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Abstract

In this paper, a general theorem concerning theϕ− |C,1 |k summability factors of
infinite series has been proved.
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1 Introduction

Let (ϕn) be a sequence of positive real numbers and let∑an be a given infinite series with
the sequence of partial sums(sn). By (tn), we denote the n-th(C,1) means of the sequence
(nan).The series∑an is said to be summable|C,1 |k, k≥ 1, if (see [1])

∞

∑
n=1

1
n
| tn |k< ∞, (1.1)

and it is said to be summableϕ−|C,1 |k, k≥ 1, if (see [3])

∞

∑
n=1

ϕk−1
n

nk | tn |k< ∞. (1.2)

If we takeϕ = n, thenϕ−|C,1 |k summability reduces to|C,1 |k summability.

2 The Known Result.

Concerning the|C,1 |k summability factors, Mazhar [2] has proved the following theorem.
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Theorem 2.1. If
λm = o(1) as m→ ∞, (2.1)

m

∑
n=1

nlogn| ∆2λn |= O(1), (2.2)

m

∑
v=1

| tv |k
v

= O(logm) as m→ ∞, (2.3)

then the series∑anλn is summable|C,1 |k, k≥ 1.

3 The Main Result.

The aim of this paper is to generalize Theorem 2.1 for theϕ−|C,1 |k summability. Now
we shall prove the following theorem.

Theorem 3.1. Let (ϕn) be a sequence of positive real numbers and the conditions (2.1)-
(2.2) of Theorem 2.1 are satisfied. If

m

∑
v=1

ϕk−1
v

vk | tv |k= O(logm) as m→ ∞ (3.1)

m

∑
n=v

ϕk−1
n

nk+1 = O(
ϕk−1

v

vk ), (3.2)

then the series∑anλn is summableϕ−|C,1 |k, k≥ 1.

It should be noted that if we takeϕn = n in Theorem 3.1, then we get Theorem 2.1. Because
in this case condition (3.1) reduces to condition (2.3) and condition (3.2) reduces to

m

∑
n=v

1
n2 = O(

1
v
), (3.3)

but this always holds.

4 Proof of the Theorem 3.1.

Let Tn be then-th (C,1) means of the sequence(nanλn). Applying Abel’s transformation,
we get that

Tn =
1

n+1

n

∑
v=1

vavλv =
1

n+1

n−1

∑
v=1

∆λv

v

∑
r=0

rar +
λn

n+1

n

∑
r=0

rar

=
1

n+1

n−1

∑
v=0

(v+1)∆λvtv +λntn

= Tn,1 +Tn,2.
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Since| Tn,1 +Tn,2 |k< 2k(| Tn,1 |k + | Tn,2 |k), in order to complete the proof of the Theorem
3.1, it is sufficient to show that

∞

∑
n=1

ϕk−1
n

nk | Tn,r |k< ∞, f or r = 1,2. (4.1)

Now, whenk > 1, applying Ḧolder’s inequality with indices k and k’, where1k + 1
k′ = 1, we

get that

m

∑
n=2

ϕk−1
n

nk | Tn,1 |k =
m

∑
n=2

ϕk−1
n

nk | 1
n+1

n−1

∑
v=1

∆λv(v+1)tv |k

= O(1)
m

∑
n=2

ϕk−1
n

n2k {
n−1

∑
v=1

v| ∆λv || tv |}k

= O(1)
m

∑
n=2

ϕk−1
n

n2k

n−1

∑
v=1

v| ∆λv | | tv |k ×{
n−1

∑
v=1

v | ∆λv |}k−1

= O(1)
m

∑
n=2

ϕk−1
n

nk+1 {
n

∑
v=1

v| ∆λv | | tv |k}

= O(1)
m

∑
v=1

v | ∆λv || tv |k {
m

∑
n=v

ϕk−1
n

nk+1 }

= O(1)
m

∑
v=1

v | ∆λv | ϕk−1
v

vk | tv |k

= O(1)
m−1

∑
v=1

| ∆(v | ∆λv |) |
v

∑
r=1

ϕk−1
r

rk | tr |k +m | ∆λm |
m

∑
r=1

ϕk−1
r

rk | tr |k

= O(1)
m−1

∑
v=1

| ∆λv | logv+
m−1

∑
v=1

v | ∆2λv | logv+m | ∆λm | logm

= O(1) as m→ ∞,

by virtue of the hypotheses of the Theorem 3.1. Finally,

m

∑
n=1

ϕk−1
n

nk | Tn,2 |k =
m

∑
n=1

ϕk−1
n

nk | λntn |k

= O(1)
m

∑
n=1

ϕk−1
n

nk | tn |k|
∞

∑
v=n

∆λv |

= O(1)
∞

∑
v=1

| ∆λv |
v

∑
n=1

ϕk−1
n

nk | tn |k

= O(1)
∞

∑
v=1

| ∆λv | logv

= O(1) as m→ ∞,

by virtue of the hypotheses of the Theorem 3.1. Therefore we get that

∞

∑
n=1

ϕk−1
n

nk | Tn,r |k= O(1) as m→ ∞, f or r = 1,2.
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This completes the proof of Theorem 3.1.
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