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Abstract
Using reproducing kernels for Hilbert spaces, we give best approximation for Weier-

strass transform associated with Riemann-Liouville operator. Also, estimates of ex-
tremal functions are checked.
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1 Introduction

In [3], we consider the following singular partial differential operators

? 20+19 &

_ﬁ—i_far _ﬁ; (r,X) €]0,4+0[xR, a=>0.

We associate téh; andA; the so-called Riemann-Liouville transfor®, defined on the
space(, (R?) formed by the continuous functions @&?, even with respect to the first
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variable, by
af1?1
— f (rsﬂ,m—rt)
m -1 -1 L .
Ra(F)(r.X) = x (1-t3)" 2 (1-)" Tdtds if a>0,

z
11 dt
= 1 _¢2 . PR
= _1f<r 1 t,x+rt) i if a=0.

The operatoR, generalizes the mean operafy defined by

1 Z 2n
Ro()(r,x) = o f(rsinG,x+rcosB)de.

The mean operataky and its dual Ry defined by
Z

“Ro(r,X) = % .9 (x/r2+ (X—y)z,y> dy,

play an important role and have many applications, for example, in image processing of the
so-called synthetic aperture radar (SAR) data [8, 9] or in the linearized inverse scattering
problem in acoustics [6].
The operatorsy and!®y have been studied by many authors and from many points of
view ([1, 12, 13]).
We define the Fourier transform connected with the opet&idry
z7.,,

?—G(f)(pv)\): R 0 f(r,X)ja(l'\, |_,12—|—}\2)e_i)\xdﬁh(r,X),

wherejq is the modified Bessel function of the first kind with indexanddmy(r,x) is the
measure defined d@, +o[xR by

_ 1 20+1

dmy (r, x) \/ftZO‘F(O(Jrl)r dredx

We have constructed the harmonic analysis related to the Fourier trangfomver-
sion formula, Plancherel formula, Paley-Wiener theorem, Plancherel theorem...).

Our investigation in the present paper consists to define and study the Weierstrass trans-
form Wy associated with the Riemann-Liouville opera®y. This transform is defined
by

zZ7Z.,
War(Drx) = B&l(0X),(sY) (s —y)dmu(sy),

whereZ((r,x),(s,y)), t > 0; is the heat kernel associated with the Riemann-Liouville op-
erator which will be defined later. This integral transform which generalized the usual
Weierstrass transform [11, 14, 15], solves the heat equation

BUI(1),1) = (2B + 2)ul(1).0) = u((£.X).),
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with the initial conditionu((r, x),0) = f(r,x).

Building on the ideas of Saitoh, Matsuura, Fujiwara and Yamada [7, 14, 15, 16, 20], and
using the theory of reproducing kernels [2], we give best approximation of this transform
and nice estimates of the associated extremal function.

Let L?(dmy) be the Hilbert space of square integrable functiong@n-co[xR with
respect to the measudery and(./.)n, its inner product.

Forv € R, we consider the Sobolev type spadd$(]0,+[xR), consisting of func-
tions f € L?(dmy) such that the function

(BA) — (L1 +202)Y 2 F5 (F) (),
is square integrable on the set
M =0, +oo[xRU{ (i, A); (LA) €R? O U< A},

with respect to the measudy,, defined by
ZZ ZZ

1 teo a
fFILAN)AYg (WA = ———————— fF(ILA) (2 +A%)" pdudh
BRICRECICRY \/ﬁzur%au){ 2o TEA) (A% pdu
Z
Al
+ f(lu,)\)()\z—uz)audud\}.
R O

Then, forv > 22 HY([0, +[xR) is the Hilbert space when endowed with the inner

product 77
(/g = (1+ 2+ 202" Fo () (LA) Fa (9) (L A) Ay (L A).

r+

Moreover, the kernel

Z7Z

i7€1((I’,X),(s7y)) — ¢u,—x(r7x)¢u,x(s,y)

re (1+p2+222)

dya (K,A);

is a reproducing kernel of the spakig ([0, +-[xR), whered,,, is the eigenfunction that
will be defined in the first section. Using the properties of the Fourier transfgym
and its connection with the convolution product, we show that the Weierstrass transform
Wyt is a bounded linear operator fromd ([0, +o[xR) into L2(dmy) and that for all
f € HY([0,4+o[xR);
[Wer(F)ll2me < [[f]]v-

Next, for p > 0, we define on the spadd{([0,+[xR), the new inner product by
setting

(/v =p(f/Q)y + (War()/ War(9))m,-

We show thatH?([0,+[xR) is an Hilbert space when equipped with the inner product
(f/9)v,p, and we exhibit a reproducing kernel, that is

ZZ

Ko p((1,X),(Sy)) = Pu A (L X)Pua(SY)

r+p(1+ W2 + 2)\2)\; 4 e 2A(+22

TAVa (kL A).
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The last section of this paper is devoted to study the extremal function. More precisely, for
allv> o+ %, p > 0andg € L2(dmy); the infimum of

{PUTIZ+Ilg— Waa(D)lBm,; f€HE(0,+eo[xR) },

is attained at one functiofy 4, called the extremal function. We establish also, the following
estimates.
Forall f € HJ ([0, +o[xR) andg = Wy (f),

=0.

\Y)

lim

foq—f
p*)0+ [21¢]

For all f € H3([0, +oo[xR) andg = W (f),

pIi_)rr(]+ fo.g(r,%) = f(r,x), uniformly.

2 Fourier Transform Associated with Riemann-Liouville Oper-
ator

In [3], we showed that for all, A) € C?, the system

Aqu(r,x) = —iAu(r, X);
Dou(r,X) = —p2u(r, x);

u(0,0) =1, gl:(o, X) =0; Vx e R;

admits a unique solution given by

Bur(X) = Ju (1 V2 +22) exp(=iAx),

wherejq is the modified Bessel function defined by
Ja(s) _ & (X D%

e r(a+l)k;k!r(a+k+1) (2)
z

Mo+1) 1 2vo—1 —its
= 1-t 2¢ °dt;
\/F[]_(G—F%) *1( )

andJ, is the Bessel function of first kind and index4, 5, 10, 19].
Forall (u,A) € ', we have

ja(s)=2T (a+1)

sup |dpa(rx)|=1 (2.1)
(rx)eR2
whererl is the set given by
F=R2U{(iL,A\); (WA) €R?, W[ <[A}. (2.2)

Moreover, the functiorp,,, has the following Mehler integral representation
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FqZ1Z1
= cos(ursﬂ) exp(—iA(x+rt))
T -1 -1 .
x (1-t2)%72 (1) tdtds  if a>0,
drr9 =1 7z, (2.3)
= cos(ru\/ 1—t2> exp(—iA(x+rt))
-1
dt
X ; ifa=0.
0 V112

This integral representation allows us to define the Riemann-Liouville transRgrraon-
nected with the operatorts; andA;. More precisely; we have

Definition 2.1. The Riemann-Liouville transforr®, associated with the operataks and
A\ is defined for a continuous functidnon R?, even with respect to the first variable by
2124

f (rs\/l—tz,x+rt)
-1 -1

x (1-12)%72 (1- )" Ldtds if a >0,

171 Jie dt .

Remark2.2 i) From the relations (2.3), and (2.4), we have

b (r,X) = Ry (cos(p.) exp(—iA.)) (r,X).
il) By a simple change of variables, we have
1 Z 2n
Ro(F)(r,x) = — f(rsin@,x+rcoso)do,
2T o

which means thaky(f)(r,x) is the mean value of on the circle centered &b, x) and with
radiusr.

In the sequel, we denote by

dmy (r,x) the measure defined ¢@, +o[xR, by

- 1
V2120T (0 + 1)

LP(dmy), p € [1,+0o], the space of measurable functiohen [0, +[x R, satisfying

a
Tt

(2.4)

dmy (r,x) r22+1dr @ dx,

Z 7 1

+o p
o, =, THE0PAM(0)" < 4o i p € (141
f = esssu f(r,x)| < ) if p= +oo.
[fllom, =, €SS SUD [1(rX)| < +e0 p= oo

(./.)m, the inner product oh? (dmy) defined by
z7.,,

(Hfom= _ f0g0)dmy(rx)

69
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I+ the subset of given by
M =[0,+oo[xRU{(it,A); (LA) €ERZ O UK [A[}.
Br+ theo-algebra ol ;
Br =0 (Bo seo|xR);
where® is the bijective function defined dnt by
B(A) = (VIE+AZN). (2.5)
dya (L, A) the measure defined on" by
Ya(A) = Ma(8(A)); A€ Br-.

LP(dyq), p € [1,+], the space of measurable functionslonsatisfying

Z Z
p -
o= 1T NPd0N) " < b it p € 1]

[fllwy, = €55 Suplf(LA)| < +o, if p=+oo.
e (mA)ert
(./-)ye the inner product oh? (dyy) defined by
ZZz
(/0= fLAGA)dVa(KA).

Then, we have the following properties

Proposition 2.3. i) For all non negative measurable functioison ™t (respectively inte-
grable onl ™ with respect to the measudyy), we have

Z Z Z Z
FAdVa(A) = —— L (A (1 +32)° udpah
r+ vamer(a+1) L r o
Z Z
[A]
+ fip,A) (A2 —12)° udud\}.
R 0

ii) For all non negative measurable functiogson [0, +c[xR (respectively integrable on
[0, +-00[ xR with respect to the measudmy,), we have
z z, Z Z

g(r,x)dmy (r,x) = 9o O(KA)dya (K A). (2.6)
R O r+

In the following, we shall define the translation operators and the convolution product
associated with the Riemann-Liouville transform. For this, we use the product formula for
the functiond,, »;

for all (r,x), (s,y) € R?;

¢u,)\(ra X)¢u,)\(sa y) = (2.7)

\/ﬁrgj(:i)l) an)m (\/r2+32+2rscose,x+y> sir™ 8de.
2
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Definition 2.4. i) The translation operator associated with Riemann-Liouville transform is
defined orL! (dmy) by, V (r,x), (s,y) € [0, +o[xR;

Z
MNoa+1) m ,
Trnf(SY) = ——— 2 f(1/r24+2+2rscosd,x+Y ) sir® 6de.
(rX) (sy) N (O( n %) 0 ( Y)
i) The convolution product of g € L*(dny,) is defined, by

Z 7.,
V(LX) € [0, +eolxR; Txg(rx) = Trxf(SY)9(sy)dm(sy),

wheref(sy) = f(s,—y).

We have the following properties.

The relation (2.7) can be writtemy )&, (S,Y) = ¢pa (1, X) dpa(sy).

If feLP(dmy), 1< p< +o,thenforall(sy) € [0,+[xR, the functiont sy, f be-
longs toLP(dmy ), and we have

[ty Fllpmy < 1 fllpamg 2.8)

In particular, for allf € L(dmy) and(s,y) € [0, +o[xR, the functiont sy, f belongs to
L(dmy) and we have

Z7 ., zZ7z.,,

Tsy) F (LX) dmy(r,x) = f(r,x)dmy(r,x). (2.9)
R 0 R 0

For f € LY(dmy), g€ LP(dmy), 1 < p < 4, the functionf xg € LP(dmy), and we
have

In the sequel, we shall define the Fourier transf@igrassociated witlR, and we recall
some properties that we need in the next section.

Definition 2.5. The Fourier transform associated with the Riemann-Liouville operator is
defined orL.}(dmy), by
Z7Z.,
V(H,)\) efl; Ta(f)(lﬂ\) = R 0 f(r,x)¢p7)\(r,x)dnh(r,x),

whererl is the set defined by the relation (2.2).

The Fourier transforn¥, satisfies the properties
For everyf in L(dmy) and(r,x) € [0, +o[xR, we have

VILA) €T, Fa (T F) () = By (1 X) Fa( ) (1A, (2.11)

For f,g € LY(dmy), we have

V(LA) €T, Fa(F+9) (WA) = Fa(F)(LA) Fa(9) (L A).
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For f € L*(dmy), we have

V(H,)\) € r’ ?—G(f)( ) —‘}—O(( ) (“’)\)7 (212)

where
27,
VA ERZ Ta ()= (1) ja(rh) exp(~iAdmy(r.x).

and® is the function defined by (2.5).

Theorem 2.6. (Inversion formula forf,) Let f € L1(dmy) such that7y(f) € L1 (dyq), then
for almost every(r,x) € [0,4+o[xR, we have
zz
)= Fa(H)A) 0 X)dVa (k).

It's well known ([17, 18]) that the transforrﬁa is an isometric isomorphism from
L?(dmy) onto itself. Then, using the relations (2.6), (2.12) and the fact that the function
6 defined by (2.5), is bijective from™ in [0, +o[xR; we have the following result

Theorem 2.7. (Plancherel theorem) The transforfy, can be extended to an isometric
isomorphism fronL.?(dmy) onto L?(dyy). In particular, we have the Parseval’s equality;
forall f,ge L?(dmy)

z7z,, zz
F(r,)g(r,x)dmu(r,x) = Fa(F)(A) Fa(9) (A dVa (KA.

R O r+

Remark2.8. i) From the relation (2.1), it follows that the Fourier transfofgnis a bounded
linear operator froni.!(dmy) into L*(dyy ) and that for allf € L*(dmy),

1 Fa(F)llooyy < I Fll1m, -

i) Let f € LY(dmy) andg € L?(dmy), by the relation (2.9), the functiof* g belongs to
L?(dmy); moreover

Fa(f+09) = Fa(f). Fa(9). (2.13)

iii) For all f,g € L?(dmy); the functionf x g belongs to the spac€. o(R?) consisting of
continuous functioni onR?; even with respect to the first variable and such that

lim h(r,x)=0.

r2+x2— 00

Moreover,

frg=Fo H(Fa(f).Fa(9)). (2.14)
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3  Weierstrass Transform Associated with the Riemann-Liouville
Operator

In this section, we will define and study the Weierstrass transform associate®ywitor
this we define some Hilbert spaces and we exhibit their reproducing kernels.
Letv be a real numbey, > o + % We denote by
HY ([0, +oo[xR) the subspace df?(dmy) formed by the functions, such that the ap-
plication
(WA) — (L4124 20%)"2 76 () (L)

belongs td_?(dy).
(./.)v the inner product ok ([0, +o[xR) defined by
zz
(f/ghy = r+(1+112+2?\2)“%((f)(u,?\)Ta(g)(u,7\)<1|\/cx(u,>\)-

||.||v the norm ofHS ([0, +[xR) defined by

[y = v (f/ v
Remark3.1 Forv > a -+ 3; the function

1
(1412 +202)v/2

(WA) —

belongs td_2(dyy). Hence, for allf € HI([0, +oo[xR), F4(f) belongs ta.*(dyy) and for
almost every(r,x) € [0,4o[xR, we have
ZZ
f(l’, X) = -+ Tq(uvA)q)u,A(rv X)dyﬂ(ua)\)

Proposition 3.2. For v > o + 3; the function%; defined or([0, +-o[xR)? by

ZZ
KX, (sy) = ¢“(1A+(L§)+¢§§$y)

dya (K A);

is a reproducing kernel of the spatg (|0, +-[xR), that is
i) For all (s,y) € [0,+[xRR, the function

(r, %) — K ((r,%), (s,Y)),

belongs taH{ ([0, +o[xR).
i) (The reproducing property) For alf € H3 ([0, +»[xR) and(s,y) € [0,+o[xR,

<f/%((7)> (S>y))>v = f(s,y)

Proof. i) From remark 3.1 and the relation (2.1), we deduce that for all
(s,y) € [0,+»[xR, the function

¢Ll,}\ (57 y)

WY = 2t 2y
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belongs taL(dyy) NL?(dyy). Then, the functiornk; is well defined and by theorem 2.6,

we have b (5Y)
%00, (3) = T (s vy )

By Plancherel theorem, it follows that for &4 y) € [0, +oo[x R, the function%, ((.,.), (s,y))
belongs td_?(dmy), and we have

¢p,)\<svy)
AT+ 22

Again, by the relation (2.1) and remark 3.1, it follows that the function
(A) — (L1 + 2022 Fa (% ((--), (S1))) (W),

belongs td_?(dy).
i) Let f be inHY([0,+o[xR). For every(s,y) € [0,4+0[xR, we have
z2

(f/%((),(sY))hv = r+(l+u2+2?\2)vfu(f)(u7A)X
Ta(%((w ')a (SaY)))(Hy)\)qu(%)\),

Fa (% (). (5Y) ) (WD) = (3.0)

and by the relation (3.1), we get
ZZ

<f/7(§/((7 ')7 (S7y)>>v = O+ fa(f)(UaA)q)pA(S’}’)dVa(Ua)\)
The result follows from remark 3.1. O

The heat equation associated with the Riemann-Liouville operator is

Au((r,x),t) = %u((r,x),t), (3.2)

where
A=2MN2 1N,

Let E be the kernel defined by
VA

E((I’,X),t)) = + EXP[—'[(HZ+27\2)]¢p,4(rax)dyu(ua)\) (33)
r2+x2)

1
= Py

(2t)0’+3/2
Then, the kerneE solves the equation (3.2).
Definition 3.3. The heat kernel associated with the Riemann-Liouville transform is defined
by
(1,0 (Y)) = g (E(().1) ) (5) (3.4)

1 ré4¢ (x+y)2.. irs
= (ayarer P g )P e
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Then, we have the following properties

i) Forallt >0, % > 0.

ii) From the relations (2.8),(2.11),(3.3) and (3.4), fortat 0, (r,x) € [0, +o[xR, the
function % ((r,x), (.,.)) belongs td_*(dmy) and for all(u,A) € ', we have

Fa(Be((r.%), () (W) = exp( —t(H+27%)) by, A (r.X).

iif) From the relations (2.8), (2.9), (3.3) and (3.4), fortalt 0 and(s,y) € [0, +[xR,

the functionZ((.,.), (s,y)) belongs td_*(dmy) and we have
Z7,, 227,

F((r,x), (s,y))dmy(r,x) = E((r,x),t)dmy(r,x) = 1.
R 0 R 0

iv) For all (s,y) € [0,+[xR, the function
((rx),t) — E((r.x),(s.y))

solves the heat equation (3.2).
In the following, we shall define the Weierstrass transform associated with the Riemann-
Liouville operator and we establish some properties that we use in the next section.

Definition 3.4. The Weierstrass transform associated with the Riemann-Liouville operator
is defined orL?(dmy), by

War(F)(r,x)

(B0 1) (3.5)
+o0

= E((rX), (5,¥) (s, —y)dmu(s.y).
R 0

For the classical Weierstrass transform, one can see [11, 14, 15].

Proposition 3.5. i) For all f € L2(dmy), the functiony¢(f) solves the heat equation
(3.2), with the initial condition

lim Wee(f) = £; in L2(dmy).
t—0*t

i) For all t > 0andv > o+ 3/2, the transformj; is a bounded linear operator from
HY([0,4-o0[xR) into L?(dmy) and we have
| Wat ()], < 1.

Proof. i) From the relations (3.4), (3.5), the derivative’s theorem and the fact that for all
(s,y) € [0,+[xR, the function((r, x),t) — F((r,X), (S,y)) solves the heat equation (3.2),
we deduce that the functiofg ¢ (f) is a solution of (3.2).

The family (E((., .),t))t>0 is an approximate identity; in particular for dlic L?(drmy)

ImE((,).0+f=f in L2(dmy).

i) From relations (2.10) and (3.5); for alle L?(dmy ), we have
HWa,t(f)HZ% = HE((.,.),I)* fHZ,m;,
SEW )l mg [ Fllom,
= [ fllom, = I1Fa(F)ll2y, < MFlly-
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Notations. For all positive real numbers, t and forv > a + 3/2, we denote by
(./-)v.p the inner product defined on the spat$([0, +o[xR) by

(f/9vp = p(f/Qv+ (War(f)/ Wart(9))m,-

HY o ([0, +0o[xR) the spacéJ ([0, +oo[xR) equipped with the inner
product(./.)y » and the norm

11150 = Pl I+ 1 Part (F)[ 3, -
Then, we have the following main result [11, 15]

Theorem 3.6. For all p,t > 0andv > a + 3/2, the Hilbert space
HY o([0,+e0[xIR) possesses the following reproducing kernel

27

i76)7p((r,X),(S,y)) = ¢Uf}\(r7x)¢u,)\(sa§’>

r+ p(1+ R+ 202)V + e 2P +2A2

)dya(U7)\)?

that is
i) Forall (s,y) € [0, 4o[xR, the functior(r,x) — %, ((r,X), (s,y)) belongs tHJ ;([0, +eo[xR).
i) (The reproducing property.) For alf € H ;([0,+[xR) and(s,y) € [0, +[xR,

<f/?®p((7 ')7 (SaY))>V,p = f(Say)
Proof. i) Let (s,y) € [0,4+o[xR. From the inequality (2.1), we have

‘q)u,)\(svy)’ 1
P(L+ 12+ 202V +e 2+ = p(14 2+ 202)V

Then by, the hypothesis> a + 3/2, we deduce that for alls,y) € [0, +o[ xR, the function

¢Ll,)\ (S’y)
p(1+ HZ + 2)\2)V + o2 (12+2A2)7

(WA) —

belongs td_*(dyy) N L?(dyy), and by Plancherel theorem, the function

(I)Ll,)\ (Sv y)
P(1+ 2+ 202)V 4 e 2(#+2V)

(10 = %o (1.0, (8:Y)) = T Jox  (38)

belongs td_?(dmy ), moreover the function

(A) (114 2022 (% (). () ) (A)

(1+12+ 222" 2 (sy)
p(l+ p_2_|_2)\2)v +e—2t(u2+2)\2)

belongs td_?(dyy).
This proves that for alls,y) € [0, +=[xR, the functionZg,,((.,.),(s,y)) belongs to the
spaceHy ([0, +oo[xR).
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77

i) Let f be inHY ([0, +[xR). By the relation (3.6), we get

Z Z
(F/%0((-),(8Y)))v = (1+ 12+ 20%)Y Fo (F) (W) x

r+

q)u,)\(sv y)
<D(l + 2+ 202)V 4 e 2(# ) dYor (o A)-

On the other hand, we have
W (%60, (53) ) (1) = (B0 Fop (), (83) ) (%),
and by the relations (2.14), (3.3) and (3.6), we get

O (s y)e )
1+ R+ 2)2)Y + e 2(1+20%)

Wt (0((): (53) ) (0 = 7 (o
By the same way
War(D(1X) = Fa (e 2 75(6)) (r,%).

Thus,

(Waa(£)/ Wi (Hop (), (V) ) e =

(s y)e tH+2)
P(1+ 2+ 222)V + e 2(£+2A%) ) Jme:

(Ft (e—t(u“r%z)% (f )> = (
Using the Parseval formula, we get

(Wt (6)/ W (Kop((), (V) ), =

(s y)e )
p(1+ u2_|_2)\2)\}+e72t(l12+2)\2)

(e 2 g (1)) M-

Combining the relations (3.7) and (3.10), we obtain
ZZ
<f/7®7p(('v ')’ (S7y))>vp — Ta(f)(H,)\)%,A(Sa)’)dva(u,)\).

r+

The desired result arises from remark 3.1.

4 The Extremal Function

)(r,x).

(3.7)

(3.8)

(3.9)

(3.10)

This section contains the main result of this paper, that is the existence and unicity of the
extremal function related to the generalized Weierstrass transform studied in the previous

section.
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Theorem 4.1. Letv > a + %, p>0andg € L?(dmy). Then, there exists a unique function
fog € HY ([0, +oo[xR), where the infimum of

{PITIR+110— Wae(F)l3m,: € HE([0,+oo[xR) |

is attained. Moreover, the extremal functify,, is given by

zz._.,
fo.g(rX) = - 9(s,Y)Qp((r:X), (s,y))dmu(s,y); (4.1)

where,
Z7Z

QP((rvX)a (Say)) =

et (KX)duA(SY)
r+ P14+ 12+ 2A2)Y e AP+

dya(A).  (4.2)

Proof. The existence and unicity of the extremal functijp is given by [11, 14, 15]. On
the other hand, we have

f;;g(s,y) = <g/W0(,t (%.,p((-a ')7 (57Y))>>mw

and by (3.8), we obtain

_ 2 2)\2)
% . -1 ¢u,)\(say)e H
fpyg(sv y) - <g/}-a <p(1+ UZ + 2)\2)\} + e—Zt(lJz""Z)\z) ) >rrh

Z Z Z7Z _
Jro TN p(L R 2N e AR
+oo

= g(r,x)Qp((r,x),(s,y))drm(r,x).
R O

dVa(Ua )\))drn} (r7 X)

O]

Corollary 4.2. Letv > a+ %, p>0andg ¢ L?(dmy). The extremal functiofy; ,, satisfies
the following inequality

zZ Zz
2 -
‘ < rv—oa-3/2)

T 5 0
o S ST w0 © |9(r, %) [Pdmy (1, %);

Proof. We have

ZZ too 220 2,2 -
fog(sy) = e 7 e 2 g(rx)Qp((r,x),(sy))dmy(r,x).
R 0
By Holder’s inequality, we get
2 2 Z e 2,32
oS V)< ( e P dmy(r,x)) x

z 2+°° 2,42 2
(@002 Qe((r). (sy))] dmu(r.x).
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Integrating overf0, +oo[ xR, with respect to the measuden, (s,y), we obtain
Z Z 4o 2,2
<( e " dmy(r,x)) x

2,
My ZR ZO

(T RR Qe () o, Au(rX). (43

However, by (4.2)

e 5+2%¢ 1, (1,%)

| .
Qp((rvx)7(s7y)) _—‘}—G <p(1+u2+2)\2)v+e_2t(u2+2)\2)>(svy)7
then, by Plancherel theorem
Z Z 72t(|.12+2)\2) 2
2 € q) )\(ra X)
1Q((:30, )E, = LT N

r+ |p(1+ uz + 2)\2)V + e—2t(|.12+2)\2) ‘

Since,a?+b? > 2ab; a,b >0, and in virtue of (2.1); it follows that

Z Z
1 dya (,A)

1o N om < 35 1. 3 220

and by the relation (2.6),
122 40 dmy(u,V)

1Qo((r: X Dllom < 35 & o TrP vy (4.4)

We complete the proof by using the relations (4.3), (4.4) and the fact that
Z 7 ., L
—(re4x°) o .
- e dmx(r,x)_izqw/z,

and
224 dmy(uv)  F(v—a—3/2)

R o (L+u2+v2)V  poeir(y)

Corollary 4.3. Letv > o+ 3. For all g1, g, € L2(dmy), we have
191 — 92ll2m,

| 25

Proof. Letv > a+ 3. For all (r,x) € [0, +o[xR, the function

* *
fp-,gl B fp@z

<
v

et +20?)

P(L+ 2+ 2A%)V +e-

(U7)\) — 2t(u2+2)\2)¢“7)‘(r’x)

belongs td_(dyy) NL?(dyq).
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From the relation (4.1) and the fact that

e 29,5 ()
P(1+ 2+ 2\2)Y + e 20842V

Qp((r, ), (s)) = ™ ),

we deduce that for alj € L2(dmy) and(s,y) € [0,+[xR, we have

Z Z

e et 2, (sy)

p(l+ u2+2)\2)v+e72t(u2+2)\2)

f4(5Y) = o(r X Fa ) (£ X)dmy ().

R 0
Applying Parseval’'s equality, we get

Z7Z —t(L2+2)?)
) - e bp-a(sy)
fp’g(sv Y) - r —‘}—G (g) (u’ }\) p(l + IJ-Z + 2)\2)V + e—2[(H2+2)\2

e*t(UZJFZ)\Z)
P(L+ 12+ 202)V e 202 )

7dYa (B A)

= 7Y% (sY).

which implies that

o t12+22?)

p(l_|_ u2+2)\2)v +e721(112+2)\2)7

Fo ( fs,g)(pw)\) = %a (g)(Ua)\)

then, for allgy, gz € L2(dmy),

Z Z (1+p2+2)\2)vef2t(u2+2)\2)

* *
fp-,gl B fp-,gz

Falor— ) (M)

2
" (p(1+ WP+ 2A2)Y +e*2t(u2+2%2>)

dya (K A).

Applying again the fact tha? + b? > 2ab; a,b > 0; we obtain

ZZ

& L L Fala- @A) Py
v 4p r+ a 9 a 9

*
P01 B f

P,92

N

1 2
= 0 191 — G2l|2,m, -

Corollary 4.4. Letv > o + 3. For everyf € HY([0, +o[xR) and
g= Wa(f), we have

=0

\Y

lim
p—o*

frg—f

Moreover,( 5 4)o=0 converges uniformly té asp — O.

(4.5)
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Proof. Let f € HJ ([0, +[xR) andg = My (f). From proposition 3.5; the functiog
belongs td_?(dmy). Applying the relations (3.9) and (4.5), we obtain

—p(1+ 12+ 202" Fo (f) (W A)

Fa(fog— HA) = D11 121 20) fe 2D (4.6)
Consequently,
’f* ¢ 2: p2(1+|.12+2)\2)2" y

(L+ 12+ 20)" | Fa(£) (AP da ().
Using the dominate convergence theorem and the fact that

2(14 12+ 200 | %, 2 ;
(pp(1+52+2>\2)) +‘e( 3[2(%2)’)2 S @20 Fa (DN,

andf € HJ ([0, +o[xR), we deduce that

=0.

\Y)

lim
p—o*

fog—f

From remark 3.1, the functioffy () belongs td_(dyq) N L?(dyq), then by inversion for-
mula and relation (4.6), we get

Z Z
) B —p(1+ 12+ 222)" Fo () (WD)
(fpg_ f)(r’x) - p(1+ u2+2)\2) +e— (H2+2)2)

O —a(F,X)dYa (LA).

So, for all(r,x) € [0,4oo[xR;
zz

(f55— D10 < P(L+ 2+ 202" [ Fu(f) ()]

r+ p(1+ 2+ 2A2)V + o2 (12+2)?)

Ay (K A).

Again, by dominate convergence theorem and the fact that

P(L+ 12+ 202" | Fa(f) (W)
P(L+ 2+ 2A2)V + e~ 2(1+227)

< |Fa(H) (A

we deduce that
sup  |(fyq—f)(r,x)| — 0, asp— 0O".
(r,X)€[0,4-[xR '
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