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On the Exigtrence and Iterative Approximations
of Solutionstoa Class of Multival ued
Quasi- Complementar ity Problems
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Abstract : We introduce and study a dassof multival ued quas-complementarity problems and construct new itera
tive agorithms which indude many existing dgorithms as gecia cases for lving the complementarity problems.
Moreover , we prove the existence of lutionsto thisclassof quas-complementarity problems and the convergence of
iterative sequences generated by the agorithms.
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1 Introduction

The complementarity theory introduced by Lemkel*! and Cottle and Dantzig!®! in the early 1960s and
later developed by others has become an important branch of the mathematica sciences with a wide range of
applications; se, for example, [1 18] and the references therein.

In recent years, the technique of change of variables introduced mainly by Van Bokhoven has been
used to develop ome new iterative mehtodsfor slving the complementarity problems; se [8,9,11,12].
In particular , by this technique of change of variables, Noor and Al-said!*®! established an equivalence be-
tween the generaized complementarity problems and the Wiener- Hopf equations, and used this equivalence
to congtruct a number of iterative agorithmsfor slving the generalized complementarity problems.

In this paper , motivated and insired by Li and Ding!*”! and Noor!*®! | we introduce and study a class
of multivalued quas-complementarity problems which includes the known classes of complementarity prob-
lems as ecia cases. Using the technique of Li and Ding!*"! and Noor*8! | we al o discuss the existence of
lutionsof thiscassof quas-complementarity problems and the convergence of iterative sequences generat-
ed by the algorithms. Our resultsimprove and extend the corregponding resultsobtained previoudy by some
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8,18] [10] [17]

authorsincluding Noor! , Chang and Huang'™" , and Li and Ding

2 Formulation and badc results

Let H be ared Hilbert gpace whose inner product and norm are denoted by -; and -1l , respectively.

Let

K ={u H; u,v 20, fordl v K},
be apolar cone of aclosed and convex cone Kin H, let D be a nonempty subset in H, and let 2" be thefam-
ily of al nonempty subsetsin H.

Gven nonlinear dngle-valued operatorsg, m:D - Hand M -; :HX H - H, and multival ued opera
tors K, T,V:D —2", we consder the problem of finding x~ D, u’ T(x Yandv V(x)
such that

g(x)  K(x), M(u',v) K (x),and M(u',v), g(x) - m(x) =0,

(2.1)
where K(x) = m(x) + K,and K" (x) = (m(x) + K) .

The problem of the type (2. 1) is known as a multival ued quas-complementarity problem. Note that if
M(u,v) = u+v,andV = A, thenproblem (2.1) isequivalent tofindingx =~ D, u~  T(x ) and
v A(x") such that

g(x’) K(x), u +v K(x7), and u +v ,g(x)- m(x) =0, (2.2
which is known as a generaized strongly nonlinear quas-complementarity problem. Problem (2.2) is main-
ly due to Li and Di ng[”]. Furthermore, if m(x) = 0, and g = | theidentity operator , then problem (2.
1) isequivdent tofinding x~ K, u~  T(x),andv’  V(x') suchthat

M(u“,v") K*, and M(u',v),x =0, (2.3)
which is caled the multivalued complementarity problem introduced and consdered by NOOR!*8!.

Remark 2.1 For agppropriate and suitable choices of the operators g, m,M¢ ;) , T,V , a nonempty
subset D and a convex st K , a number of known classes of complementarity problems and variationa in-
equalities can be obtained as gecid cases studied previoudy by many authors; see [1  18].

We shall need the following concepts and lemmasin the sequel.

Definition 2.1 Let D be a nonempty subset of H, and g: D — H be a sngleva ued operator , and T:
D -2"beamultivaued operator. Foral xi,x, D, theoperator M¢;): Hx H - Hissadto be ¢
strongly monotone and Lipschitz continuous with regect to thefirst argument , if there exist constantsa >
0B > 0such that

g(x1) - g(x2) ,M(ur,-) - M(uz,-) =all g(x) - g(x) I
for dl u; T(x1), Uz T(xz) , and
I M(wq, ) - M(wo, )l <B Il wy- woll foral wy,ws H.

Definition 2.2 Let D be a nonempty subsst of H , and g: D — H be a ngle-valued operator. The
multivalued operator V :D — C( H) issaid to be g-H- Lipschitz continuousif there exists a congtantn > 0
such that

H(V(u,V(v) snll g(u) - g(v) fordl u,v D,
where C( H) isthe family of al nonempty compact subsetsof H, and H¢ ) is the Hausdorff metric on
C(H).



1 , : 21

Remark 2.2 If g = | theidentity operator , then the above Definitions 2. 1 and 2. 2 reduce to Defini-
tions 2.1 and 2. 2 of Noor!*®! | regectively.

Lemma 2.1 1f K(x) = m(x) + K, then K" (x) = m"(x) n K.

Lemma 2.2 If Kisanonempty closed convex subset of Hand z  Hisagiven point , then u K
satifies the inequality

u- z,v- u =20 fordl v K.

if andonly if u = Pgz, where P isthe projection of Honto K. Furthermore, Pyis non-expansve.

Lemma 2.3 If K(u) = m(u) + K, and Kisanonempty colsed convex subset of H, thenfor al u,

Vv H, we have Px(y v = m(u) + P(v- m(u)).

3 Ilterative adgorithms

Theorem 3.1 Let D be a nonempty subset of H, Kbeacosedoonvex coneof H,and m:D - Kbe
a sngle-valued operator. Let K C g(D) ,and K(x) = m(x) + Kforeachx D. Thenx D, u’
T(x)andv  ~ V(x') areaslutionof problem (2.1) if andonlyif x~ D, u~ T(x ) and
v’ V(x") area lution of the multivalued quas-variationa inequality , i.e. , the problem of finding
x* D,u  T(x)andv  V(x') suchthat
g(x’) K(x), and M(u",v),g(x) - g(x) =0 foral g(x) K(x"). (3.1
Theroem 3.2 Under the assumptionof Theorem3.1,x~ D, u~  T(x )andv V(x")
are a olution of the multivalued quasvariationa inequality (3.1) if andonlyif x~ D, u~  T(x')
and v’ V(x ) are alution of the operator equation , i.e. ,
g(x) = m(x") + Pg(x)-pM(u",v’) - m(x")], (3.2)
wherep > 0Oisaconstant.
Remark 3.1 Theproofsof Theorems 3.1 and 3.2 are amilar to those of Li and Ding’ s Theorems 3.
1 and 3.2!*"). Thus, we omit them.
Algorithm 3.1 Let D C H be a nonempty subset , andlet g:D - H, m:D - K, M-; :HXH
- H, T:D -C(H),andV:D - C(H),where K C g(D) therangeof g, and K be a closed convex
conein H. For any given xg D, we take ug T(Xxo), Vo V ( xo) , and
w1 = m(xo) + Pk[g(x0) - PM(uo,vo) - m(xo)],
Snce m( xp) C g(D) , thereexistsan x; D such that g(x1) = w;. Snce
U T(xo) C(H) and vo V(xo) C(H),
by [16] there exist a u; T(x1) andavy  V(xy) such that
'up - ugll € H(T(x0),T(x1)) and I vMO- vill € H(V(x0) ,v(xy)).
Let
w2 = m(x1) + Px[g(x1) - PM(uz,v1) - m(xq)].
Then there existssan x, D such that g(x2) = wy. By induction, we can obtan three sequences{ x.} ,
{uy} and{ vp}:
Un T(xn), I up- uUpsa I € H(T(Xn) , T(Xn+1))
Vo V(xp), Tvy- vorr I € H(V (xn) , V(Xn+1))
g(xn+1) = m(xn) + Px[g(xn) - PM(un,vn) - m(xy)], n=0,1,2,
wherep > Oisacongant.
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Algorithm 3.2 Let D C H be a nonempty subset, K C H beaclosed convex cone,and g:D - H,
m:D oK, M:; :HxH -H, T:D -C(H),andV:D — C(H), wheretherange g(D) isconvex
and satifies K C g(D). Suppose that the sequences{d ,} and{B .} satify the conditions: (i) 0 <0, B, <

1for al n = 0; and (ii) rZ(J(ndiverges. For any given xo, D,wetake®® T(xg) , %% V(xo),and

w1 = (1-Bo) g(xo) +Bol m(x0) + Pc(g(xo) - PM (o, %) - m(xo))].
Then thereexistsay, D such that g(yo) = Wi. Snce tip  T(Xo) C(H) and %%  V (xoq)
C(H), by [16], thereexist a ug T(yo) andave V (yo) such that
I 8o - upll € H(T(x0), T(yo)),and I %9 - voll < H(V(xo0),V(yo)).
Let
w1 = (1-09) g(x0) +0o[ m(yo) + Px(g(yo) - PM(uo,vo) - m(yo))].
Then there exisssan x; D such that g(x;) = wj. By induction, we can obtain three sequences{ u,} ,
{vn} and{ xp} :
Q T(Xn) , Un T(yn), & - ull € H(T(xn), T(yn)) ,
¥ V(xn), v V(yn), I - vill € H(V(xn),V(yn),
a(yn) = (1-Bn) g(xa) +Bal m(xn) + Px(g(xn) - PM (5, 90) - m(xn)) ],
g(Xn+1) = (1 - 0p) g(xn) +an[ m(yn) + Pc(g(xn) - PM(un,vn) - m(yn))],
forn =0,1,2, ,wherep > Oisaoonsant.
Remark 3.2 For gppropriate and suitable choices of the operators g, m,M¢¢;), T,V , a nonempty
subset D, and a convex subset K, a number of known agorithmsfor lving complementarity problems and
variationa inequalities can be obtained as gecia cases studied previoudy by some authors including

[10] [17]

Noor!®38] | Chang and Huang!*”! , and L I and Ding!*"’.

4 Exigtence and Convergence

Theorem 4.1 Let the operators g, m,M¢;) , T,V bethe same asthosein Algorithm 3. 1. Let M ¢

) be g strongly monotone with consgtantd > 0 and Lipschitz continuous with constant > 0 with regect

to thefirst argument. Let M ¢ ;) be Lipschitz continuouswith constanty > Owith regect to the second ar-

gument. Let T be g-H- Lipschitz continuous with constant > 0and V be g-H- Lipschitz continuous with
congtantn > 0. Let m be g Lipschitz continuous with constantp > 0. |If

o . @=(-2nwm| Jia - (1-20yn1?- 4@%2-y 1AW -pu?

BZE?-vM? BE?-y™Mn? ’

a > (1-20yn +2 JBEZ-yND W@ -uD) . <1- 4, andyn <BE, (4.2)

then thereexis ax~ D,au’ T(x'),andav V(x'),whicharea olutionof the multivalued

(4.1)

quas-complementarity problem (2. 1). Furthermore, the sequences{ g(xn)}, { u.} and { v,} converge

grongly to g(x ), u and v, repectivey , where the sequences{ x,} , { u,} and{ v} are generated by

Algorithm 3. 1.
Proof From Algorithm 3.1 and Lemma 2. 2, it follows that
I'wper - wpll =

I g(xns1) - g(xn) I =



I'm(xn) + Px[g(xn) - PM(un,vn) - m(xn)] - m(xn.1) -
Pkl 9(Xn-1) - PM(Un.1,Vno1) - m(xp0) I <
I m(xn) - m(xp2) I+ 1 g(xn) - PM(us,va) - m(xn) - g(xn1) +
PM(Up.1,Vn1) + m(xp2) I <
20 m(xn) - m(xp-) I+ 1 g(xn) - g(Xn-2) - P{M(Un,Vn) - M(Upn-1,Vh.)} I <
201 m(xn) - m(xp0) I+ 1 g(xn) - g(xne1) -P{MC(un,vn) - M(Un1,v)} Il +
P I M(un1,vh) - M(un1,va 1) (4.3)
Snce M¢;) : H - His g-strongly monotone and Lipschitz continuous with regect to the first argu-
ment , and T is g-H- Lipschitz continuous, we obtain
g(xn) - g(Xn-1) - P{M(Un, Vi) - M(Up.1,v)} II* =
Ig(xn) - g(xn-0) 12- 20 M(un,v) = M(Up1,vn),9(xn) - g(Xn-1) +
P21 M (Un,Vn) - M(Up1,vy) 12 <
I g(xn) - g(xn-2) 12- 200l g(xn) - g(xn-2) N2 +PB2N up- upg 1% <
Ig(xn) - g(xn-2) 012 201 g(xn) - g(xn-2) N2 +PB2 H(T(xn), T(Xn-1))} <
(1- a0 +pBEA) N g(xn) - g(xa.1) 12 (4.4)
Usng the Lipschitz continuity of M ¢ ;) with regect to the second argument and the g- H- Lipschitz conti-
nuity of V:D — C(H), we have
I M(un-1,ve) - M(Un-1,Vae) I €Y v - vt I <
Y{H(V(xn) ,V(xn.1))} <
yn I g(xn) - g(xn0) I (4.5)
Usng the g Lipschitz continuity of m:D - K, and combining equations (4.3) , (4.4) and (4.5) , we
have

I'wnsr - wopll = 1 g(xne) - g(xy) I <
{2+ J1- 20 +pPBEY) +oyn} Il g(x) - g(xa) Il <

{2+ J1- 20 +pPBED) +pyn} I wo - woqll =
Ol wy- wnll, (4.6)

where® = 20 + J1- 200 +pPBZE2) +pyn < 1 (usng (4.1) and (4.2)). hencefrom (4.6) we know
that { wp} isa Cauchy sequencein K. Let w, -w  Kasn — o, Usng K C g(D) , weimply that there
exissan x = Dsuchthat w = g(x ). Thus, { g( x,)} converges strongly to g( x *) K.
Snce
Ivy- viorll € H(V (X)) ,V(xn-1) €N lg(xn) - g(xpoall =0 wy - wpoa I,
{ vn} isa Cauchy sequence in H. Smilarly, { u,} isado a Cauchy sequencein H. S, { uy} and{ v} con-
verge strongly to u ~and v " in H, regectively. Let
w o= m(x") + Pelg(x") -pM(u",v’) - m(x")].
Observe that
I woer - w =1l g( Xn+1) - w il =
I'm(xn) + Px[g(xn) - PM(Un,vo) = m(x)] - m(x") -
Pelg(x™) -pM(u",v) - m(x)]Il <
201 m(xn) - m(x )0 + 1 g(xy) - g(x) -pP{M(up,v) - M(u",v)} Il +
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Pl M(u“,vy) - M(u',v) Il <
Ol g(xy) - g(x)I =681 w,- wl.
It can be easly seen that { w,} converges strongly to w', and hence that w = w',i.e. ,
g(x) = m(x") + Pelg(x) -pM(u",v) - m(x)] K(x). (4.7)
Next, weprovethat u”~ T(x )andv ™  V(x').
Note that
d(u™, T(x)) < Tu" - ull +d(uy, T(x7)) <

*

Iu’ - unll + H(T(x), T(x")) (by usng [16]) <

lu™ - ull +& I g(x,) - g(x )1,
whered(u ™, T(x 7)) =inf{llu” - ull ;u T(x7)}. It can bereadily seenthat d(u ", T(x )) =
0, whichleadsto u~ T(x ). Smilarly, wedo havev”™ V(x ). Findly, from Theorems 3.1 and
3.2, and equation (4.7) itfollowsthat x° D, u~ T(x)andv V(x') area lutionof the
multival ued quas-complementarity problem (2.1). Furthermore, the sequences{ g( xn)}, { un} and { v}
converge strongly to g(x '), u and v, resectively.

Remark 4.1 If in Theorem 4.1, m = Owith constantp = 0, Tisdngevaued and g strongly
monotone with constanta > 0, and M ¢ ;) isdefinedas M (u,v) = u + v, then Theorem 4. 1 reduces to
Theorem3. 1 of Chang and Huang[m]. Furthermore, if in Theorem4.1,D = H, g = | theidentity opera
tor, and m = Owith constant = 0, then Theorem 4. 1 reduces to Theorem 3.2 of NOOR!"®!. In addi-
tion , it can be easly seen that Theorem 4. 1 extends Theorem 4.1 of Li and Ding!*"! to the multival ued
guas-complementarity problem (2.1) with the operator M ¢ ;) .

Theorem 4.2 Let the operators g, m,M¢;) , T,V bethe same asthosein Algorithm 3. 2. Let M ¢
;) be g strongly monotone with constant > 0 and Lipschitz continuous with constant3 > 0 with regpect
to thefirst argument. Let M ( ;) be Lipschitz continuouswith constanty > Owith regect to the second ar-
gument. Let T be g-H- Lipschitz continuous with congtant > Oand V be g- H- Lipschitz continuous with
oongtantnl > 0. Let m be g- Lipschitz continuous with constantd > 0. Assume that the conditions (4. 1)
and (4.2) in Theorem4.1hold. If x~ D, u  T(x)andv  V(x) areawlutionof the multi-
valued quas-complementarity problem (2. 1) , where both T(x *) and V ( x *) are sngletons. Then the se-
quences{ g( x,)}, { un} and{ v,} converge strongly to g(x '), u and v, repectively , where the s
guences{ xn} ,{ u,} and{ v,} are generated by Algorithm 3. 2.

Remark 4.2 Because the proof of Theorem 4.2 is amilar to that of Theorem 4.1, we omit it.
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