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Abstract : We introduce and study a class of multivalued quasi2complementarity problems and construct new itera2
tive algorithms which include many existing algorithms as special cases for solving the complementarity problems.

Moreover , we prove the existence of solutions to this class of quasi2complementarity problems and the convergence of

iterative sequences generated by the algorithms.
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1　Introduction

The complementarity theory introduced by Lemke[4 ] and Cottle and Dantzig[5 ] in the early 1960s and

later developed by others has become an important branch of the mathematical sciences with a wide range of

applications ; see , for example , [1～18 ] and the references therein.

In recent years , the technique of change of variables introduced mainly by Van Bokhoven has been

used to develop some new iterative mehtods for solving the complementarity problems ; see [ 8 ,9 ,11 ,12 ] .

In particular , by this technique of change of variables , Noor and Al2said[13 ] established an equivalence be2
tween the generalized complementarity problems and the Wiener2Hopf equations , and used this equivalence

to construct a number of iterative algorithms for solving the generalized complementarity problems.

In this paper , motivated and inspired by Li and Ding[17 ] and Noor [18 ] , we introduce and study a class

of multivalued quasi2complementarity problems which includes the known classes of complementarity prob2
lems as special cases. Using the technique of Li and Ding[17 ] and Noor [18 ] , we also discuss the existence of

solutions of this class of quasi2complementarity problems and the convergence of iterative sequences generat2
ed by the algorithms. Our results improve and extend the corresponding results obtained previously by some



authors including Noor [8 ,18 ] , Chang and Huang[10 ] , and Li and Ding[17 ] .

2　Formulation and basic results

Let H be a real Hilbert space whose inner product and norm are denoted by〈·,·〉and ‖·‖, respectively.

Let

K 3 = { u ∈ H ;〈 u , v〉≥0 , for all v ∈ K} ,

be a polar cone of a closed and convex cone K in H , let D be a nonempty subset in H , and let 2 H be the fam2
ily of all nonempty subsets in H.

Given nonlinear single2valued operators g , m : D →H and M〈·,·〉: H×H →H , and multivalued opera2
tors K , T , V : D →2 H , we consider the problem of finding x 3 ∈D , u 3 ∈ T ( x 3 ) and v 3 ∈ V ( x 3 )

such that

g ( x 3 ) ∈ K ( x 3 ) , M ( u 3 , v 3 ) ∈ K 3 ( x 3 ) , and〈M ( u 3 , v 3 ) , g ( x 3 ) - m ( x 3 )〉= 0 ,

(2 . 1)

where K ( x) = m ( x ) + K , and K 3 ( x ) = ( m ( x) + K) 3 .

The problem of the type (2. 1) is known as a multivalued quasi2complementarity problem. Note that if

M ( u , v) = u + v , and V ≡A , then problem (2. 1) is equivalent to finding x 3 ∈D , u 3 ∈ T ( x 3 ) and

v 3 ∈A ( x 3 ) such that

g ( x 3 ) ∈ K ( x 3 ) , 　u 3 + v ∈ K 3 ( x 3 ) , 　and〈 u 3 + v 3 , g ( x 3 ) - m ( x 3 )〉= 0 , (2 . 2)

which is known as a generalized strongly nonlinear quasi2complementarity problem. Problem (2. 2) is main2
ly due to Li and Ding[17 ] . Furthermore , if m ( x) = 0 , and g ≡ I the identity operator , then problem (2.

1) is equivalent to finding x 3 ∈ K , u 3 ∈ T ( x 3 ) , and v 3 ∈ V ( x 3 ) such that

M ( u 3 , v 3 ) ∈ K 3 , 　and〈M ( u 3 , v 3 ) , x 3〉= 0 , (2 . 3)

which is called the multivalued complementarity problem introduced and considered by NOOR[18 ] .

Remark 2. 1　For appropriate and suitable choices of the operators g , m , M (·,·) , T , V , a nonempty

subset D and a convex set K , a number of known classes of complementarity problems and variational in2
equalities can be obtained as special cases studied previously by many authors ; see [1～18 ] .

We shall need the following concepts and lemmas in the sequel.

Def inition 2. 1　Let D be a nonempty subset of H , and g : D →H be a single2valued operator , and T :

D →2 H be a multivalued operator. For all x 1 , x 2 ∈D , the operator M (·,·) : H ×H → H is said to be g2
st rongly monotone and Lipschitz continuous with respect to the first argument , if there exist constantsα >

0 ,β > 0 such that

〈 g ( x 1) - g ( x 2) , M ( u1 , ·) - M ( u2 , ·)〉≥α‖g ( x 1) - g ( x 2) ‖2

for all u1 ∈ T ( x 1) , u2 ∈ T ( x 2) , and

‖M ( w 1 , ·) - M ( w 2 , ·) ‖≤β‖w 1 - w 2 ‖　for all w 1 , w 2 ∈ H.

　　Def inition 2. 2　Let D be a nonempty subset of H , and g : D → H be a single2valued operator. The

multivalued operator V : D →C ( H) is said to be g2H2Lipschitz continuous if there exists a constantη > 0

such that

H ( V ( u) , V ( v) ) ≤η‖g ( u) - g ( v) ‖ 　for all u , v ∈D ,

where C ( H) is the family of all nonempty compact subsets of H , and H (·,·) is the Hausdorff metric on

C ( H) .
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Remark 2. 2　If g ≡ I the identity operator , then the above Definitions 2. 1 and 2. 2 reduce to Defini2
tions 2. 1 and 2. 2 of Noor[18 ] , respectively.

Lemma 2. 1[14 ] 　If K ( x) = m ( x ) + K , then K 3 ( x ) = m 3 ( x ) ∩ K 3 .

Lemma 2. 2　 If K is a nonempty closed convex subset of H and z ∈ H is a given point , then u ∈ K

satisfies the inequality

〈 u - z , v - u〉≥0　for all v ∈ K.

if and only if u = PKz , where PK is the projection of H onto K. Furthermore , Pk is non2expansive.

Lemma 2. 3　If K ( u) = m ( u) + K , and K is a nonempty colsed convex subset of H , then for all u ,

v ∈ H , we have PK ( u) v = m ( u) + Pk ( v - m ( u) ) .

3　Iterative algorithms

Theorem 3. 1　Let D be a nonempty subset of H , K be a closed convex cone of H , and m : D → K be

a single2valued operator. Let K < g ( D) , and K ( x) = m ( x ) + K for each x ∈D . Then x 3 ∈D , u 3

∈ T ( x 3 ) and v 3 ∈V ( x 3 ) are a solution of problem (2. 1) if and only if x 3 ∈D , u 3 ∈ T ( x 3 ) and

v 3 ∈ V ( x 3 ) are a solution of the multivalued quasi2variational inequality , i. e. , the problem of finding

x 3 ∈D , u 3 ∈ T ( x 3 ) and v 3 ∈ V ( x 3 ) such that

g ( x 3 ) ∈ K ( x 3 ) , 　and〈M ( u 3 , v 3 ) , g ( x) - g ( x 3 )〉≥0 　for all g ( x) ∈ K ( x 3 ) . (3 . 1)

　　Theroem 3. 2　Under the assumption of Theorem 3. 1 , x 3 ∈D , u 3 ∈ T ( x 3 ) and v 3 ∈ V ( x 3 )

are a solution of the multivalued quasivariational inequality (3. 1) if and only if x 3 ∈D , u 3 ∈ T ( x 3 )

and v 3 ∈ V ( x 3 ) are a solution of the operator equation , i. e. ,

g ( x 3 ) = m ( x 3 ) + PK[ g ( x 3 ) - ρM ( u 3 , v 3 ) - m ( x 3 ) ] , (3 . 2)

whereρ > 0 is a constant .

Remark 3. 1　The proofs of Theorems 3. 1 and 3. 2 are similar to those of Li and Ding’s Theorems 3.

1 and 3. 2[17 ] . Thus , we omit them.

Algorithm 3. 1　Let D < H be a nonempty subset , and let g : D → H , m : D → K , M〈·,·〉: H ×H

→ H , T : D → C ( H) , and V : D → C ( H) , where K < g ( D) the range of g , and K be a closed convex

cone in H. For any given x 0 ∈D , we take u0 ∈ T ( x 0) , v0 ∈ V ( x 0) , and

w 1 = m ( x 0) + PK[ g ( x 0) - ρM ( u0 , v0) - m ( x 0) ] ,

Since m ( x 0) ∈< g ( D) , there exists an x 1 ∈D such that g ( x 1) = w 1 . Since

u0 ∈ T ( x 0) ∈ C ( H) 　and　v0 ∈ V ( x 0) ∈ C ( H) ,

by [16 ] there exist a u1 ∈ T ( x 1) and a v1 ∈ V ( x 1) such that

‖u0 - u1‖≤ H ( T ( x 0) , T ( x 1) ) 　and　‖v M 0 - v1‖≤ H ( V ( x 0) , v ( x 1) ) .

Let

w 2 = m ( x 1) + PK[ g ( x 1) - ρM ( u1 , v1) - m ( x 1) ].

Then there exists an x 2 ∈D such that g ( x 2) = w 2 . By induction , we can obtain three sequences { x n} ,

{ un} and { v n} :

un ∈ T ( x n) , ‖u n - un +1‖≤ H ( T ( x n) , T ( x n +1) ) ,

v n ∈ V ( x n) , ‖v n - v n +1‖≤ H ( V ( x n) , V ( x n +1) ) ,

g ( x n +1) = m ( x n) + PK[ g ( x n) - ρM ( un , v n) - m ( x n) ] , n = 0 ,1 ,2 , ⋯,

whereρ > 0 is a constant .
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Algorithm 3. 2　Let D < H be a nonempty subset , K < H be a closed convex cone , and g : D → H ,

m : D → K , M〈·,·〉: H ×H →H , T : D →C ( H) , and V : D →C ( H) , where the range g ( D) is convex

and satisfies K < g ( D) . Suppose that the sequences {αn} and {βn} satisfy the conditions : (i) 0 ≤αn ,βn ≤

1 for all n ≥0 ; and (ii) ∑
∞

n = 0

αn diverges. For any given x 0 ∈D , we take û ∈ T ( x 0) , v̂ 0 ∈V ( x 0) , and

ŵ 1 = (1 - β0) g ( x 0) +β0 [ m ( x 0) + PK ( g ( x 0) - ρM ( û0 , v̂ 0) - m ( x 0) ) ].

Then there exists a y0 ∈ D such that g ( y0) = ŵ 1 . Since û0 ∈ T ( x 0) ∈ C ( H) and v̂ 0 ∈ V ( x 0) ∈

C ( H) , by [16 ] , there exist a u0 ∈ T ( y0) and a v0 ∈ V ( y0) such that

‖û0 - u0‖≤ H ( T ( x 0) , T ( y0) ) , and ‖v̂ 0 - v0‖≤ H ( V ( x 0) , V ( y0) ) .

Let

w 1 = (1 - α0) g ( x 0) +α0 [ m ( y0) + PK ( g ( y0) - ρM ( u0 , v0) - m ( y0) ) ].

Then there exists an x 1 ∈D such that g ( x 1) = w 1 . By induction , we can obtain three sequences { un} ,

{ v n} and { x n} :

û ∈ T ( x n) , un ∈ T ( y n) , ‖û - un‖≤ H ( T ( x n) , T ( yn) ) ,

v̂ ∈ V ( x n) , v n ∈ V ( y n) , ‖v̂ - v n ‖≤ H ( V ( x n) , V ( y n) ) ,

g ( yn) = (1 - βn) g ( x n) +βn [ m ( x n) + PK ( g ( x n) - ρM ( û n , v̂ n) - m ( x n) ) ] ,

g ( x n +1) = (1 - αn) g ( x n) +αn [ m ( yn) + PK ( g ( x n) - ρM ( un , v n) - m ( yn) ) ] ,

for n = 0 ,1 ,2 , ⋯, whereρ > 0 is a constant .

Remark 3. 2　For appropriate and suitable choices of the operators g , m , M (·,·) , T , V , a nonempty

subset D , and a convex subset K , a number of known algorithms for solving complementarity problems and

variational inequalities can be obtained as special cases studied previously by some authors including

Noor[8 ,18 ] , Chang and Huang[10 ] , and L I and Ding[17 ] .

4　Existence and Convergence

Theorem 4. 1　Let the operators g , m , M (·,·) , T , V be the same as those in Algorithm 3. 1. Let M (·

,·) be g2 st rongly monotone with constantα > 0 and Lipschitz continuous with constantβ > 0 with respect

to the first argument . Let M (·,·) be Lipschitz continuous with constantγ > 0 with respect to the second ar2
gument . Let T be g2H2Lipschitz continuous with constantξ > 0 and V be g2H2Lipschitz continuous with

constantη > 0 . Let m be g2 Lipschitz continuous with constantμ > 0 . If

ρ -
α - (1 - 2μ)γη
β2ξ2 - γ2η2 <

[α - (1 - 2μ)γη]2 - 4 (β2ξ2 - γ2η2) (μ - μ2)
β2ξ2 - γ2η2 , (4 . 1)

α > (1 - 2μ)γη+ 2 (β2ξ2 - γ2η2) (μ - μ2) ,ργη < 1 - 2μ, andγη <βξ, (4 . 2)

then there exist a x 3 ∈D , a u 3 ∈ T ( x 3 ) , and a v 3 ∈V ( x 3 ) , which are a solution of the multivalued

quasi2complementarity problem ( 2. 1) . Furthermore , the sequences { g ( x n) } , { un} and { v n} converge

strongly to g ( x 3 ) , u 3 and v 3 , respectively , where the sequences { x n} , { un} and { v n} are generated by

Algorithm 3. 1.

Proof 　From Algorithm 3. 1 and Lemma 2. 2 , it follows that

‖w n +1 - w n‖ = 　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　

‖g ( x n +1) - g ( x n) ‖ =
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‖m ( x n) + PK[ g ( x n) - ρM ( un , v n) - m ( x n) ] - m ( x n - 1) -

　PK[ g ( x n - 1) - ρM ( un - 1 , v n - 1) - m ( x n - 1) ‖≤

‖m ( x n) - m ( x n - 1) ‖+ ‖g ( x n) - ρM ( un , v n) - m ( x n) - g ( x n - 1) +

　ρM ( u n - 1 , v n - 1) + m ( x n - 1) ‖≤

2‖m ( x n) - m ( x n - 1) ‖+ ‖g ( x n) - g ( x n - 1) - ρ{ M ( un , v n) - M ( un - 1 , v n - 1) } ‖≤

2‖m ( x n) - m ( x n - 1) ‖+ ‖g ( x n) - g ( x n - 1) - ρ{ M ( un , v n) - M ( un - 1 , v n) } ‖+

　ρ‖M ( un - 1 , v n) - M ( un - 1 , v n - 1) ‖ (4 . 3)

　　Since M (·,·) : H → H is g 2st rongly monotone and Lipschitz continuous with respect to the first argu2
ment , and T is g2H2 Lipschitz continuous , we obtain

g ( x n) - g ( x n - 1) - ρ{ M ( un , v n) - M ( u n - 1 , v n) } ‖2 = 　　　　　　　　　　

‖g ( x n) - g ( x n - 1) ‖2 - 2ρ〈M ( u n , v n) - M ( un - 1 , v n) , g ( x n) - g ( x n - 1)〉+

　ρ2‖M ( un , v n) - M ( un - 1 , v n) ‖2 ≤

‖g ( x n) - g ( x n - 1) ‖2 - 2ρα‖g ( x n) - g ( x n - 1) ‖2 +ρ2β2‖un - un - 1‖
2 ≤

‖g ( x n) - g ( x n - 1) ‖2 - 2ρα‖g ( x n) - g ( x n - 1) ‖2 +ρ2β2{ H ( T ( x n) , T ( x n - 1) ) } ≤

(1 - 2ρα+ρ2β2ξ2) ‖g ( x n) - g ( x n - 1) ‖2 . (4 . 4)

Using the Lipschitz continuity of M (·,·) with respect to the second argument and the g2H2Lipschitz conti2
nuity of V : D → C ( H) , we have

‖M ( u n - 1 , v n) - M ( un - 1 , v n - 1) ‖≤γ‖v n - v n - 1‖≤　　　　　　　　　　　

γ{ H ( V ( x n) , V ( x n - 1) ) } ≤

γη‖g ( x n) - g ( x n - 1) ‖. (4 . 5)

Using the g2 Lipschitz continuity of m : D → K , and combining equations (4. 3) , (4. 4) and (4. 5) , we

have

‖w n +1 - w n ‖ = ‖g ( x n +1) - g ( x n) ‖≤　　　　　　　　　　

{ 2μ + 1 - 2ρα+ρ2β2ξ2) +ργη} ‖g ( x n) - g ( x n - 1) ‖≤

{ 2μ + 1 - 2ρα+ρ2β2ξ2) +ργη} ‖w n - w n - 1‖ =

θ‖w n - w n - 1‖, (4 . 6)

whereθ = 2μ + 1 - 2ρα+ρ2β2ξ2) +ργη < 1 (using (4. 1) and (4. 2) ) . hence from (4. 6) we know

that { w n} is a Cauchy sequence in K. Let w n →w ∈ K as n →∞. Using K < g ( D) , we imply that there

exists an x 3 ∈D such that w = g ( x 3 ) . Thus , { g ( x n) } converges st rongly to g ( x 3 ) ∈ K.

Since

‖v n - v n - 1‖≤ H ( V ( x n) , V ( x n - 1) ) ≤η‖g ( x n) - g ( x n - 1 ‖ =η‖w n - w n - 1‖,

{ v n} is a Cauchy sequence in H. Similarly , { un} is also a Cauchy sequence in H. So , { un} and { v n} con2
verge strongly to u 3 and v 3 in H , respectively. Let

w′= m ( x 3 ) + PK[ g ( x 3 ) - ρM ( u 3 , v 3 ) - m ( x 3 ) ].

　　Observe that

‖w n +1 - w′‖ = ‖g ( x n +1) - w′‖ = 　　　　　　　　　　　　　　　　　　　　　　

‖m ( x n) + PK[ g ( x n) - ρM ( un , v n) - m ( x n) ] - m ( x 3 ) -

　PK[ g ( x 3 ) - ρM ( u 3 , v 3 ) - m ( x 3 ) ]‖≤

2‖m ( x n) - m ( x 3 ) ‖+ ‖g ( x n) - g ( x 3 ) - ρ{ M ( un , v n) - M ( u 3 , v n) } ‖+
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　ρ‖M ( u 3 , v n) - M ( u 3 , v 3 ) ‖≤

θ‖g ( x n) - g ( x 3 ) ‖ =θ‖w n - w′‖.

It can be easily seen that { w n} converges st rongly to w′, and hence that w = w′, i . e. ,

g ( x 3 ) = m ( x 3 ) + PK[ g ( x 3 ) - ρM ( u 3 , v 3 ) - m ( x 3 ) ] ∈ K ( x 3 ) . (4 . 7)

　　Next , we prove that u 3 ∈ T ( x 3 ) and v 3 ∈ V ( x 3 ) .

Note that

d ( u 3 , T ( x 3 ) ) ≤‖u 3 - un‖+ d ( un , T ( x 3 ) ) ≤　　　　　　　　　　

‖u 3 - un ‖+ H ( T ( x n) , T ( x 3 ) ) 　(by using [16 ]) ≤

‖u 3 - un ‖+ξ‖g ( x n) - g ( x 3 ) ‖,

where d ( u 3 , T ( x 3 ) ) = inf{ ‖u 3 - u ‖; u ∈ T ( x 3 ) } . It can be readily seen that d ( u 3 , T ( x 3 ) ) =

0 , which leads to u 3 ∈ T ( x 3 ) . Similarly , we also have v 3 ∈V ( x 3 ) . Finally , f rom Theorems 3. 1 and

3. 2 , and equation (4. 7) it follows that x 3 ∈D , u 3 ∈ T ( x 3 ) and v 3 ∈ V ( x 3 ) are a solution of the

multivalued quasi2complementarity problem (2. 1) . Furthermore , the sequences { g ( x n) } , { u n} and { v n}

converge strongly to g ( x 3 ) , u 3 and v 3 , respectively.

Remark 4. 1 　If in Theorem 4. 1 , m ≡0 with constantμ = 0 , T is single2valued and g2 st rongly

monotone with constantα > 0 , and M (·,·) is defined as M ( u , v) = u + v , then Theorem 4. 1 reduces to

Theorem3. 1 of Chang and Huang[10 ] . Furthermore , if in Theorem 4. 1 , D = H , g ≡ I the identity opera2
tor , and m ≡0 with constantμ = 0 , then Theorem 4. 1 reduces to Theorem 3. 2 of NOOR[18 ] . In addi2
tion , it can be easily seen that Theorem 4. 1 extends Theorem 4. 1 of Li and Ding[17 ] to the multivalued

quasi2complementarity problem (2. 1) with the operator M (·,·) .

Theorem 4. 2　Let the operators g , m , M (·,·) , T , V be the same as those in Algorithm 3. 2. Let M (·

,·) be g2 st rongly monotone with constantα > 0 and Lipschitz continuous with constantβ > 0 with respect

to the first argument . Let M (·,·) be Lipschitz continuous with constantγ > 0 with respect to the second ar2
gument . Let T be g2H2Lipschitz continuous with constantξ > 0 and V be g2H2Lipschitz continuous with

constantη > 0 . Let m be g2Lipschitz continuous with constantμ > 0 . Assume that the conditions (4. 1)

and (4. 2) in Theorem 4. 1 hold. If x 3 ∈D , u 3 ∈ T ( x 3 ) and v 3 ∈V ( x 3 ) are a solution of the multi2
valued quasi2complementarity problem (2. 1) , where both T ( x 3 ) and V ( x 3 ) are singletons. Then the se2
quences { g ( x n) } , { un} and { v n} converge strongly to g ( x 3 ) , u 3 and v 3 , respectively , where the se2
quences { x n} ,{ un} and { v n} are generated by Algorithm 3. 2.

Remark 4. 2　Because the proof of Theorem 4. 2 is similar to that of Theorem 4. 1 , we omit it .
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关于一类多值拟补问题解的存在性与迭代逼近

曾六川 , 胡慧英
(上海师范大学 数理信息学院 , 上海 200234)

摘要 :引入与研究了一类多值拟补问题 ,并构造了新的迭代算法.这些新算法概括了用于解补问题的许多现有的算法成

特例.而且 ,还证明了此类拟补问题解的存在性与由新算法生成的迭代序列的收敛性.

关键词 :多值拟补问题 ;存在性 ;迭代逼近 ;收敛性
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