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Abstract

This paper introduces and examines a new class of functions called Stepanov-like
pseudo almost periodic functions @t-pseudo almost periodic functions), which gen-
eralizes in a natural fashion the classical notion of pseudo almost periodicity. We then
make extensive use of these new functions to study the existence and uniqueness of a
pseudo almost periodic solution to the semilinear equation

U'(t) = Au(t) + F(t,u(t)),

whereA: D(A) C X +— X is the infinitesimal generator of an exponentially staje
semigroup on a Banach spaXeandF : R x X — X is SP-pseudo almost periodic for
p > 1 and jointly continuous.
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1 Introduction

Let (X, ||-||) be a Banach space and fet- 1. In a recent paper by N'Gaékata and Pankov

[11], the concept of Stepanov-like almost automorphySbalmost automorphy) was in-
troduced. Such a notion generalizes in a natural fashion the classical almost automorphy in
the sense of Bochner. Moreover, the concef@balmost automorphy was, subsequently,
utilized to study the existence of we&R-almost automorphic solutions to some parabolic
evolution equations.
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Recently, Diagana and N'@egkata [4] made use @-almost automorphy to study the
existence and uniqueness of an almost automorphic solution to the semilinear equation

u'(t) = Au(t) + F(t,u(t)), teR, (1.1)

whereA: D(A) C X — X is a densely closed linear operator, which is also the infinitesimal
generator of an exponentially stalilg-semigroup(T(t))i>o on X andF : R x X — X'is
SP-almost automorphic fop > 1 and jointly continuous. One should point out that such
a result generalizes the existence results obtained in &&kata [10], as the space 8f-
almost automorphic functions contains the sp&é€X) of almost automoprhic functions.

The present paper is definitely inspired by the above-mentioned papers and consists
of introducing a similar notion within the framework of pseudo almost periodicity, that is,
the class of functions called Stepanov-like pseudo almost periodic functioB88-fseudo
almost periodic functions), which, obviously, generalizes in a natural fashion the concept
of pseudo almost periodicity.

Properties of thes8P-pseudo almost periodic functions are investigated. In particular,
we prove a useful composition result (Theorem 2.14). Next, we make extensive use of the
previous results to study the existence and uniqueness of a pseudo almost periodic solution
to Eq. (1.1) when the forcing terif : R x X — X is SP-pseudo almost periodic fqgr > 1
and jointly continuous.

The existence of almost automorphic, almost periodic, asymptotically almost periodic,
and pseudo almost periodic solutions to differential equations is one of the most attractive
topics in the qualitative theory of differential equations due to their significance and appli-
cations in physical sciences. The concept of pseudo almost periodicity, which is the central
issue in this paper was first introduced in the literature by Zhang [13, 14, 15] in the earlier
nineties — and is a natural generalization of the concept of almost periodicity.

Some contributions upon pseudo almost periodic solutions to differential equations have
recently been made in [1, 2, 5, 6, 7, 8]. However, the existence of pseudo almost periodic
solutions to semilinear equations of the form Eq. (1.1) in the case when the forcin§ term
belongs to the class @-pseudo almost periodic functions is quite new and original and
is the main motivation of the present paper. The paper is organized as follows. In Section
2, we recall some results on the notion of pseudo almost periodicity, and introduce and
examine properties of the concept®fpseudo almost periodicity. Applications to abstract
differential equations are presented in Section 3.

2 Pseudo Almost Periodicity

Let (X, |- |, (Y,] - [[v) be two Banach spaces. LBE(R, X) (respectivelyBC(R x Y, X))
denote the collection of aiK-valued bounded continuous functions (respectively, the class
of jointly bounded continuous functiorts: R x Y — X). The spacdC(R,X) equipped
with the sup norm defined by

[[Ulleo = suplju(t)||
teR

is a Banach space. Furthermo@R,Y) (respectivelyC(R x Y, X)) denotes the class of
continuous functions frorR into Y (respectively, the class of jointly continuous functions
F:RxY— X).
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Definition 2.1. A function f € C(R,X) is called (Bohr) almost periodic if for eagh> 0
there existd(€) > 0 such that every interval of lengllte) contains a number with the
property that

| f(t+1)—f(t)|| <e foreacht e R.

The numbenr above is called as-translationnumber off, and the collection of all
such functions will be denotediP(X).

Definition 2.2. A functionF € C(R x Y, X) is called (Bohr) almost periodic inc R uni-
formly iny € Y if for eache > 0 and any compadf C Y there exist$(g) such that every
interval of length (€) contains a numbarwith the property that

|IF(t+T1,y) —F(t,y)| <€ foreacht € R, yeK.

The collection of those functions is denotedAR(R x Y).

Define the classes of functioPAR(X) andPAR (R x X) respectively as follows:
Z1

PAR(X) := que BC(R,X) : lim 1 lu(s)||ds=0¢,
T-w2T _T
andPAR (R x X)) as the collection of function8 € BC(R x Y, X) such that

li 147 d
fim =~ [F(tw]di=0

uniformly inu e Y.

Definition 2.3. A function f € BC(R,X) is called pseudo almost periodic if it can be ex-
pressed a$ = h+ ¢, whereh € AP(X) and¢ € PARy(X). The collection of such functions
will be denoted byPAP(X).

Remark2.4. The functionsh and ¢ in Definition 2.3 are respectively called tladmost
periodicand thesrgodic perturbatiorcomponents of . Moreover, the decompaosition given
in Definition 2.3 is unique.

Lemma 2.5. Let{ fn}neny € PAP(X) be a sequence of functions.flf converges uniformly
to somef, thenf € PAR(X).

Proof. First of all, note thaf is necessarily a bounded continuous function finmto X.
Now for eachn € N, write f, = hy+ ¢, where{h, }neny € AP(X) and{¢n}neny € PAR(X).
From [13, Lemma 1.3] we have that

[l < [[all,

and hence there exigtss AP(X) such that|h, — h||. — 0asn — co.

Using the previous fact, it easily follows that there exists a funaienBC(RR, X) such
that ||¢pn — ¢|| — O asn — oo,

Now
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z z z

1°T 1°T 1°T
o1 0Mldt < o f[¢n(®) —oM)ldt+ oz lign(t)]|dt
1 T
< l9n=0llot o _lénlidt,
and hencé € PAR(X). Consequentlyf = h+ ¢ € PAP(X). O

Definition 2.6. A function F € C(R x Y,X) is said to pseudo almost periodic tire R
uniformly iny € Y if it can be expressed & = G+ ®, whereG € AP(R x Y) and@ €
PAR(R x Y). The collection of such functions will be denoted P&AP(R x Y).

Definition 2.7. ([12]) The Bochner transfornfi®(t,s), t € R, s€ [0,1], of a functionf t)
onR, with values inX, is defined by

fo(t,s) := f(t+9).

Remark2.8. ([12]) A function¢(t,s),t € R, s€ [0, 1], is the Bochner transform of a certain
function f (1),

o(t,s) = fP(t,9),
if and only if
¢(t +T7S_T) = ¢(S7t>
forallt e R, se [0,1] andt € [s—1.9].
Obviously, if f = h+ ¢, thenf® = h? + ¢®. Moreover,(A f)? = AP for each scalak.

Definition 2.9. The Bochner transform®(t,s u), t € R, s€ [0,1], u € X of a function
F(t,u) onR x X, with values inX, is defined by

FP(t,s,u) := F(t+s,u)
for eachu € X.

Definition 2.10. Let p € [1,0). The spac8S(X) of all Stepanov bounded functions, with
the exponenp, consists of all measurable functiofison R with values inX such that
fP e L*(R,LP((0,1),X)). This is a Banach space with the norm

Zig 1/p
uf(r)updr) .

Il = 1] er = sup(
teR \ t
Definition 2.11. A function f € BS’(X) is calledS’-pseudo almost periodic (or Stepanov-
like pseudo almost periodic) if it can be expresseél ah+ ¢, wherehP e AP(LP((0,1),X))
and¢® € PAR(LP((0,1),X)). The collection of such functions will be denotedPAP S (X).

In other words, a functiori € LP(R,X) is said to beSP-pseudo almost periodic if its
Bochner transfornf? : R — LP((0,1),X) is pseudo almost periodic in the sense that there
exist two functionsh, ¢ : R — X such thatf = h+ ¢, whereh® € AP(LP((0,1),X)) and
®P € PAR(LP((0,1),X)), that is,

Z i1 1/p
lim — ( H(p(o)\pd0> dt=0.
T\t
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Remark2.12 ltis clearthatifl < p<q< o andf € LYR,X) is S-pseudo almost periodic,
then f is S’-pseudo almost periodic. Also if € PAP(X), then f is SP-pseudo almost
periodic for anyl < p < oo.

Similarly one gets the following definition.
Definition 2.13. A functionF : R x X+ X/ (t,u) — F(t,u) with F(-,u) € LP(R, X) for each
u € X, is said to besP-pseudo almost periodic ine R uniformly inu € X if t — F(t,u) is
SP-pseudo almost periodic for eaate X.

This means, there exist two functiors® : R x X — X such that- = H + &, where
H® ¢ AP(R x LP((0,1),X)) and®® € PAR(R x LP((0,1),X)), that is,

Z1 24 1/p
< H(D(o,u)\pdc) dt=0

uniformly inu e X

The collection of thosé&P-pseudo almost periodic functios: R x X — X will be
denoted byPAPP (R x X, X).
We have the following useful composition theorem.

Theorem 2.14.LetF : R x X — X be aS’-pseudo almost periodic. Suppose thét, u) is
Lipschitzian inu € X uniformly int € R, that is there exists > 0 such

IF(t,u) —FEt V)| <L.[lu—v| (2.1)

forallt e R, (u,v) € X x X.
If @€ PAPS(X), thenl : R — X defined by () :=F(-,¢(-)) belongs tAPAP(X).

Proof. Write F° = HP+®P, whereH” € AP(R x LP((0,1),X)) and®® € PAR(R x LP((0,1), X)),
that is,

Zi1 1/p
lim — < |®(o, u)\pd0> dt=0
T\t

uniformly in u € X. Similarly, write ¢° = @ + @8, where@ € AP(LP((0,1),X)) and¢g €
PAR(LP((0,1),X)), that is,

l LET (f e b(0)||Pd l/pd 2.2
im o (16 pdo ) at—o 22)

It is obvious to see tha (-, ¢(-)) : R — LP((0,1),X). Now decompos&® as follows
FPLeP() = HE@RO)+FP@() —HE&())
= HERO) +FPC @) —FP(L @) + 0 &().

Using the theorem of composition of almost periodic functions, it is easy to see that
HO(-, @(-)) € AP(LP((0,1),X)). Now, set
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Clearly,G"(-) € PAR(LP((0,1),X)). Indeed, forT > 0,

7

1 Z i b 1/p
o _T< t G (0)\pd0> dt

1/p

1 1
g [, IFe.PE) - Fro.de)Pdo)
Z1 /L 1/p
< 5 (1P -dolr) a
7

t+1 1/p
Hcp%(cr)npdo) dt,

Using the theorem of composition of functionsRER)(LP((0,1), X)) (see [9]) it is easy
to see thath®(-, @ (-)) € PAR(LP((0,1),X)), that is,

_ Z1 /L
lim — (

1/p
b p —
im e (190 rde) di—o

3 Applications to Differential Equations

In this section we make use of the previous propertieS’gfseudo almost periodic func-
tions to study the existence of pseudo almost periodic solutions to the abstract differential
equation

u'(t)=Ault)+ f(t), teRr, (3.1)

whereA: D(A) C X — X is a densely closed linear operator ahd PAPS(X) NC(R, X)
forp> 1

1
Throughout the rest of the paper, we get 1 — o Note thatq # 0, asp # 1.

Theorem 3.1. Under previous assumptions,Af(possibly unbounded) is the generator of
an exponentially stabl€y-semigroup(T (t))¢>0, then Eqg. (3.1) has a unique mild solution
u € PAP(X).

Proof. By assumption there exisgt > 0 andw > 0 such thaf|T ()| x) < Ke * for all
t > 0. Let us first prove uniqueness. Assume thalR — X is bounded and satisfies the
homogeneous equation

ut) =Ault), teR. (3.2)
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Thenu(t) = T(t — s)u(s), for anyt > s. Thus||u(t)|| < MKe “=9), where||u(s)| < M.
Take a sequence of real numbésg) such that, — —o asn — . For anyt € R fixed, one
can find a subsequen¢s, ) C (sn) such thats, <t forallk=1,2,.... By lettingk — oo,
we getu(t) = 0.

Now, if f up, up are bounded solutions to Eq. (3.1), thea u; — up is a bounded solution
to Eqg. (3.2). In view of the above,= u; — u, = 0, that is,u; = u,.

Let f =h+¢, whereh® € AP(LP((0,1),X)) and$® € PAR(LP((0,1),X)). Now let us
investigate the existence. Consider for eachl,2, ..., the integral

z n z n z n
Wn(t)=  TEFft-&de=  TEht-&di+  T(E)(t—E)de.

n—1 n-1 n—-1

Set
Z n Z n
Ya(t) = T()h(t—&)dg and X,(t) = TE)o(t—&)d¢.

n—1 n—-1

It is clear thaty, € AP(X). Now lettingt — & = r, we obtain

Z ¢ ny1
Xn(t) = T(t—r)p(r)dr.

t—n

Therefore 7

+1
Xall <K e 0o(r)|dr.

We now use the Blder’s inequality to obtain

Z {_nt1 3 /% tin :
ol = k(e nar) (1 jompar)
t—n t+n-1
K (n-1) 3
< - (g 9w(n-1) _ g—quwn
< )" Iolls
Ke-@n 1
< e —1)a[ps
m( )e {16l
Ke—®n 1
< —— (e + 1) ||d]]e.
m( )a 9]l
Since the series
K 1 2
—— (e +1)ax e
qu nzl
N
is convergent, we deduce from the Weierstrass test that the sequence of fu@tk{ws)
n=1

is uniformly convergent oiR.
Now let



16 Toka Diagana

Observe that z,
N(t) = Tt—r)p(r)dr, teR

—00

and clearlyN(t) € C(R,X). Moreover, for any € R, we have
IN(t) Z Ol <Cy(K, ) [[¢]ls
whereCqy (K, w) depends only on the fixed constagt& andw, i.e. the parameters of the

problem.
Let us show that eack, € PARy(X). For that, note that

z t—n+1 % z t+n ,%
a0l < ( eqwt”m) ( rWUMWdQ
t+n—-1

t—n

Z 1
Ke wn 1 t+n p
< @4 1)a . ( r pdr>
< g @ Ui (160l

Z tin ;
= Gk (" lewmiear)”.

and hencé, € PAR(X), as¢® € PAR(LP((0,1),X)).
N
Thus we conclude that eash(t) € PAP(X) and hencez vn(t) € PAP(X). Conse-
n=1

quently its uniform limitu(t) = z Vn(t) € PAP(X), by Lemma 2.5.
n=1

Using Theorem 3.1 one easily proves the following theorem.

Theorem 3.2. Under previous assumptions, Af (possibly unbounded) is the generator
of an exponentially stabl€-semigroup(T (t))i>0 and if F € PAPS(R x X, X) satisfies
the Lipschitz condition Eq. (2.1), then Eqg. (1.1) has a unique mild soldtierPAP(X)

KL
whenevelj <1

Proof. Consider the nonlinear operatodefined by
Z t
(Fu)(t) = Tt —r)F(r,u(r))dr
for eacht € R.

Using the proof of Theorem 3.1, one can easily see Mt PAP(X) wheneveru
PAPR(X) c PAPS(X). ThusA mapsPAP(X) into itself. To complete the proof, one has to
prove that\ has a unigue fixed-point.

Now

KL
IAU= AV < == lu=V]o,
W
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: , . KL .
and hence\ has unique fixed-poini whenever— < 1. Of course is the only pseudo

almost periodic solution to Eq. (1.1).
O

Acknowledgments

The author thanks Professor Pankov for his careful reading of the manuscript and insightful
comments.

References

[1] B. Amir and L. Maniar, Composition of pseudo-almost periodic functions and Cauchy
problems with operator of nondense domainn. Math. Blaise Pascd (1999), no.
1, pp. 1-11.

[2] C. Cuevas and M. Pinto, Existence and Uniqueness of Pseudo Almost Periodic So-
lutions of Semilinear Cauchy Problems with Non-dense Domilionlinear Anal
452001), no. 1, Ser. A: Theory Methods, pp. 73-83.

[3] V. Casarino, Characterization of almost automorphic groups and semigeapd,
Accad. Naz. Sci. XL Mem. Mat. Agpl) (24) 2000, 219-235.

[4] T. Diagana and G. M. N'Gerékata, Stepanov-like Almost Automorphic Functions
and Applications to Some Semilinear EquatioApplicable Anal.86 (2007), no. 6,
723 - 733.

[5] T. Diagana, Pseudo almost periodic solutions to some differential equdtionbn-
ear Anal 60 (2005), no. 7, pp. 1277-1286.

[6] T. Diagana, Existence and Uniqueness of Pseudo Almost Periodic Solutions to Some
Classes of Partial Evolution Equatiomonlinear Anal.66 (2007), no. 2, 384-395.

[7] T. Diagana, Weighted Pseudo Almost Periodic Functions and Applicatbng.
Acad. SciParis, Ser B43(2006), no. 10, 643-646.

[8] T. Diagana and E. Heamdez M., Existence and Uniqueness of Pseudo Almost Peri-
odic Solutions to Some Abstract Partial Neutral Functional-Differential Equations and
Applications,J. Math. Anal. Appl327(2007), no. 2, 776-791.

[9] H-.X. Li, F-.L. Huang, and J-Y. Li, Composition of pseudo almost-periodic functions
and semilinear differential equatiorks.Math. Anal. Appl255(2001), no. 2, pp. 436—
446.

[10] G. M. N'Guérékata, Existence and uniqueness of almost automorphic mild soilution
to some semilinear abstract differential equati@emnigroup Forund9(2004), 80-86.

[11] G. M. N'Guérekata and A. Pankov, Stepanov-like almost automorphic functions and
monotone evolution equationdpnlinear Analysigin press).



18 Toka Diagana

[12] A. Pankov,Bounded and almost periodic solutions of nonlinear operator differential
equations Mathematics and its Applications (Soviet Series), 55. Kluwer Academic
Publishers Group, Dordrecht, 1990.

[13] C. Y. Zhang, Pseudo Almost Periodic Solutions of Some Differential Equatibns,
Math. Anal. Appl151(1994), pp. 62—76.

[14] C. Y. Zhang, Pseudo Almost Periodic Solutions of Some Differential Equatiods I,
Math. Anal. Appl192(1995), pp. 543-561.

[15] C. Y. Zhang, Integration of Vector-Valued Pseudo Almost Periodic Functierms,.
Amer. Math. Socl121(1994), pp. 167-174.



