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Graded Prime Ranks and Graded Antisimple
Radicals of Rings Graded by Finite groups

Yu Yaoming

Abstract Let I be graded by a finite group G . Our main purpose is to see whetiier a
graded ring with a certain property has a similar preperty when regaided as being with-
out grading. First, we prove the incomparability: 1.2t £ & @ be ideals of RHG* with P
being prime, th=n FF [V R'=¢ () ¥. As its application, we show that the graded prime
rank of £ is cqual to the prime rank of B. Then, we prove that if |G| € B , then the
graded antisimpie radical of R is equal to the antisimple radical of & .
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0 Introduction

Throughout the paper, all rings are associative rings with an identity, and all modules are
right modules. R will denote a graded ring of type (¢ , where G is a finite group.

For a G-graded ring B , there exists the extension ring R #G * of R with the same identity 1,
which is called the smash product. The ring is a free left and right B- module with basis

{p.:x € G} such that Zp, = 1is a decomposition of 1 into orthogonal idempotent. Its multi-
T .

plication is given by defining (ap,)(bp,) = ab,,~1p,, wherea,b € R,g ,h € G. The group G acts
as automorphisms on R #G * by defining (ap,)? =ap,, , wherea ER, 2,y €G. fVisaRHG"-
module, it becomes a graded - module by defining V', =V «p, -, If V' is a graded - module, it
becomes a R #G *- module by defining V « (ap,) = (V - a),—-1t,
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1 Graded prime ranks of graded rings

Recall that a (graded) submodule NV of a (graded) module M is said to be (graded) essential
in M if N intersects all nonzero (graded) submodules of M non-trivially. By [1 » Lemma 2. 3], it
is easy to obtain that N is graded essential in M as graded R- modules if and only if NV is essential
in M as R #G " - modules.

Theorem 1 Let P & @ be ideals of RH# G * with P being prime. Then? (1 R & @ () R.

Proof It is easy to see that @ /P is essential in R HG*/P as RHC " - moduies since P is a
prime ideal of RH#G" , and hence it is graded essential as graded B~ modules.

Since R + P/P is a graded submodule of & %G * /P as graded B inodules, it is easy to see
that 0% Q/P N R+ P/P =@ (N R + P/P=Q N Z/7 [\ R. Therefore we obtain that p [
R<ZQ NR. .

Recall that fot any ring S , the prime rank is the largest integer # such. that S has a chain ofb
prime ideals P &= P; & P+ & P,; if no such maximum exists, the prime rank of Sis infinite.
If R is a graded ring, the graded prime rank is defined analogously using graded prime ideals in-
stead of prime ideals.

Theorem 2 Let R be a graded ring by a finite group G . Then the prime rank of R #G *is e-
qual to the graded prime rank of B .

" Proof Assume that there exists a chain
90291%(22%"'%@"
of prime ideals of R#G* . By Theorem 1, we have that
QonR%QlﬂR%QzﬂR%"‘%QuﬂR-
By [1, Theorems 6. 2 and 6. 3], each @; () R is a graded prime ideal of B where ¢ = 0,1,+*,7.
Hence we obtain that the prime rank of R #G* is at most equal to the graded prime rank of R.
For the converse, assume that there exists a chain
Pogplg—EPz%"‘%Pn
of graded prime ideals of E. Then it is obvious that
P, HG* S P HG* E P HG* & - &P HG” ‘
is a chain of ideals of R #G*. By [1, Theorem 6. 2], P, #G"* =,Q¢:Q? , wherei= 0,1, ,2; and ‘
each @/ is a prime ideal of RHG ™ . .

Now fix :(¢ = 0). If @, is given, then, since @, Dg@aQ? =P, HG* 2P, #HG" =yQGQ€’-1,
there exists some ¢ € G such that @; D @{_; by the primeness of §;. Thus &; 2 Qf., since P; #
P,_,. For convenience, use ,—, instead of @{_;. Thus by successively choosing @,,&@.—1,°**»@1>»
¢4, we obtain the chain of prime ideals of R HG* .

QENSEQSEEQ.
Hence we have that the graded prime rank of R is at most equal to the prime rank of RHG™.

Therefore the two ranks must be equal.
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Corollary 1 Let R be graded by a finite group ¢ . Then the graded prime rank of R is equal
to the prime rank of R and is at most equal to the prime rank of E..

Proof Obviously, the prime rank of M,(R) is equal to the prime rank of R.

By [1, Theorem 3.5], that is, (RH#G*) * G=M,(R), and [2, Theorem 4. 7], we obtain
that the prime rank of R is equal to the prime rank of RHG*. Thus we have that the graded
prime rank of R is equal to the prime rank of R by Theorem 2.

We know that p. R #G*p, = R,, Thus, by [2, Theorem 4. 7], there exists a ono-to-one
correspondence between Spec, (RH#G*) and Spec(R,), preserving inclusions. Hence the prime
rank of R #@G* is at most equal to the prime rank of B,. By Theorem 2, the gruded prime rank of
R is at most equal to the prime rank of E..

2 Graded antisimple radicals of graded rings

For any ting, A, H (4) == {I: I is a nonzero ideal of A } is the heart of A. If R is a-graded
ring, Hs(R) =() {I: I is a nonzero graded ideal of R} is the graded heart of R:

Let C be the class of prime rings with a nnzero heart. Obviously, if 4 € C, then A satisfies
the minimum condition for ideals. Let (] {/.I is an ideal of A such that A/I € C} be denoted
by S(A) . If A has no image in C , then we write S(4) = A. The radical S decided by C is called
antisimplem. Analogously we define a graded antisimple radical S¢, that is, for a graded ring R,
Ss;(R) =[Y) {I:1is agraded ideal of R such that R/I € C;} where C; is the class of graded
prime rings with a nonzero graded heart. '

Lemma IfR#G*/P €C,thenRHG*/P* € C,forallg € G.

Proof Obviously P is a prime ideal of R# G *. So it is easy to see that each P’ is a prime ide-
alof RHG* , whereg € G.

Assume that RH#G*/P has a nonzero heart H/P. Thus H*/P’ is a nonzero ideal of
REG*/P?. T W is an ideal of R#G * such that P CW S II*, then P CW?*~ S H. ThusW*™
C P and so W C P¢ Hence II’/P’ is a nonzero heart of RHG */PY. Consequently,
RHG* /P € C.

"Theorem 3 Let R be graded by a finite group G. Then
‘ Sq(R)HG* = S(RHG™).

Proof Let P be a prime ideal of RH#G . Thus P (] R is a graded prime ideél of R. Suppose
that P [} R = 0, that is, R is graded prime. .

Assume that RHEG*/P € C. Then R#G* /P’ € C, for all g € G by the Lemma. So

RH#G* /P satisfies the minimum condition for ideals, where g € G. Since P NER=0, QGP” =
g

001, By [8], we obtain that Rt G * satisfies the minimum condition for ideals. Hence R satisfies

the minimum condition for graded ideals.
Since R is graded prime, it has a uniquely minimal graded ideal. So R € C,.
Therefore Sc(R)HG* C S(REG*).
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On the other hand, let ¢ be a graded prime ideal of R such that II.(R/Q) = H /Q #* 0,
where H is a graded ideal of R. By [1, Theorem 6. 2], there exists a prime ideal P of R # G * such
that P [} R = @. We will show that # #G* 4 P /P is the heart of R G * /P non-trivially.

Obviously, H #G* + P /P is a nonzero ideal of RHG* /P. If L is an ideal of R #G* such
that P S L, then Q =P VB S L () R by Theorem 1. Thus L () R D H and so.
L/P DHHG* +P/P. Hence R#G*/P € C and so RHG*/PY € C, for all¢g € G. Since
QHuHa* =yQGPv D SQR#HG"), we obtain that S;(R)HG* D S(REG* ). '

Corollary 2 Let R be graded by a finite group @ . Then

(1) 8¢(RY C S(R), and furthermore, Sg(R) C S(R)¢;

(2) Se(BR) N R, = S(R.);

(3) if the grading is strong, then S;(R) = RS(R,) == S(R.)R.

Proof (1) Since the skew group ring 4 x G is a ncrmalizing extension of the ring A, we
have that S(RHE#G*) x ¢ C_({(RHE*) * G, by [5, Proposition 3. 3 and examples 3. 6.

We see that M ,(S;(5)) = (Se(RYHG*) %G = S(RHEG*) »G C SU(RHG*) x@) =~
S(M,(R)) = #,(S(R)). Therefore Sc(R) C S(R).

Since S(R), is the largest graded ideal of R contained in S(R), we obtain that Sz (R) C
S(R)g.

(2) By [1, Corollary 1.57] and [4, Proposition 4 and Theorem 5], S(R)p. = S(R.p.) =
PSRHGC )p.=p (S (R)HG )p, =8c(R)ep.= (Se(R) N RDp.. Thus S(R,) =8 (R) NR..
(3) Since R is strongly graded, the result follows by (2) and [6, Corollary 1. 3.8]. .

Theorem 4 Let R be graded by a finite group G. Then Se(R) = S(R),.

Proof Assume that @ is a graded prime ideal of I such that I ;(R/Q) = H /@ % 0, where -
II is a graded ideal of B. By [1, the proof of Lemma 5. 1], Ehere exists a prime ideal P of R
which is maximal with respect to the property P, = Q.

Obviously, /I -+ P /P is a nonzero ideal of R/P. If J is an ideal of R such that R & J, then
Q = P; & J; by the maximum of P with respect to the property P = Q. Thus J; 2 I and so
J/P DI +P/P. Hence R/P € C. SoP DS(R),and @ = P, D S(R);. Consequently, S;(R)
D SR ’

On the other hand, by Corollary 2(1), S:(R) C S(R),.

Therefore S;(R) = S(R),.

Theorem 5 Let R be graded by a finite group G and |G ]™! € R. Then S;(R) = S(R).

Proof Assume that R € C;. By [1, Theorem 6. 3], we have that 0=P, VP, ] - ) P;,
k< |G| and that each P, is a minimal prime ideal of R over the graded prime 0, ¢t = 1,2,---,k,
when |G|™! € R. We will show that R/P; & C for all i.

Let I be the nonzero graded heart of B. Then I + P,/P,is a nonzero ideal of R/P;. If [ is
an ideal of R such that I =2 P;, then I, 7 Oby [ 3, Corollary 6.6]. Thus I D I and sol/P; D
I + P;/P,. Hence Il + P,/P,is the nonzero heart of R/P;. Consequently, R/P, € C.

k
Therefore P; D S(R), for all i. We see that S(R) CP; = 0.
i=]
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Consequently ‘we obtain that Se(2) D S(R). Hence the result follows by Corollary 2(1).

Corollary 3 Let Abearing and |G|~ € A. Then 8(A) *G = S(4 =% G).

Proof Since the skew group ring A % G is a graded ring of type ¢ by defining (4 * @), =
Ag , we have that S(4) * G = S;(A % G) by Corollary 2(3). Therefore the result follows by
Theorem 5.
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