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Abstract

This paper introduces and examines a new class of functions called Stepanov-like
pseudo almost periodic functions (orSp-pseudo almost periodic functions), which gen-
eralizes in a natural fashion the classical notion of pseudo almost periodicity. We then
make extensive use of these new functions to study the existence and uniqueness of a
pseudo almost periodic solution to the semilinear equation

u′(t) = Au(t)+F(t,u(t)),

whereA : D(A)⊂ X 7→ X is the infinitesimal generator of an exponentially stableC0-
semigroup on a Banach spaceX andF : R×X 7→ X is Sp-pseudo almost periodic for
p > 1 and jointly continuous.
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1 Introduction

Let (X,‖·‖) be a Banach space and letp≥ 1. In a recent paper by N’Guéŕekata and Pankov
[11], the concept of Stepanov-like almost automorphy (orSp-almost automorphy) was in-
troduced. Such a notion generalizes in a natural fashion the classical almost automorphy in
the sense of Bochner. Moreover, the concept ofSp-almost automorphy was, subsequently,
utilized to study the existence of weakSp-almost automorphic solutions to some parabolic
evolution equations.
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Recently, Diagana and N’Guéŕekata [4] made use ofSp-almost automorphy to study the
existence and uniqueness of an almost automorphic solution to the semilinear equation

u′(t) = Au(t)+F(t,u(t)), t ∈ R, (1.1)

whereA : D(A)⊂X 7→X is a densely closed linear operator, which is also the infinitesimal
generator of an exponentially stableC0-semigroup(T(t))t≥0 onX andF : R×X 7→ X is
Sp-almost automorphic forp > 1 and jointly continuous. One should point out that such
a result generalizes the existence results obtained in N’Guéŕekata [10], as the space ofSp-
almost automorphic functions contains the spaceAA(X) of almost automoprhic functions.

The present paper is definitely inspired by the above-mentioned papers and consists
of introducing a similar notion within the framework of pseudo almost periodicity, that is,
the class of functions called Stepanov-like pseudo almost periodic functions (orSp-pseudo
almost periodic functions), which, obviously, generalizes in a natural fashion the concept
of pseudo almost periodicity.

Properties of theseSp-pseudo almost periodic functions are investigated. In particular,
we prove a useful composition result (Theorem 2.14). Next, we make extensive use of the
previous results to study the existence and uniqueness of a pseudo almost periodic solution
to Eq. (1.1) when the forcing termF : R×X 7→ X is Sp-pseudo almost periodic forp > 1
and jointly continuous.

The existence of almost automorphic, almost periodic, asymptotically almost periodic,
and pseudo almost periodic solutions to differential equations is one of the most attractive
topics in the qualitative theory of differential equations due to their significance and appli-
cations in physical sciences. The concept of pseudo almost periodicity, which is the central
issue in this paper was first introduced in the literature by Zhang [13, 14, 15] in the earlier
nineties – and is a natural generalization of the concept of almost periodicity.

Some contributions upon pseudo almost periodic solutions to differential equations have
recently been made in [1, 2, 5, 6, 7, 8]. However, the existence of pseudo almost periodic
solutions to semilinear equations of the form Eq. (1.1) in the case when the forcing termF
belongs to the class ofSp-pseudo almost periodic functions is quite new and original and
is the main motivation of the present paper. The paper is organized as follows. In Section
2, we recall some results on the notion of pseudo almost periodicity, and introduce and
examine properties of the concept ofSp-pseudo almost periodicity. Applications to abstract
differential equations are presented in Section 3.

2 Pseudo Almost Periodicity

Let (X,‖ · ‖),(Y,‖ · ‖Y) be two Banach spaces. LetBC(R,X) (respectively,BC(R×Y,X))
denote the collection of allX-valued bounded continuous functions (respectively, the class
of jointly bounded continuous functionsF : R×Y 7→ X). The spaceBC(R,X) equipped
with the sup norm defined by

‖u‖∞ = sup
t∈R

‖u(t)‖

is a Banach space. Furthermore,C(R,Y) (respectively,C(R×Y,X)) denotes the class of
continuous functions fromR intoY (respectively, the class of jointly continuous functions
F : R×Y 7→ X).
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Definition 2.1. A function f ∈C(R,X) is called (Bohr) almost periodic if for eachε > 0
there existsl(ε) > 0 such that every interval of lengthl(ε) contains a numberτ with the
property that

‖ f (t + τ)− f (t)‖< ε for each t ∈ R.

The numberτ above is called anε-translationnumber of f , and the collection of all
such functions will be denotedAP(X).

Definition 2.2. A function F ∈C(R×Y,X) is called (Bohr) almost periodic int ∈ R uni-
formly in y∈ Y if for eachε > 0 and any compactK ⊂ Y there existsl(ε) such that every
interval of lengthl(ε) contains a numberτ with the property that

‖F(t + τ,y)−F(t,y)‖< ε for each t ∈ R, y∈ K.

The collection of those functions is denoted byAP(R×Y).

Define the classes of functionsPAP0(X) andPAP0(R×X) respectively as follows:

PAP0(X) :=
{

u∈ BC(R,X) : lim
T→∞

1
2T

Z T

−T
‖u(s)‖ds= 0

}
,

andPAP0(R×X) as the collection of functionsF ∈ BC(R×Y,X) such that

lim
T→∞

1
2T

Z T

−T
‖F(t,u)‖dt = 0

uniformly in u∈ Y.

Definition 2.3. A function f ∈ BC(R,X) is called pseudo almost periodic if it can be ex-
pressed asf = h+ϕ, whereh∈ AP(X) andϕ ∈ PAP0(X). The collection of such functions
will be denoted byPAP(X).

Remark2.4. The functionsh and ϕ in Definition 2.3 are respectively called thealmost
periodicand theergodic perturbationcomponents off . Moreover, the decomposition given
in Definition 2.3 is unique.

Lemma 2.5. Let{ fn}n∈N ⊂ PAP(X) be a sequence of functions. Iffn converges uniformly
to somef , then f ∈ PAP(X).

Proof. First of all, note thatf is necessarily a bounded continuous function fromR intoX.
Now for eachn∈N, write fn = hn+ϕn where{hn}n∈N ⊂ AP(X) and{ϕn}n∈N ⊂ PAP0(X).
From [13, Lemma 1.3] we have that

‖hn‖ ≤ ‖ fn‖,

and hence there existsh∈ AP(X) such that‖hn−h‖∞ → 0 asn→ ∞.
Using the previous fact, it easily follows that there exists a functionϕ ∈ BC(R,X) such

that‖ϕn−ϕ‖∞ → 0 asn→ ∞.
Now
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1
2T

Z T

−T
‖ϕ(t)‖dt ≤ 1

2T

Z T

−T
‖ϕn(t)−ϕ(t)‖dt+

1
2T

Z T

−T
‖ϕn(t)‖dt

≤ ‖ϕn−ϕ‖∞ +
1

2T

Z T

−T
‖ϕn(t)‖dt,

and henceϕ ∈ PAP0(X). Consequently,f = h+ϕ ∈ PAP(X).

Definition 2.6. A function F ∈ C(R×Y,X) is said to pseudo almost periodic int ∈ R
uniformly in y ∈ Y if it can be expressed asF = G+ Φ, whereG ∈ AP(R×Y) andφ ∈
PAP0(R×Y). The collection of such functions will be denoted byPAP(R×Y).

Definition 2.7. ([12]) The Bochner transformf b(t,s), t ∈ R, s∈ [0,1], of a function f (t)
onR, with values inX, is defined by

f b(t,s) := f (t +s).

Remark2.8. ([12]) A functionϕ(t,s), t ∈R, s∈ [0,1], is the Bochner transform of a certain
function f (t),

ϕ(t,s) = f b(t,s) ,

if and only if
ϕ(t + τ,s− τ) = ϕ(s, t)

for all t ∈ R, s∈ [0,1] andτ ∈ [s−1,s].
Obviously, if f = h+ϕ, then f b = hb +ϕb. Moreover,(λ f )b = λ f b for each scalarλ.

Definition 2.9. The Bochner transformFb(t,s,u), t ∈ R, s∈ [0,1], u ∈ X of a function
F(t,u) onR×X, with values inX, is defined by

Fb(t,s,u) := F(t +s,u)

for eachu∈ X.

Definition 2.10. Let p∈ [1,∞). The spaceBSp(X) of all Stepanov bounded functions, with
the exponentp, consists of all measurable functionsf on R with values inX such that
f b ∈ L∞(

R,Lp((0,1),X)
)
. This is a Banach space with the norm

‖ f‖Sp = ‖ f b‖L∞(R,Lp) = sup
t∈R

(Z t+1

t
‖ f (τ)‖pdτ

)1/p

.

Definition 2.11. A function f ∈ BSp(X) is calledSp-pseudo almost periodic (or Stepanov-
like pseudo almost periodic) if it can be expressed asf = h+ϕ, wherehb∈AP

(
Lp((0,1),X)

)
andϕb∈PAP0

(
Lp((0,1),X)

)
. The collection of such functions will be denoted byPAPSp(X).

In other words, a functionf ∈ Lp(R,X) is said to beSp-pseudo almost periodic if its
Bochner transformf b : R→ Lp((0,1),X) is pseudo almost periodic in the sense that there
exist two functionsh,ϕ : R 7→ X such thatf = h+ ϕ, wherehb ∈ AP(Lp((0,1),X)) and
ϕb ∈ PAP0(Lp((0,1),X)), that is,

lim
T→∞

1
2T

Z T

−T

(Z t+1

t
‖φ(σ)‖pdσ

)1/p

dt = 0.
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Remark2.12. It is clear that if1≤ p< q< ∞ and f ∈ Lq(R,X) isSq-pseudo almost periodic,
then f is Sp-pseudo almost periodic. Also iff ∈ PAP(X), then f is Sp-pseudo almost
periodic for any1≤ p < ∞.

Similarly one gets the following definition.

Definition 2.13. A functionF :R×X 7→X,(t,u) 7→F(t,u) with F(·,u)∈ Lp(R,X) for each
u∈ X, is said to beSp-pseudo almost periodic int ∈ R uniformly in u∈ X if t 7→ F(t,u) is
Sp-pseudo almost periodic for eachu∈ X.

This means, there exist two functionsH,Φ : R×X 7→ X such thatF = H + Φ, where
Hb ∈ AP(R×Lp((0,1),X)) andΦb ∈ PAP0(R×Lp((0,1),X)), that is,

lim
T→∞

1
2T

Z T

−T

(Z t+1

t
‖Φ(σ,u)‖pdσ

)1/p

dt = 0

uniformly in u∈ X
The collection of thoseSp-pseudo almost periodic functionsF : R×X 7→ X will be

denoted byPAPSp(R×X,X).
We have the following useful composition theorem.

Theorem 2.14.LetF :R×X 7→X be aSp-pseudo almost periodic. Suppose thatF(t,u) is
Lipschitzian inu∈ X uniformly int ∈ R, that is there existsL > 0 such

‖F(t,u)−F(t,v)‖ ≤ L .‖u−v‖ (2.1)

for all t ∈ R,(u,v) ∈ X×X.
If φ ∈ PAPSp(X), thenΓ : R→ X defined byΓ(·) := F(·,φ(·)) belongs toPAPSp(X).

Proof. WriteFb = Hb+Φb, whereHb∈AP(R×Lp((0,1),X)) andΦb∈PAP0(R×Lp((0,1),X)),
that is,

lim
T→∞

1
2T

Z T

−T

(Z t+1

t
‖Φ(σ,u)‖pdσ

)1/p

dt = 0

uniformly in u∈ X. Similarly, writeφb = φb
1 + φb

2, whereφb
1 ∈ AP(Lp((0,1),X)) andφb

2 ∈
PAP0(Lp((0,1),X)), that is,

lim
T→∞

1
2T

Z T

−T

(Z t+1

t
‖ϕb

2(σ)‖pdσ
)1/p

dt = 0. (2.2)

It is obvious to see thatFb(·,φ(·)) : R 7→ Lp((0,1),X). Now decomposeFb as follows

Fb(·,φb(·)) = H(·,φb
1(·))+Fb(·,φb(·))−H(·,φb

1(·))
= H(·,φb

1(·))+Fb(·,φb(·))−Fb(·,φb
1(·))+Φb(·,φb

1(·)).

Using the theorem of composition of almost periodic functions, it is easy to see that
Hb(·,φb

1(·)) ∈ AP(Lp((0,1),X)). Now, set

Gb(·) := Fb(·,φb(·))−Fb(·,φb
1(·)).
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Clearly,Gb(·) ∈ PAP0(Lp((0,1),X)). Indeed, forT > 0,

1
2T

Z T

−T

(Z t+1

t
‖Gb(σ)‖pdσ

)1/p

dt

=
1

2T

Z T

−T

(Z t+1

t
‖Fb(σ,φb(σ))−Fb(σ,φb

1(σ))‖pdσ
)1/p

dt

≤ L
2T

Z T

−T

(Z t+1

t
‖φb(σ)−φb

1(σ)‖pdσ
)1/p

dt

≤ L
2T

Z T

−T

(Z t+1

t
‖φb

2(σ)‖pdσ
)1/p

dt,

and hence using Eq. (2.2), it follows that

lim
T→∞

1
2T

Z T

−T

(Z t+1

t
‖Gb(σ)‖pdσ

)1/p

dt = 0.

Using the theorem of composition of functions ofPAP0(Lp((0,1),X)) (see [9]) it is easy
to see thatΦb(·,φb

1(·)) ∈ PAP0(Lp((0,1),X)), that is,

lim
T→∞

1
2T

Z T

−T

(Z t+1

t
‖Φb(σ,φb

1(σ))‖pdσ
)1/p

dt = 0.

3 Applications to Differential Equations

In this section we make use of the previous properties ofSp-pseudo almost periodic func-
tions to study the existence of pseudo almost periodic solutions to the abstract differential
equation

u′(t) = Au(t)+ f (t), t ∈ R, (3.1)

whereA : D(A)⊂ X→ X is a densely closed linear operator andf ∈ PAPSp(X)∩C(R,X)
for p > 1.

Throughout the rest of the paper, we setq = 1− 1
p

. Note thatq 6= 0, asp 6= 1.

Theorem 3.1. Under previous assumptions, ifA (possibly unbounded) is the generator of
an exponentially stableC0-semigroup(T(t))t≥0, then Eq. (3.1) has a unique mild solution
u∈ PAP(X).

Proof. By assumption there existK > 0 andω > 0 such that‖T(t)‖L(X) ≤ Ke−ωt for all
t ≥ 0. Let us first prove uniqueness. Assume thatu : R→ X is bounded and satisfies the
homogeneous equation

u′(t) = Au(t), t ∈ R. (3.2)
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Thenu(t) = T(t − s)u(s), for any t ≥ s. Thus‖u(t)‖ ≤ MKe−ω(t−s), where‖u(s)‖ ≤ M.
Take a sequence of real numbers(sn) such thatsn→−∞ asn→∞. For anyt ∈R fixed, one
can find a subsequence(snk) ⊂ (sn) such thatsnk < t for all k = 1,2, .... By letting k→ ∞,
we getu(t) = 0.

Now, if f u1,u2 are bounded solutions to Eq. (3.1), thenv= u1−u2 is a bounded solution
to Eq. (3.2). In view of the above,v = u1−u2 = 0, that is,u1 = u2.

Let f = h+ϕ, wherehb ∈ AP
(
Lp((0,1),X)

)
andϕb ∈ PAP0

(
Lp((0,1),X)

)
. Now let us

investigate the existence. Consider for eachn = 1,2, ..., the integral

vn(t) =
Z n

n−1
T(ξ) f (t−ξ)dξ =

Z n

n−1
T(ξ)h(t−ξ)dξ+

Z n

n−1
T(ξ)ϕ(t−ξ)dξ.

Set

Yn(t) =
Z n

n−1
T(ξ)h(t−ξ)dξ and Xn(t) =

Z n

n−1
T(ξ)ϕ(t−ξ)dξ.

It is clear thatYn ∈ AP(X). Now lettingt−ξ = r, we obtain

Xn(t) =
Z t−n+1

t−n
T(t− r)ϕ(r)dr.

Therefore

‖Xn‖ ≤ K
Z t−n+1

t−n
e−ω(t−r)‖ϕ(r)‖dr.

We now use the Ḧolder’s inequality to obtain

‖Xn(t)‖ ≤ K

(Z t−n+1

t−n
e−qω(t−r)dr

) 1
q
(Z t+n

t+n−1
‖ϕ(r)‖pdr

) 1
p

≤ K
q
√

qω

(
e−qω(n−1)−e−qωn

) 1
q ‖ϕ‖Sp

≤ Ke−ωn

q
√

qω
(eqω−1)

1
q ‖ϕ‖Sp

≤ Ke−ωn

q
√

qω
(eqω +1)

1
q ‖ϕ‖Sp.

Since the series
K

q
√

qω
(eqω +1)

1
q ×

∞

∑
n=1

e−ωn

is convergent, we deduce from the Weierstrass test that the sequence of functions
N

∑
n=1

Xn(t)

is uniformly convergent onR.
Now let

N(t) :=
∞

∑
n=1

Xn(t), t ∈ R.
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Observe that

N(t) =
Z t

−∞
T(t− r)ϕ(r)dr, t ∈ R

and clearlyN(t) ∈C(R,X). Moreover, for anyt ∈ R, we have

‖N(t)‖ ≤
∞

∑
n=1

‖Xn(t)‖ ≤Cq(K,ω) .‖ϕ‖Sp

whereCq(K,ω) depends only on the fixed constantsq,K andω, i.e. the parameters of the
problem.

Let us show that eachXn ∈ PAP0(X). For that, note that

‖Xn(t)‖ ≤
(Z t−n+1

t−n
e−qω(t−r)dr

) 1
q
(Z t+n

t+n−1
‖ϕ(r)‖pdr

) 1
p

≤ Ke−ωn

q
√

qω
(eqω +1)

1
q .

(Z t+n

t+n−1
‖ϕ(r)‖pdr

) 1
p

= Cq(K,ω)
(Z t+n

t+n−1
‖ϕ(r)‖pdr

) 1
p

,

and henceXn ∈ PAP0(X), asϕb ∈ PAP0(Lp((0,1),X)).

Thus we conclude that eachvn(t) ∈ PAP(X) and hence
N

∑
n=1

vn(t) ∈ PAP(X). Conse-

quently its uniform limitu(t) =
∞

∑
n=1

vn(t) ∈ PAP(X), by Lemma 2.5.

Using Theorem 3.1 one easily proves the following theorem.

Theorem 3.2. Under previous assumptions, ifA (possibly unbounded) is the generator
of an exponentially stableC0-semigroup(T(t))t≥0 and if F ∈ PAPSp(R×X,X) satisfies
the Lipschitz condition Eq. (2.1), then Eq. (1.1) has a unique mild solutionũ ∈ PAP(X)

whenever
KL
ω

< 1.

Proof. Consider the nonlinear operatorΓ defined by

(Γu)(t) =
Z t

−∞
T(t− r)F(r,u(r))dr

for eacht ∈ R.
Using the proof of Theorem 3.1, one can easily see thatΛu ∈ PAP(X) wheneveru ∈

PAP(X)⊂ PAPSp(X). ThusΛ mapsPAP(X) into itself. To complete the proof, one has to
prove thatΛ has a unique fixed-point.

Now

‖Λu−Λv‖∞ ≤ KL
ω
‖u−v‖∞,
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and henceΛ has unique fixed-point̃u whenever
KL
ω

< 1. Of course,ũ is the only pseudo

almost periodic solution to Eq. (1.1).
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