0 and any point

x∈ M there is a neighborhoodU of x such that ifx′ ∈U , thendN( f (x), f (x′)) < ε for all
f ∈F . Here N is a metric space equipped with a metricdN inducing its underlying topology.

Definition: Let N be a complex manifold equipped with a metric d inducing its under-
lying topology. (N,d) is called atight manifold if for every complex manifold M, Hol(M,N)
is equicontinuous.

2.2. Kobayashi metrics
Definition: Let M be a complex manifold of dimension n,X ∈M, k an integer between 1

and n. The Eisenman differentialk-measure on M is a functionEk
M :∧kTx(M)→Rsuch that

for all (x,v)∈∧kT(M), Ek
M(x,v) = inf { r−2k | there exists af ∈ Hol(Bk(r),M) such that f(0)

= x, d f
((

∂
∂w1
∧·· ·∧ ∂

∂wk

)
(0)
)

= v}, whereBk(r) = {w = (w1,w2, . . . ,wk) ∈Ck || w |< r}

Whenk = n, it associates with the Eisenman-Kobayashi volume form denoted by the
same symbolEn

M =| En
M | dz1∧dz̄1∧ ·· ·∧dzn∧dz̄n, where| En

M | is a local function on M.
Here we identifyEn

M(x,v) = En
M(x,v∧ v̄), v̄ = complex conjugate of the vectorv∈∧nTn(M).

Whenk=1, it corresponds to the Kobayashi-Royden differential metric, denoted byKM =√
E1

M. Its integrated form is called the Kobayashi distance function on M, denoted bydK
M

[3, 6, 9]. BothEK
M anddK

M are decreasing under holomorphic mappings between complex
manifolds. As a consequence, they are invariant under biholomorphisms. IfdK

M is a metric
on M, then M is called a hyperbolic manifold. IfdK

M is Cauchy complete, then M is called
a completely hyperbolic manifold. Cauchy completeness ofdK

M on a hyperbolic manifold
M is equivalent to compact completeness, i.e., for everyr > 0 the level setMr = {y ∈
M | dK

M(x,y) < r} is relatively compact on M, wherex is a fixed point in M. It follows
from the definitions that taut manifolds are always tight. Tight manifolds are equivalent to
hyperbolic manifolds. Completely hyperbolic manifolds are always taut, but the converse
is not necessarily true. It is a well-known fact that a tight manifold does not admit any
non-trivial holomorphic curve [6].

2.3. Automorphism groups and local biholomorphism
A domain D on a complex manifold is said to be admitting a compact quotient if

A/Aut(D) is compact, where Aut(D) = group of biholomorphisms of D. A subgroupΓ ⊂
Aut(D) is discreteif it has no accumulation points in Aut(D), andco−compactif it has a
compact fundamental domain in D. One should notice that D/Aut(D) is compact if D covers
a compact complex manifold. When D is either a taut manifold or a relatively compact set
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of a tight manifold, Aut(D) is a Lie group [11]. Furthermore, Aut(D) acts properly on D if
D is taut.

Let D be a domain on a complex manifold M andp ∈ ∂D a fixed boundary point. A
boundary neighborhood̂D of D at p means an open setD̂ = U ∩ D, where U is an open set
in M containing p.

Definition: LetD1 andD2 be two domains on two complex manifolds respectively.D1

is said to be locally biholomorphic toD2 at two boundary pointsp1 ∈ ∂D1 andp2 ∈ ∂D2 if
(i) there exist boundary neighborhoodsD̂1 of p1 andD̂2 of p2 with a biholomorphism

f : D̂1→ D̂2.
(ii) there is a sequence{xi}⊂ D̂1 converging top1 such that{ f (xi)⊂ D̂2}will converge

to p2.

2.4. H-convexity
Definition: p∈ ∂D is h-convex if there exists a boundary neighborhoodD̂ such that
(i) S= u(∂D∩ D̂) is convex in some holomorphic chartu : D̂→Cn

(ii) for all complex affine linearH ⊂C n such that u(p) is an interior point ofS∩H in
the topology of H,S∩H ⊂⊂ S.

Remark 2.4. Using some standard arguments [4], one can prove ” IfK⊂⊂D is compact,
mi ∈ Aut(D) andz∈ K, such thatmi(z)→ p thenmi(K)⊂⊂ D̂,∀i >> 0, for any boundary
neighborhoodD̂ of p ”.

3 Remarks on The Normal Family of Holomorphic Mappings
and Proof of Theorem 1

Remark 3.1. LetD be a domain on a taut manifold such thatΓ ⊂ Aut(D) is co-compact in
D. Then there exists a compact fundamental domainK in D. If D admits compact quotient
then it implies the same conclusion.

Lemma 3.2. Let X and Y be complex manifolds and let Y be taut. Suppose (1)fi :
Xi → Y is holomorphic andXi is an increasing family of open sets in X withXi ⊂⊂ Xi+1

andX = ∪∞
i=1Xi

(2) there exist compact subsetsK ⊂ X andL ⊂Y such thatfi(K)∩L 6= /0 for all suffi-
ciently large i.

Then there is a subsequence offi converging uniformly on compact sets to a holomor-
phic mappingf : X→Y.

Proof: Consider only those j so large thatK ⊂ Xj . Fix such a j, then a subsequence of
fi converges uniformly on compact sets onXj to a holomorphic mapXj →Y because of the
tautness of Y and the assumption thatfi(K)∩L 6= /0 for sufficiently large i. Now letj→ ∞.
By passing to subsequences repeatedly and by the usual diagonal process, we arrive at the
desired holomorphic mapf : X→Y.

Lemma 3.3. Let D be a domain on a taut manifold with co-compact groupΓ⊂ Aut(D).
Then D is taut. (We shall actually prove that D is completely hyperbolic.)

Proof: By Remark 3.1, there is a compact setK ⊂D such that for any pointx∈D there
existy∈ K andg∈ Aut(D) with g(y) = x. Let ε > 0 be a sufficiently small number such
thatL = {Z∈D | dK

D(W,Z)≤ ε,W ∈ K} is a compact set. Letxi be a Cauchy sequence in D
with respect todK

D . We can find a positive integerm such that for alli ≥m,dK
D(xm,xi) < ε.
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Moreover there is ag∈ Γ such thatg(xm) ∈ K. Clearly,g(xi) ∈ L for all i ≥m becausedK
D

is invariant under Aut(D). Passing through a subsequence if necessary,g(xi) will converge
to a pointq∈ L because L is compact. It is easy to seexi must converge tog−1(q), for the
same reason that g is an isometry with respect todK

D .
Lemma 3.4. Let D be a domain on a taut manifold X with co-compactAut(D). Let xi

be a sequence of points in D converging to a boundary pointp∈ ∂D. Then there existsmi

⊂ Aut(D) such that ¯xi = m−1
i (xi), through a subsequence if necessary, converges to a point

x∈ D. Furthermore,{zi = Mi(x)} will also converge to p.
Proof: Let K be a compact subset of D as in Remark 3.1 letmi be an element in Aut(D)

suchx̄i = M−1
i (xi) ∈ K. Through a subsequence,{x̄i} will converge to a pointx∈ K ⊂ D.

To prove{zi = mi(x)} is convergent to p, we consider the distance with respect todK
D as

follows:

dK
D(zi ,xi) = dK

D(mi(x),xi) = dK
D(x,m−1

i (xi)) = dK
D(x, x̄i)

The following inequality is clear by distance decreasing property;
(*) dK

D ≥ d on D, where d = Kobayashi metric on X.
We observe thatdK

D(zi ,xi)→ 0 asi → ∞ becausedK
D(x, x̄i)→ 0 as{x̄} → x. By (*),

d(zi ,xi)→ 0 asi→ ∞. Since d is finite around an open set ofp∈ ∂D, henced(xi , p)→ 0,
as{xi} → p. By triangle inequality of d, one hasd(zi , p)→ 0 asi→ ∞. Thus{zi} → p as
a limit.

Lemma 3.5. Let D be a domain of a taut manifold X. Suppose there is a h-convex point
p∈ ∂d. Let {mi} ⊂ Aut(D) be a sequence such that{mi(x)}→ p for somex∈D. Then for
any compact subsetK ⊂ D and any boundary neighborhoodD̂ of p, mi(K)⊂ D̂, i >> 0. In
particular,{mi(y)}→ p for anyy∈ D.

Proof: By normal family argument, through a subsequence,{mi} will converge on
compacta to a holomorphic mappingm : D→ X such thatm(D) ⊂ ∂D andm(x) = p. By
remark 2.4 ,m(K)⊂ D̂ for i >> 0.

Remark 3.6. When Aut(D) is co-compact we can choosemi ∈ Aut(D) andx∈ K ⊂ D
such thatmi(x)→ p.

Proo f o f Theorem1

SinceD1 andD2 are locally biholomorphic atp1 ∈ ∂D1 andp2 ∈ ∂D2, there is a biholo-
morphism f between two boundary neighborhood̂D1 and D̂2 of p1 and p2 respectively.
Choose two sequences of relatively compact open subsets{Xi} and{Yi} in D̂1 andD̂2 re-
spectively so that
(i)Xi ⊂⊂ Xi+1, Yi ⊂⊂Yi+1

(ii)∪∞
i=1 Xi = D̂1, ∪∞

i=1Yi = D̂2

(iii ) Xi is biholomorphic toYi under f (i.e. f (Xi) = Yi).
Clearly the sequence of relatively compact open subsetsDi

1 = g−1
i (Xi), Di

2 = h−1
i (Yi) will

satisfy the following three properties, where{gi} ⊂ Aut(D1) and{hi} ⊂ Aut(D2) are the
corresponding sequences obtained in lemmas 3.4, 3.5. (with respect to the sequences{Xi}
and{ f (Xi)} in our definition of local biholomorphisms at two boundary pointsp1 andp2)
(i)Di

1⊂⊂ Di+1
1 , Di

2⊂⊂ Di+1
2
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(ii)∪∞
1 Di

1 = D1, ∪∞
1 Di

2 = D2

(iii ) the composition of mappingsFi = h−1
i ◦ f ◦gi is a biholomorphism betweenDi

1 andDi
2.

Let K and L be the compact subsets (i.e. fundamental domains) inD1 andD2 respec-
tively which are obtained in Remark 3.1. It is easy to show that{Fi ,Di

1,K,L} satisfies the
non-divergent condition in lemma 3.2. Thus{Fi}, through a subsequence, will converge to
a holomorphic mapF : D1→ D2. On the other hand, one can repeat the same argument
to {F−1

i ,Di
2,L,K}. In this way, one can then proveF−1

i converge to a holomorphic map
G : D2→ D1. Let a be a fixed point in K. By taking subsequences and readjustments of in-
dices, one can assumegi(a)∈Xi , f ◦gi(a)∈Yi for all i. It is clear from the proofs of lemmas
3.4 and 3.5; one can choose the above sequence{hi} ⊂ Aut(D2) satisfying further property,
namely,(h−1

i ◦ f ◦gi)(a) ∈ L. Let’s say{(h−1
i ◦ f ◦gi)(a)} converge tob∈ L. Apparently

we obtain the following two conclusions:
(i)G◦F(a) = b
(ii) | det(G◦F)(a) |= 1
To conclude the proof of biholomorphism, we apply the result due to Dektyarev-Graham-

Wu [2, 5] which is a generalization of a theorem of H. Cartan [8].
Remark 3.7. It is possible to weaken the condition of local biholomorphism which

would give a more general result.
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