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Abstract In this paper, we deal with the stochastic stability of uncertain hybrid linear

systems with Markovian jumping parameters and time delay. Under the assumption of

mismatched boundedness of system′s uncertainties, sufficient conditions that guarantee as-

ymptotic stability with probability 1 of the system are given, then a parameter adaptive

estimation and robust adaptive control law are proposed for unknown upper bounds on the

norm of uncertainties that guarantee the asymptotic stability with probability 1 for matched

uncertain hybrid systems. The results show that this adaptive control method is useful for

uncertain hybrid linear systems with time-delay.
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{

ẋ(t) = [A1(rt) + ∆A1(rt)]x(t) + [A2(rt) + ∆A2(rt)]x(t − τ) + [B(rt) + ∆B(rt)]u(t)

x(s) = f(s), s ∈ [−τ, 0]
(1)
e x(t) ∈ Rn 8y^DmN�a�u(t) ∈ Rm 8y^D���a�f(s) 8 R → Rn D,#_��C�rt 8L5J>�mNO# S = {1, 2, · · · , N} !D_�,# Markov ~-�
mNl-nn8

p{rt+∆ = j|rt = i} =

{

πij∆ + o(∆), i 6= j

1 + πii∆ + o(∆), i = j
(2)
e

lim
∆→0

o(∆)/∆ = 0, ∆ > 0, πii = −
∑

j 6=i

πij , (πij > 0, j 6= i) i, j ∈ S1�,% rt = i ,NDCT M(rt = i) i Mi.R�u+r rt ∈ S, A1(rt) ∈ Rn×n, A2(rt) ∈ Rn×n, B(rt) ∈ Rn×m 8.WD)CCT�
∆A1(rt) ∈ Rn×n, ∆A2(rt) ∈ Rn×n, ∆B(rt) ∈ Rn×m 8YC>5��L)CCT��tv

‖∆A1(rt)‖ 6 k1(rt), ‖∆A2(rt)‖ 6 k2(rt), ‖∆B(rt)‖ 6 k3(rt) (3)
e ‖ · ‖ i 2 YC�k1(rt), k2(rt), k3(rt) HiU/C�
3 e�� �N$i[E#70YF�	��.d|ak�S`Jo� [5,6] x�<> Wiener K(Db��J�y^ Lasalle qL�LZD�3!�uv>�s1+hD> Markov XD&CD��y^|4}D���qL�LZ��� 3.1. Jl��,by^

ẋ(t) = h(x(t), x(t − τ), u(t), rt, t)�|9J Lyapunov �C V (x(t), rt, t) � K∞ �C α1(·), α2(·) 1�}U&,^�
1) V (0, rt, t) = 0

2) R�4,N rt 4�J i |N,>�V (x, i, t) 8_�D��ÆR x � t D+7��3g9J�>5�
3) α1(‖x(t)‖) 6 V (x(t), rt, t) 6 α2( sup

θ∈[−τ,0]

‖x(t + θ)‖) (4)

4) ΨV (x(t), rt, t) 6 −W (x(t)) (5)
e W (·) : Rn → R+ ∪ {0} 8 x(t) D_�bk�C�LR��4 x0 ∈ Rn(‖x0‖ < ∞) >�
P{ lim

t→∞
W (x(t)) = 0} = 1 (6)



802 t Q � ! � 32G+��= x(t) D&��CR,# t 81nn 1 _�DL1dW α1(‖x(t)‖), W (x(t)) *8,# t D_��C (1nn 1). R�4 s > 0 L5[g,#
τs = inf{t > 0 : ‖x(t)‖ > s}= Markov v��HpL54[7] LW V (x(t), rt, t) 8bkD Xt ∨ Rt !{�
e Xt ∨ Rt 8y^mN x �|N rt D σ- =C�\<!{�aLW�? s → ∞ ,1nn 1 > τs → ∞ �Æ

P{ sup
06t<∞

α1(‖x(t)‖) < ∞} = 1 (7)� ts = min{τs, t} > 0, =+� Itô u4�JlB (4) 4DxyL>
E[α1(‖x(ts)‖)] 6 α2( sup

θ∈[−τ,0]

‖x(θ)‖) − E{
∫ ts

0

W (x(τ))dτ} (8)6i α1(‖x‖) 8 K∞ �C�M1 (8) 4Dx��bk�\,JlB W (x(t)) 8,#!D_��C�f s → ∞, t → ∞, �H< Fatou LZL>
E{

∫ ∞

0

W (x(τ))dτ} 6 α2( sup
θ∈[−τ,0]

‖x(θ)‖) (9)8U1nn 1 >}e0q,^
∫ ∞

0

W (x(τ))dτ < ∞ (10a)

lim
t→∞

V (x(t), rt, t)9J�>� (10b)U α1(‖x(t)‖) 8 x(t) D_�>
v��C�M1= (7) 4LW+L9J+rUC h > 0 1C
x(t) ∈ B = {x(t) ∈ Rn : ‖x(t)‖ 6 h} (11)6U��1nn 1 9J+pO#�1CJ5pO#~4 (7) �4 (10) �4 (11) ,^�}wVzJ5pO#!�>

lim
t→∞

W (x(t)) = 0 (12)�L�A}Vz"gf�WG�o� [6] DLZ 2.1 DVz�P[*p� �%� 3.1
[8]

. R��4sLD)C ε > 0,�e
a x, y ∈ Rn �:?kCDCT D, F, S,�| FTF 6 I, L+L>
2(xTDFSy) 6 ε−1(xTDDTx) + ε(yTSTSy)�� 3.2. R���L����,by^ (1),�|9JULCTQ�U/C ρ1i, ρ2i, ρ3i >

0(ρ2iI − Q < 0), 1�+�XUCT Ki 1}e��CT�G4,^














Ni k1iXi k2i Y T
i Ξi

k1iXi ρ1i 0 0 0

k2i 0 ρ2i 0 0

Yi 0 0 ρ3i 0

Ξ
T
i 0 0 0 −γi















i∈S

< 0 (13)
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e
Ni = XiA

T
1i + A1iXi + BiYi + Y T

i BT
i + πiiXi + A2iRiA

T
2i + (ρ1i + ρ3ik

2
3i)In

Ξi = [
√

πi1Xi · · · √
πi,j−1Xi

√
πi,j+1Xi · · · √

πiNXi Xi], Ri = (Q − ρ2iI)−1

γi = diag⌊X1 · · · Xi,i−1 Xi,i+1 · · · XN Ri⌋, Yi = P−1
i Ki, Xi = P−1

i>h+DULR+CT4 X1, X2, · · · , XN , LP℄m u(t) = K(rt)x(t) 1y^1nn 1 *;qL�+��� Lyapunov �Ci
V (x(t), rt, t) = xT(t)P (rt)x(t) +

∫ t

t−τ

xT(s)Qx(s)dsLJ t ,N rt 4�J i |N,>
ΨV (x(t), i, t) = xT(t)[(A1i + ∆A1i)

TPi + Pi(A1i + ∆A1i) +

N
∑

j=1

πijPj + Pi(Bi + ∆Bi)Ki+

xT(t)Pi(A2i + ∆A2i)x(t − τ) + xT(t − τ)(A2i + ∆A2i)
TPix(t)+

KT
i (Bi + ∆Bi)

TPi]x(t) + xT(t)Qx(t) − xT(t − τ)Qx(t − τ)\<7Z 3.1 R!4eD��L	ygwLC
ΨV (x(t), i, t) 6 [xT(t) xT(t − τ)]

[

Mi PiA2i

AT
2iPi −(Q − ρ2iIn)

] [

x(t)

x(t − τ)

]
e
Mi =AT

1iPi + PiA1i + KT
i BT

i Pi + Pi(ρ1iIn + ρ−1
2i k2

2iIn + ρ3ik
2
3iIn)Pi+

PiBiKi + ρ−1
1i k2

1iIn + ρ−1
3i KT

i Ki + Q +

N
∑

j=1

πijPj=LZ 3.1 W�
[

Mi PiA2i

AT
2iPi −(Q − ρ2iI)

]

< 0 (14)Lly^81nn 1 *;qLD�I= Schur � ρ2iI − Q < 0 W�C1 (14) ,^L��
Mi + PiA2i(Q − ρ2iIn)−1AT

2iPi < 0 (15)\&\< Schur LZuvL1
�3D, (13) 4l�,
AT

1iPi + PiA1i +

N
∑

j=1

πijPj + PiBiKi + KT
i BT

i Pi + ρ−1
3i KT

i Ki + PiDiPi + ρ−1
1i k2

1iI + Q < 0 (16)
e Di = (ρ1iIn + ρ−1
2i k2

2iIn + ρ3ik
2
3iIn) + A2i(Q − ρ2iI)−1AT

2i, i = 1, 2, · · · , N , 8U>
Mi − ρ2iIn + PiA2i(Q − ρ2iIn)−1AT

2iPi 6 −ρ2iIn65? (13) 4,^,��L����,by^ (1) 81nn 1 *;qLD� �
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4 ��W)� �N$i[E#7nY.Fk�u<;S`'�Jl��U&}��L"gYC!5lWD����,by^��9JD>:?kCDCT E(x(t), x(t − τ), u(t), rt) 1y^ (1) eD��L"gtv��U&

∆A1(rt)x(t) + ∆A2(rt)x(t − τ) + ∆B(rt)u(t) = BE(x(t), x(t − τ), u(t), rt) (17)�"%9JULR+CT Qi, Pi, R(R > I), 1}e N rz�℄-,^ (i = 1, 2, · · · , N)

AT
1iPi + PiA1i − PiBiB

T
i Pi +

N
∑

j=1

πijPj + R + Qi + PiA2i(R − I)−1AT
2iPi = 0 (18). 3. = (17) 4LW\(uv��DP℄�� u(t) tv��M*U&�L+L>

‖E(x(t), x(t − τ), u(t), rt)‖ 6 k1 + k2‖x(t)‖ + k2
3‖x(t − τ)‖ (19)
e k1, k2, k3 > 1 ilWUC�%<�}q:9w�HẆ̄

k1(t) = ‖BT(rt)P (rt)x(t)‖ (20)

˙̄k2(t) = ‖BT(rt)P (rt)x(t)‖‖x(t)‖ (21)

˙̄k3(t) = ‖BT(rt)P (rt)x(t)‖2 (22)V�x k1, k2 � k2
3 , ��q:9P℄mi

u = u1 + u2 + u3 + u4 (23)
e u1(rt) = −0.5BT(rt)P (rt)x(t), u2(rt) = −k̄1sign[BT(rt)P (rt)x(t)],

u3(rt) = −k̄2‖x(t)‖sign[BT(rt)P (rt)x(t)], u4(rt) = −k̄3B
T(rt)P (rt)x(t)

(�CT N ie
a�L sign(N) �5R N u+rga�j��C�Mw,De
a).�� 4.1. R���L����,by^ (1), ��L"gYC!5 k1, k2, k3 lW,�%<w[HW (20) �(21) �(22) 4�q:9P℄m (23) 4L1/�ly^1nn 1 *;qL�+��L5 z1(t) = k̄1(t) − k1, z2(t) = k̄2(t) − k2, z3(t) = k̄2(t) − k2
3� Lyapunov �Ci

V (x(t), z1(t), z2(t), z3(t), rt, t) = xT(t)P (rt)x(t) + zT
1 (t)z1(t)+

zT
2 (t)z2(t) + zT

3 (t)z3(t) +

∫ t

t−τ

xT(s)Rx(s)dsLJ t ,N rt 4�J i |N,>
ΨVi 6xT(t)[AT

1iPi + PiA1i + R +
N

∑

j=1

πijPj ]x(t) − xT(t − τ)Rx(t − τ) + 2xTPiBiu+

2[(k̄1 − k1)
˙̄k1 + (k̄2 − k2)

˙̄k2 + (k̄3 − k2
3)

˙̄k3] + xT(t)AT
2iPix(t − τ)+

xT(t − τ)PiA2ix(t) + 2‖xT(t)PiBi‖[k1 + k2‖x(t)‖ + k3‖x(t − τ)‖] (24)
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ΨVi 6

[

x(t)

x(t − τ)

]T [

Ni AT
2iPi

PiA2i −(R − I)

] [

x(t)

x(t − τ)

]
e Ni = AT
i Pi + PiAi + R +

N
∑

j=1

πijPj − PiBiB
T
i Pi, = Schur LZ� (18) 4LC

ΨVi 6 −xT(t)Qix(t)8UM��D Lyapunov �CtvLZ 3.1 DU&�65��L"g��U&}D����,by^ (1) Jq:9P℄m (23) 4Dy<}81nn 1 *;qLD� �

5 aRI℄Jl�� (1) 4DV/����,by^�
e
f(s) =

[

2 cos(s)

− sin(s) − 6 cos2(s)

]

, s ∈ [−τ 0]

x = [x1 x2]
T ∈ R2, u ∈ R2, "% rt >`rmN rt ∈ S = {1, 2}, R9I>

A11 =

[ −184 −10

−9.67 −101.5

]

, A12 =

[

60.57 9.59

9.63 39.78

]

, A21 = A22 = 0, B1 =

[

5 1

1 1

]

B2 =

[

1 1

1 1

]

, R =

[

40 2

1 5

]

, Π =

[

π11 π12

π21 π22

]

=

[−40 40

100 −100

]

, Q1 =

[

80 0

0 40

]

Q2 =

[

200 10

10 5

]

, F (x(t), x(t − τ), rt, t) = B(rt)

[

sin x1 + x1(t − τ)

0.5 cos(2x2) + x2(t − τ)

]=℄- (18) L4C P1 =

[

2 0

0 1

]

, P2 =

[

21 0.8

0.8 5.8

]

. � τ = 1 y���03[�}
u(0) = [0 0]′, k̄11(0) = 0.1, k̄12(0) = 0.1, k̄21(0) = 0.5, k̄22(0) = 1, k̄31(0) = 1, k̄32(0) = 1%<LZ 4.1 eDq:9℄W (20)∼(22) �P℄(p (23), 
`Q0|�b 1 �b 2 M5�`Q0|�zq:9P℄(p (23) R�D>��M*U&D����L��y^>.�Dh���


 1 nP�b x = [x1 x2]
′ L-$��


Fig. 1 Responses of system state variables

x = [x1 x2]
′


 2 R_�� u = [u1 u2]
′ L-$��


Fig. 2 Control inputs u = [u1 u2]
′
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