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1 Introduction 

The spectral method has high accuracy．and s。often provides good mrnencal solutions of differ— 

en'dal equations But this merit might be destroyed by some facts．sud1 as instability of nonlinear corn— 

putations，discontinuities of data，unbaundness of domains and singularities of soluticms Further the 

singularities of soluti~ muld be caused by s~eral faet(~s，缸 instance，degeneration  of coefficients， 

unboundness of data and cornets of dm mins Scgl'letechniques have been proposed tO overocrnethese 

difficulties ．Ⅺ 、』SS and(X．IGER[ 
，
(加 I皿 andTt．NKEL[2。

，
KLD [ 

，

VANDEVEN[4}
． 一  

iVI)Rl and( O【 proposed various filterings to wlP．aken the instability in nonlinear emaputations 

0  ，Ga丁Ⅱ皿 and sHL “ 。̂provided certain essentially~ cillatory appro~mations and∞ e—side 

filters for fitting discontinuous data．In particular，( 『rI]压B， 订 ，SD】CM0N 下 and V DE 

Ⅵ  ，an d(册 皿 a工1d SHUt 。～【3]recoveredthe spectral acctiracy by using Gegenbauer approm 
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mati∞ ．FtNARO and KAVIAN[ 
． MADAY，H N̂ ID-1H 弛s andVANDEVI~ ts．( O[ j． 

GUO and 亚 ‘ ．( 置]andⅪ ‘ 】and and( developed so【ne specn l med ds in un_ 

bounded ckrc~im But 80far．thereis noⅥ∞̂ (concerning spectral rn for singular problen~．In 

fact, the Jaeobi appmdrmtion carl be applied tO such pIob1日m， see GLD[20-23]
． GLD  and 

W~qG[ 
．
andW  ̂ andGUO[ The key points arefitting si哪 【ar sotutio~s by Jao。bi poly∞ 一 

als．c r《 arir】g ntr~erical solurions witl1~3rne unusual orthcecmal projections of exact solufiom，and 

measuring the戗1Drs in certain I-Iilbert spaces in whch the∞ c亡soluti~ s are． ne rI]吲hod could 

be used in several fields．such as spectral methods for singular problems，tmbotmded damins．aX- 

isyrm~tfic d哪 ins and exterior problems．This pap盯 is for the Jacobi appI口【iITla廿on and its applica． 

tions．We first introduce some resuhs on the Jacobi app _衄 tion in the ne)吐section "[hey play ira- 

p3rtant roles in the analysis of吐】e Jacobi spectral methods．Then we discuss its various applications'm 

Sections 3～ 6．In the final section． present 3㈣ ntrr~ cal results s}日丽ng the effidency of this 

neW approach． 

2 Main ApproximationResults 

LetA = l ll_r l< 1l and (_r)be a certainweightfunctioninthe usual se 塔e Let 

(A)： l l ismeRsurable and ll口ll z< oo} 

where 

tt (』 )出)} 
kt(“．口) bethe eormspondinginner product 

negativeintegerm ．deft11e 

Further．1et (-r)= ( and for any r．on． 

H (̂ )= 1 l ∈ L (̂ )，0≤ k≤ m1． 

equippedwiththe 一rm  l口 l z andthe mm1 II口 lI as usual For anymat r> 0， 

m definethe space (A)by spaceinterpolatkza asinAdamsIts]．Let9(A)bethe set of aIIin— 

finitdy differentiableftmctionswith~crllpact supportsinA．and墙
． 
(A)beits closurein (A)．If 

(_r) 1，then we “e (̂ )，埔
， 
(̂ )· l口』r'I— II口IÏ ． II II and(“．口)z by 

(A)． (A)．f l ．II ，，If f1 and(“．口)．respectively． 

Jacob~polyna-~als J ‘ 。口 ( )are defined by 

(1__r) (1+z) (_r)= ((卜  ) (1+_f) )．z： 0，1，⋯ ． 

Let ．口 > 一 1 and 

’ 

(_r)= (1～ ) (1+x)P． 

The set{J ’ (_r)l is theL · (̂ ) orth~gonal system For any ∈ L c_' )(̂ )． 

(-r)=∑ ’ 叫 (-r) 
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v&ere are the Jacobi coefficients， 0· 

letN be any positive integer，and be the set of all algebraic polynanials of degree at 

仃D吼N ．0 = ∈ ， (一1)：0I and = ∈ ， (一1) ( ) 0I 

De b c a generic positive cc~~ tnt independent of any function and N · 

we c vari。us h∞。f1日l proiectic~s 1he L ，(A)一orthtgonal projection P~． ． ： 

L2 c__ (A) is amapping suchthatforany ∈ L2 “ ’(A)， 

( ． 一 ．≠) ：0， V≠∈ ． 

Fortechnlcal reaso 恼，眦 intreduee ∞吐蚶 Hilbert space For any[nterger r≥ 0，set 

【．1 
． ^
(A)： l l ismeasurable and z“ ．A< 。。} 

ere 

_l，． ， { 

Ⅲ 一I 

∑ ll 
n 

∑ {l 

l 

)一 + ，) ，for r=2m· 

I 

z) 一，+ ，) ．for r=2m+1 

For anyreal r> 0．the space 
。
^(A)is defined by spaceinterpolation Next，for anynon nega— 

five integer · 

，
．

． 

(A)= I l 。∈ H 
， 

(A)i· 

． 

CA)= } l ∈ 
． 

(A)，0≤ k≤ l 

with 廿 f0U ng n01nls 

_l 
． 

}{嘞  
， 

， 

l 
．
． ． ( ．一) 

For any real > 0，we deftne the spaces )
． ． 

(A)and 
．
． I ． 

(A)by space inter~l ‘ 

tion ． 

Theorem l If n+r>1 or卢+r>1．thenfor aI1y口∈ ．-．1 (̂ )， r≥ 1 and 

≤ r， 

ll 
， ． 

一  

≤ ⋯ _l r_ ．一 

where 

山， } ：’ ： I 一r’ 10 、u- 
In pa~icular．h  any口 = 口 > 一 1．【he above result validwith 

for > 1 

for 0≤ ≤ 1 

for < O 

一 一 一 
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As is weII known，-,re usually o娅  der吐1 “ (̂ )一orthc~nal projection in nl~a',encal analysis of 

differential equations Butinmal1y practical problems，thetoefficients of derivatives of different orders 

rr degenerate in dif~erem ways． ∞ by certain suitable variable~ tions，differe~tlal equa— 

tions in unlxamded damains raight be changed to SOme singular problml~in Ix~Jnded dcmains In d1ese 

cases．it is not possible∞ compal'~the approxh-nate solutions with the exact solutions in the Sobolev 

spaces．Forinstance，W19 considerthe problem 

— a ((1一 )a U)+U = f， _丁∈ A． 

ThenUis∞tinH (̂ ) Sothemm~encal solution could nottend∞U |nH (̂ )．Indeed．itis not 

nece~ ry Hcwerer，it rr be carried OUtin certain}Iilbert spaces． 

Nowt let口，卢， t占>一1，andintroducethe space 
， 7． (̂ )，0≤ ≤ 1．For = O， 

础 ¨(A)=L (̂ )For =1， 

Ⅲ(A)={口I ismeasural~le and II1l̈  。< ∞i 
where 

II ． ， ． =(I ． c + It tl c ){
． 

For0< < 1，d1e space 
． 

(̂ )is defined by spaceinterpolation． 

Let 

n 
．
M  (“， )= (a “， 口) + (f‘．口) V“，口∈ 

．
M  (̂ ) 

Itis aninner plllduct ofthe spaceH  
．
M  (̂ ) The。n pm~eetionP 

． 
： y

， 
(̂ ) 

一  is amapping suchthatfor any ∈ 
． 
(n)， 

．
p (P 

． ．
F 一 ， )= 0， V ∈ ． 

Theorem 2 If 

口≤ +2， ≤ 8+2， (1) 

then h any ∈H： ． (A)with r≥ 1， 

II P ． ． ． 一。It t
． ． ， 

≤ rN II II 
．
．

． ．． 

Ⅱ，in additicn。 

口≤ +1， ≤ 8+1， (2) 

thenfor all 0≤ ≤ 1， 

fl P ． ． 一 II 
． 

≤ f ～II It 【． 
． 

In 9。∞ ~ractical problems arising in flui~t dynm~ics
， bi~egy and other fields，the unk∞  func— 

tions vanish at one ofthe。岫  points，say =一 1 Sowe need other ortt~ ml proie吐lons Let 

． 
(A)= f I口∈ y

， 
(̂ )and口(一1)= O1． 

1he呲}咖 l projection 0 P ：0雕 Ⅲ (^ )一0 is a mapping such that for any 

∈0 H (̂ )， 

n 
．p— (oP扣 一 ， )=O V≠∈0巧 ． 

Theorem 3 If口 ≤ y + 2t ≤ 0 and 8 ≥ o
，

，
’

n for any口 ∈o 
， ． ． 

(̂ )n 
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． 

(A)with r≥ 1t 

ll 0P ， 一 llI_ d≤ 。。 ll rl ． 

If，in addition．(2)holds，thenfor aL L 0≤ ≤ 1， 

ll o尸 ， ，，． 口 ． ． ≤ 一l1口 
， 

When we studythe rnovernents offluidflows in hounded domainswithfixed non—slipwalls，the 

populations of budwom~ in bo unded forests with legal boundary conditions．and scn prohlenls on 

other topics，we meet tKm agenous boundary conditions． In those cases，we have to consider another 

pM ection．Let 

H6， Ⅲ(A)= j l口∈ Ⅲ(A)and V(一1)=口(1)=01． 

The o曲。卿 1al projection P 州 ．Ⅲ ： ． ．̈ (A)一 is a rrmpping such that for any E 

础． l，_ (A)， 

． 
(尸 

． 

一  

， ≠)=0， E域． 
Theorem 4 If y≤ d≤ y 十 l，占≤ 口≤ 占十 l and ， < 1，then for,any E 

础， ．Ⅲ (A)n 
， ．Iz(A)with r≥ 2， 

l1 PN1,
．

0 

．
P 口 l，“，Ⅲ ≤ 小 。。 0口l1 ( 一

． -．2． 

Ⅱ．in addition， = ，卢= 占and ，卢> 0，thenfor all0≤ ≤ 1． 

1l p L⋯,O
．
P 口l1 ， d≤ f ⋯ ⋯ 

． 

Thetheoremsin rNs section playimportantIdesin ntm~erical analysis。f Jacobi spectralmet}-x：d． 

Th e proofs ofthesetheorm~ c柚 befoun d inGu。『22， 

Remark l Guo and W ang[ 
．
and Wang and Guo[ 1 als0 considered Jacon interpolation 

Their inesuIts laid the mathen~adcal foundation 0f Jacohl p~udospectral method．which is easier tO be 

performed in actual ca[culation 

Remark 2 A1l results can be generalized to multiple—dimensional spaces． see Guo an d 

W ang[261
．  

3 Singular Problems 

As an example． consider the followi ng problem 

—

a ( ( )a u(x))十b( )u( )= z)， E A． (3) 

where k( )≥ 0， b(z)≥ 0 and )are givenfunctions Asslxnethat k(z)and b( )only degen— 

crate as I z I—-1．Supposethat 

(T)～ ’ (z)， bQ-)～ ‘ 。 (T)． 

and for certain positive constants I and 2， 

’  ( )≤ ( )≤ I ’ ’(z)， 

‘ ’ (T)-G< b(a-)≤ 2 · (z) 

We lookf口 the solution of(3)suchthat atleast k( u(x)一 0 as I I— 1．AweakfoIml】[atj∞ 
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ofthis problmlis∞findU ∈ H (A)suchthat 

(a U，a )̂ + (bU． )= ( 口)， V ∈ H 。 8(A)． (4) 

Ⅱf∈ (HI y
。 
(A)) ，then(4)has a tmique solution． 

Let“N∈巩 bethe ap印商Ⅱ1at I幻U，satisfying 

． 

(“Ⅳ， )+((七一 ‘ ’ ’)a “Ⅳ． )+((6～ ‘Ⅲ  )“Ⅳ． )= ( )，V ∈ 

(5) 

哪】Ⅷ 5 Let(1) d．If U ∈ 
． 

(A)with r≥ 1．then 

0 p1
．  一“～llI_ ． ．Ⅲ ≤ c N ll U ．|Il 

Ⅱ．in ackliticm，(2)holds and矗( )； { · ( )，thenfor all0≤ ≤ 1， 

U 一 “N 
。
P ≤ c IlU "

． ．II 

Rem fl~3 If ( )degenerates at se'~eraI distinct points．then、 divide the interval into sever- 

al subintervals．Thai-extreme p。 ms coincidew hthese distinct points．Fur,her use diEerent Jaeo— 

bi app】日' ti0∞ in different subintervals 

R~'mark4 We can use Jaeobi ap| ion。r Jac~i佃 rpola6on∞ ∞ b m a 

problems with singular sou．rl2e t∞  ， and initial—b Ⅱ1dary value problems with si~ ular Sou
．rl2e terms 

and singular initial states．see G∞ and Also，、 cRn use~hese m h  inh0m ∞ ∞us 

botⅡldIa v~lue f Ia 毽deftned on da'mins with con1ers． 

4 Un~ nded])：m-rains 

As an曰∞删e，、Ⅳe consider the legistic equation g~veming t}1e Population of bu ̂ 瑚̂ in an lilt|一 

bc edfl~"eSt，sayA = l f 0< < ∞ I Supp0sethatthe bou工Idary∞r1dit on at =0isI甜 ， 

andthelx~ tationv(y，t) 。岍 intinitely as oo，but at[east e 2YO v(y，t) 0 "Ihis problem 

is oftheh m 

V(y．t)一a (2o，t)= v(2o，t)(1一v( ，t))． ∈ 二I，0< t≤ T， 

{V(O，f) e-2ya，Ⅵy，f)=0 o≤c≤T． (6) 
【 ．0)=V ( )， ∈ ． 

NM 、 n1akethe variable仃a丌 。m1ation(seeGu。[ 】)， 

( )=一2in(1一 )+21n2 

LetU(x，￡)： V( ( )，￡)andU ( )= v ( ( )) Then(6)beca~es 

Ia,U(x，f)一寺(1一 ) ((1一x)a~u(x．￡))=u(x，f)(1一u( ． ))， ∈A，o<f≤T． 

1u(一1，f)=Ii (1一 )h U( ，￡)=0． 0≤ ≤T， (7) l
u( )： ． 

Aweakfi：~nulation of(6)is协 findU ∈ L (0，T；L2(A))n (O，T；oH 口'(A))suehthat 
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(a 

(导 

u( ，￡)， ) 1 n2'0．。．。(u(￡)， ) 丢(u(￡)，a ) 。 
v口∈。H{．。．。，。(A)，0< ￡≤ r，， (8) 

lU(O)= 

Ⅱuo 6-L a (A)，then(8)has a unique soluticm． 

k‘ (￡)be the apprcmnmficm to U( )．"l~ae Jacobi spectral scheme for(8)is to find“N 

∈0 suchthat 

(a “ (t)， )+{a ．。．。．。( (￡)， )+{( (￡)，a ) 。一 

(詈 (￡)一“ (￡)，≠)，V≠∈a ，0<￡≤T (9) 

In addition，UN(O)= “ 
．

0=0P 
．
2．0．o．o ． 

Let 

E( ￡)=II (￡)It J o II ( )Iti．2_ ．。d · 
Theorem 6 Iffor r≥ 0 andd > 1， 

U C-U (0，r，；日 ． 
．

。
．
【
(A))n L∞(0，T； (̂ )n。H L ”

．
，

． 【
(A)n L怔+d 

．
．

． 【
(̂ ))， 

thenh all 0≤ ￡≤ T， 

E(U—UN"，￡)≤ bN 

where b is a positive constant depending only∞ the r】onns of U in the memi,med spaces 

Rema~ 5 By the vafiable transfom~ation(see Guo[ ) 

， 

the pxoblm~s∞ thewholeline beomae certain singular probl~',．s∞ afiniteintervals Thenwe can also 

use the Jacobi spectral method for their mamrlcal slutions 

Remark 6 In multiple—dimensional space．we can use different vailahle~ tions,and 

cIKDse sam  suitable Jaedoi apprc0cm~tions with different parameters and口in different directions．So 

we can solve pmblexm in different unlxxmded domains，such as the whole space．出e half space，some 

infinte straps and SO on．see W ang  and Guo[ 

5 NixedApproximation 

For instance，we oaisider the place cquatkm on an axis~raetric dcxualn n ，i e 

{_U 。 
By using the cyJindrical ccordinates(r， ，z)，we getthat 

— a (r ru)一{a U—ra U=rf, in n． 

(10) 
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We can resolve(11)ntnnerically，by using the Jacobi approximation in the r—directien．the Fourier 

appr。xl咖 ti∞ in the O-direction and the Jacobi apprcoamaticn with =口=0(the Legendre app — 

mation)in the z—direction 

Azai∞，Bemardi，I)auge and Maday first used such method by using s0H1e ecmbinations of 

Legenare pdyl als．Indeed，itis equivalem tothe Jacobi appI mati∞ with口= 1 and口 = 0
．
as 

studied in( We also ertoWang and( 

6 Exterior Problems 

We can use the Jacobi apprc Imn∞ to solve scn exterior pmbl~ns．For inst~mce．we o0nsider 

thetwodcmensional pmblern 

I一△U=f． r>1． 1 u ：0． = 1． (12) 

Here the ol~uac[e is a unit disc．We resolve(12)by a variable~ tion and rational appI ma— 

tion induced by the Jacobi appro~ tion．If the obstacle is tlOt a disc
． can remlve it by using the 

ab method earl~inedwithd∞1a|n·deccrrg~sition and certain specmcfinite eiernem methedwithhigh 

aCCuracv． 

7 Nu~nerical Results 

We present some m~nerical resul~ We consider pmbl~ (8)and take the following test 

function 

， 

where 6 = 0 5，c= 1．0 andd = 0．【)l Clearly
， ，t)一 1 asj，一 ∞ Inthis case，the c 

standing test function so[uticn 

m ， 

We use(9)tO solve(8)withthe related norl-zero s。L矾et㈣ ．In actual cxl-tlputati∞．we a小Ⅶ1ce in 

time by usingtheRunge—Kuttamed~cl offourth orderwith mesh size r
． I七t“Ⅳ( ，t)be rhe nL口 一 

cal solution For description of numerical er／~lrs
． 1et f 。 be the Legendre interpolati∞ r划 es，and 

舯 be the con'esl~ndingLegendre weights 2he erroi~E【(“～， )and (“～， )aIe deftned by 

Et( ， )=(∑(u(f ，f)一“ (f ，f)) )j 

and 

E2(“N，t) 
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11 n caI of stheme(9)at =0 5 are presented inTable 1，which shĉvthe convergence 

Df scheme(9) 

Tablel Thedr0 EI( 0 5)and E2( N，u 5 

In Table2．welistthe ntrnerical errors of sch~ae(9)with r=0 00O1 andN = 16 Itindicates 

that the stability。f the calculation 

Table 2 Th e e册  E L(r ．c)and E2( ‘Ⅳ 

}妊 nexttakethetestfunction 

u( ． )=(1一'r) sin(÷(1+'r)(1+ ))， y= 10—4 
‘ 

Clearly, I u(x，f) r—+ oo as —+ 1，and U 告 L (O，T；H (A))．But U ∈ L (0。T； 

H{，o，o．0(A))．We use scheme(9)to solve(8)with the corresponding 8OlJXce term． 1e ntmaerical 

errors at z= 0．5 are presented in Tabk 3．1he ntmaerical eli17rs。f scheme(9) th r= 0 0001 and 

N = 16 arelisted inn ble 4．Ⅱ坨 ntumerical results s}" the convergence。f scheme(9)．andthe sta— 

bility ofthe calculation again Butthe erlors do decay aSfast asinthefirst example．sincethe exl 

act solution in the second example has certain singularity aS —+ 1 ．It coincides with the theoretieal 

analysis． 

Table 3 The erro E L( 一 0 5)andE2( ～，0 5) 
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摘要 ：研究一些 Flilbert空间中的 Jacobi逼近。 

谱方法 。数值结果显示了这一方法的有效性 。 
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它被应用于 奇异问题，无界 区域，轴对称 区域和外部 问题的 
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