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ABSTRACT

The decay of a downward propagating near-inertial wave was observed over four days. During this short
period, the energy of the near-inertial wave decreased by 70%. The shear layers produced by the wave were
regions of enhanced turbulent dissipation rates, The authors estimate that 44% of the observed change in the
near-inertial energy was lost to turbulence. Estimates of the wave energy lost at the survey site due to the wave
propagating out of the region were smaller. Energy lost by horizontal advection of the wave out of the survey
region was more difficult to estimate; the horizontal extent of the near-inertial energy was unknown. Advection
could account for more than half of the observed energy lost. However, the authors did not detect the near-
inertial wave during a 40 km X 40 km ADCP survey after completing the six-day station,

1. Introduction

Near-inertial oscillations are observed almost every-
where in the upper ocean, dominating the horizontal
velocity of the internal wavefield. Because near-inertial
waves also dominate the vertical shear (D’Asaro 1985;
Kunze et al. 1990), they are believed to be especially
important sources of mixing at the base of the surface
mixed layer and deeper. In the upper ocean, downward
propagating near-inertial waves are generally assumed
to be the result of wind forcing. Much of the work to
date [e.g., Pollard (1969), Gill (1984), D’Asaro
(1985)] has examined the generation and decay of
near-inertial oscillations in the surface mixed layer. The
decay of these oscillations, usually expressed as a simple
decay timescale O(2-10 days), represents the time for
the waves to propagate out of the surface layer into the
ocean interior. This decay timescale is dependent on
the horizontal scale of the wind forcing and the 8 effect
(D’Asaro 1989). Most of the initial near-inertial wave
energy in the mixed layer leaves the forcing region by
propagation. The lowest vertical modes have the largest
group speeds; thus, they leave the forcing region first,
leaving the higher mode near-inertial waves behind.
Thus, near-inertial oscillations with relatively small
vertical scales O(100 m) are usually observed below
the surface mixed layer.
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The details of what happens to the near-inertial
waves after they leave the mixed layer are relatively
unknown. Modeling studies have looked at the vertical
propagation of these waves (e.g., Rubenstein 1983),
the horizontal propagation (e.g., Munk 1981) and the
transfer of energy, via nonlinear dynamics, to other
wavenumbers and frequencies (e.g.,, McComas and
Miiller 1981).

It is generally assumed that turbulent mixing ob-
served in the main thermocline is due to internal waves
(Gregg 1989). The internal waves either reach critical
layers or a random superposition of internal waves
produces local Richardson numbers below a critical
value (e.g., 14) and mixing occurs (Munk 1981; Kunze
et al. 1994). In some instances, advective instability of
internal waves might be the source of turbulent mixing
(Hebert et al. 1992; Moum et al. 1992). Most estimates
of turbulent mixing have been made without direct
measurements of internal waves. Only a few specialized
profilers have the capability to obtain both the internal
wave shear and turbulent dissipation rate (Gregg 1989;
Toole and Schmitt 1987). However, shipboard acoustic
Doppler current profilers (ADCPs) can resolve a sig-
nificant fraction of the internal wave band (e.g., Cher-
eskin et al. 1986), so it is possible to use the ADCP
data in conjunction with turbulence measurements
(Wijesekera et al. 1993).

In this paper, we examine the evolution and mixing
produced by a near-inertial wave. Since near-inertial
velocities are mainly horizontal and the horizontal
wavelength is large compared to the separation of
acoustic beams of the ADCP, a shipboard ADCP can
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FI1G. 1. Cruise track from 30 April 1991 (year day 120) to 9 May (YD 129). The time series
station at 39°N was occupied from YD 122 to YD 128. The 40 km X 40 km box survey took
approximately 12 h to complete, ending at YD 128 1425 UTC.

easily measure the velocity of near-inertial waves.
Concurrent measurements of the turbulent kinetic en-
ergy dissipation rate, a surrogate of the turbulent mixing
rate, were made also. The next section describes the
instruments used and data collected. In section 3, the
properties of the near-inertial wave are described. The
dissipation rate and shear were highly correlated and
both decreased after YD 126 (Fig. 3). [In this paper
we define 1 January 1991 as year day 1 (e.g., YD 1).
A fraction of a YD date represents the time of day
(e.g., 1200 UTC on YD 1 is YD 1.5).] Was the en-
hanced turbulent dissipation observed in the shear lay-
ers responsible for the observed change in the near-
inertial wave energy and the ultimate demise of the
wave? The energetics and decay of the near-inertial
wave are discussed in section 4.

2. Experimental details

In spring 1991, an experiment (FLUX STATS) to
examine different estimates of turbulent heat flux in
the upper ocean was conducted approximately 1000
km off the coast of California (Fig. 1). For approxi-
mately six days (YD 122-128), we occupied a single
station (39°N, 135°15’W) where we made over 400
profiles to at least 650 m with the microstructure pro-
filer CHAMELEON, an advanced version of the RSVP
(Caldwell et al. 1985). After this station, we made a
large-scale CTD/ADCP survey around a 40 km X 40
km box centered on our 6-day station before heading
home (Fig. 1).

For the time-series station at 39°N, we obtained
profiles of temperature, conductivity, and turbulent
velocity shear and the vertical component of turbulent
velocity approximately every 10 minutes. The larger-
scale horizontal velocity field was determined using an

RDI 150-kHz ADCP. A pulse length of 16 m and bin
length of 8 m was used. ( The half-power point of the
vertical spatial response for this ADCP setting occurs
at 40 m. Figure 3 of Lien et al. (1994) shows the vertical
wavenumber response.) The ADCP data were averaged
over 5 minutes before the data were stored. GPS-based
navigation data was recorded every minute. These two
datasets were combined into a single set of absolute
velocities. Details of this procedure are described in
Lien et al. (1994).

During this portion of the FLUX STATS experi-
ment, three storms passed through this region (Fig. 2).
The first occurred while we were 100 km south of the
39°N station and steaming toward the time-series sta-
tion (Fig. 1). The second storm, which had higher peak
winds but did not last as long, occurred after one day
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FIG. 2. Surface heat flux (upper panel) and wind stress magnitude
(lower panel) determined from bulk formulas (Bahr and Paulson
1991, personal communication ). Negative heat fluxes represent heat
lost from the ocean.
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FIG. 3a. Turbulent kinetic energy dissipation rate e for the 6-day time series at 39°N. For ease of
viewing, dissipation rates above 3 X 107 W kg~' are shaded black; values below 3 X 10~ W kg~ are
white. The depth of the mixed layer (defined as the depth where the density exceeds the density at 2 m
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FIG. 3b. Square of the vertical shear of horizontal velocity [S? = (du/dz)* + (9v/dz)*] obtained by
first differencing the ADCP data is shown by the shading. For ease of viewing, values greater than 1.5
X 107* 572 are shaded black; values less than 2.5 X 107° s=2 are white. Contours of density (contour

interval of 0.25 kg m~?) are also shown.
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on station. The third storm started near the end of the
time series station and continued during our large-scale
survey and transect home. The depth of the mixed layer
(Fig. 3a) depended on both the strength of the wind
and heating/cooling (Fig. 2). For example, the deep-
ening of the mixed layer from YD 122.25 to 122.75
was most likely due to convection only during this time
of nighttime cooling since the winds were weak. How-
ever, mixed layer deepening after YD 123 was a com-
bination of wind and buoyancy forcing.

During the six-day time series at 39°N, we noticed
two bands of high turbulent kinetic energy dissipation
rate, ¢, within the seasonal thermocline (Fig. 3a). These
bands of high e were correlated with regions of high
vertical shear of horizontal velocity (Fig. 3b). The
depth of both the shear and ¢ layers were advected ver-
tically by the semidiurnal tide as evident from the den-
sity contours (Fig. 3b). Both the enhanced shear and
¢ decreased after YD 126. The source of these shear
layers was a near-inertial wave described in the next
section.

3. Near-inertial wave properties

In this section, we use the ADCP data to determine
the properties of the near-inertial wave packet. Over
YD 122-128, there was a low-frequency component
to the velocity, especially in the upper ocean. A second-
order polynomial fit (in time) to each velocity com-
ponent at each depth was removed from the velocity
data before further analysis. This low-frequency veloc-
ity consisted mainly of a mean current of 0.1 m s™! to
the northwest in the upper 150 m. In our determination
of the intrinsic wave period, we assumed that horizontal
advection of the wave and its horizontal and vertical
propagation were small compared to its horizontal and
vertical wavelengths; that is, any velocity variability at
each depth was temporal, not spatial. Later, we will
examine this assumption. In determining the period
of the wave, we used only the data from YD 122 to
126, the time when the shear layers were clearly evident
(Fig. 3b) (and, presumably, the observed velocity and
shear were dominated by the near-inertial wave).

The ADCP velocities and shears showed an anti-
cyclonic rotation (with time), indicative of an internal
wave. Since the time series of the wave (whose ampli-
tude is varying with time) is short compared to the
wave period, two methods, complex demodulation and
complex correlation, were used to estimate the period
of the wave. These two methods also allow us to esti-
mate the change in wave energy (via complex demod-
ulation) or the decay time for the wave (via complex
correlation ). The complex correlation method also al-
lows us to determine the wave period with higher ac-
curacy than other methods such as Fourier analysis.
These techniques, described in appendices A and B,
were applied to both velocity and vertical shear data
over a range of depths. A wave packet period of 18.6 h
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was chosen to represent the near-inertial wave period
based on these different estimates of the wave period.
The inertial period at this latitude is 19.07 h. Thus, the
frequency of the near-inertial wave is w = 1.025 f, where
[fis the inertial frequency.

The first method used to determine the near-inertial
wave packet’s period was complex demodulation. This
technique is useful for generating a time series of the
slowly varying amplitude of a wave with specified fre-
quency as we will do later (section 4) in order to de-
termine the wave energy and its temporal variability.
Using complex demodulation, we determined the el-
lipse amplitude (major and minor axes) and orienta-
tion for a wave with known frequency that best de-
scribes the velocity (or shear) data. The amount of
variance explained by this fitted wave (r?) was deter-
mined also. To obtain the near-inertial wave period,
we varied the frequency of the wave to maximize r?
(see Fig. Al for an example). Appendix A describes
this procedure in more detail. Unfortunately, our ve-
locity data was strongly contaminated by the semidi-
urnal tide (Fig. Al). Since the semidiurnal tide had a
low vertical modal structure, it was not as evident in
the shear data (Fig. A2). In appendix A, we describe
the complex demodulation technique to determine the
amplitude of two simultaneous waves (Poulain 1990)
in order to determine the near-inertial wave energy
with a semidiurnal wave present. In this way, the energy
in the near-inertial wave band is clearly distinguished
from that in the semidiurnal wave band.

Tidal velocities dominated the near-inertial signal
for depths shallower than 75 m (Fig. 4). The combi-
nation of these two waves, the M, tide and a wave with
a period of 18.6 h (w = 1.025f"), explains more than
60% of the velocity variance in the upper 300 m (Fig.
4b). At 130 m, these two waves accounted for 80% of
the velocity variance observed. The influence of the
M, tide on the vertical shear was almost nonexistent
(Fig. 5). At the depths of significant shear (Fig. 5a),
more than 40% of the shear variance is associated with
this single near-inertial wave (Fig. 5b).

For a single linear plane internal wave, the ratio of
major to minor axes is w/ f. The ratio of the velocity
ellipse axes (Fig. 4a) for the “M, " wave predicts a fre-
quency in agreement with that of the M, tide. The
orientation of the ellipse (not shown ) suggests that the
M, tide was propagating meridionally. For the near-
inertial wave, the ellipse was almost circular as ex-
pected. With the limited data available, the magnitude
of the ellipse axes for the near-inertial wave observed
(Figs. 4a and 5a) are not significantly different.

The second method used to estimate the period of
the near-inertial wave packet was complex correlation
(Gregg et al. 1986; summarized in appendix B). In
examining the complex correlation of our data, the
correlation was demodulated (i.e., rotated back clock-
wise) at a specified frequency. For a period of 18.6 h,
the imaginary component of the demodulated complex
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- FIG. 4. (a) Amplitude of the velocity ellipse axes obtained from the complex demodulation of
the near-inertial (period of 18.6 h was used) wave (solid lines) and the M, tidal component
(dashed lines). (b) The velocity variance explained by near-inertial wave only (thin line), by the
M, tidal component only (dashed line), and by both components together (thick line).

correlation for both the velocity (Fig. 6) and shear
(Fig. 7) for the depth range 58-250 m showed no sig-
nificant trend with increasing lag. This supports the
near-inertial period determined from complex demod-
ulation. If a slightly lower demodulation frequency was
used, the imaginary component of the complex cor-
relation would increase with lag (see appendix B).
Likewise, a slightly higher demodulation frequency
would have an imaginary component decreasing with
lag. The demodulated complex correlation for the ve-
locity data (Fig. 6) had an oscillation of both real and
imaginary components—evidence of the M, tidal sig-
nal. The frequency of this oscillation is the difference
in the M, tidal frequency and the demodulation fre-
quency (appendix B).

Having estimated the period of the near-inertial wave
packet, we can determine its vertical wavelength. As
shown earlier, the velocity field was heavily contami-
nated by the M, tide, especially compared to the shear.

Therefore, we will use the shear to determine the ver-
tical wavelength. Since the stratification, N2, varied
vertically, the local vertical wavelength will change also.
This influence can be removed by stretching the depth
vertically using the WKB approximation [see Sanford
(1991) for an excellent discussion of this technique].
For each 5-min shear vector, the WKB-stretched shear
vector was rotated counterclockwise at the near-inertial
wave frequency to a common time before averaging
the shear vectors. This “back-rotation” removes the
temporally oscillatory nature of the wave shear. The
WKB-stretched (N, = 3 cph) shear! had a clockwise
rotation with depth (Fig. 8). Over the depth range 46-
350 WKB-stretched-m (58-250 m), the mean rota-
tion of phase with depth gives a vertical wavelength of
146 WKB-stretched-m. Only using the phase when

! The magnitude of the shear was not WKB-scaled in Fig. 8.
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FIG. 5. (a) Amplitude of the shear ellipse axes obtained from the complex demodulation of the
near-inertial (period of 18.6 h was used) wave (solid lines) and the M, tidal component (dashed
lines). (b) The shear variance explained by near-inertial wave only (thin line), by the M, tidal
component only (dashed line), and by both components together (thick line).

| S1 > 1073 57!, the vertical wavelength would be 151
WKB-stretched-m. The vertical wavelength using the
data between 54 and 238 WKB-stretched-m ( ~70 and
180 m) was 201 WKB-stretched-m. Similar vertical
wavelengths are obtained if the shear data is back-ro-
tated at the inertial period (19.07 h).
Using the dispersion relationship,
21m?’

N22 1/2 217172
]‘3=(1+——"—”) /(1+%) ~1+
(1)

f2m2
the estimated frequency of the wave, w/f= 1.025, and
the vertical WKB-stretched wavelength, 2n/m = 146
WKB-stretched-m, the horizontal wavelength (27 /«xy)
of the near-inertial wave is 37 km (Table 1). For a
vertical wavelength of 201 WKB-stretched-m, the hor-
izontal wavelength would be 51 km. As expected, the
larger the vertical wavelength, the larger the horizontal

N3,

wavelength. Also, for a wave with a period closer to
the inertial period, the horizontal wavelength is larger
for the same vertical wavelength.

We reexamined our data to determine if a horizontal
wavelength of 40-50 km and an intrinsic period of
18.6 h were consistent. In our determination of the
wave period, we had assumed that the horizontal
wavelength was large; with a mean advection velocity
of 0.1 m s™! over 4 days, the horizontal wavelength
would have to be much larger than 35 km. Assuming
that the near-inertial wave was passively advected
through our survey region by the northwestward low-
frequency current, the time series of shear observed at
the ship consists of both temporal and spatial vari-
ability. At 150 m, the wave packet was advected ap-
proximately 20 km to the northwest (Fig. 9a). Back-
rotating the shear vector with the wave frequency (w
=1.025f)to YD 122/0100 UTC, the shear vector was
generally in a west by southwest direction at this time
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components of the demodulated complex correlation of velocity over
the depth range 58-250 m. The demodulation frequency was 2/
18.6 h. Bottom panel: Semilogarithmic plot of the real component
of the demodulated complex correlation.

(Fig. 9b). If the shear was due only to a wave with
period of 18.6 h, these rotated shear vectors would show
the spatial structure of the wave; shear vectors located
half a wavelength apart would point in opposite direc-
tions (a 180° phase shift). There was no evidence of
a phase change with horizontal distance (Fig. 9b). The
horizontal wavelength (in a northwest-southeast di-
rection) must have been larger than 80 km. Using a
higher frequency for.the wave in order to produce an
observable horizontal wavelength would not produce
a proper alignment of the shear vectors with time. Ad-
jacent shear vectors would point in different directions.
If the shear vector is back-rotated at a lower frequency
(e.g., the inertial frequency), there is a rotation of the
shear vector in the northwest-southeast direction
(Fig. 9¢) although there is significant variability in
the shear vector direction at a single location. This
phase change of approximately 45° over 15 km gives
a horizontal wavelength of approximately 120 km
in the northwest—southeast direction. A pure inertial
wave would have an infinite horizontal wavelength.
A near-inertial wave with slightly higher frequency
than an inertial wave would have a similar structure
as shown in Fig. 9c. A near-inertial wave with the
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observed vertical wavelength 146 WKB-stretched-m
and period of 19.02 'h («w = 1.002f) would have a
horizontal wavelength of 120 km (Table 2). Thus,
the wavelength in the northwest-southeast direction
must be approximately 120 km. We cannot estimate
the horizontal wavelength of the wave in any other
direction. With the data available, we cannot deter-
mine the exact intrinsic frequency and horizontal
wavelength of the near-inertial wave.

In determining the near-inertial wave energy (next
section), the results are the same for a wave of period
18.6 or 19.07 h (the inertial period). For the remainder
of the paper, we will assume that the wave had an in-
trinsic period of 18.6 h. This choice only affects our
estimate of the wave propagation speeds and energy
fluxes by these processes. Propagation speeds are larger
for a wave of period 18.6 h than a wave of frequency
closer to the inertial frequency (Tables 1 and 2). Hence,
our energy flux estimates due to wave propagation in
section 4 represent upper bounds.

In our discussion of the near-inertial wave energetics,
it is necessary to determine the wave propagation
speeds in order to estimate the flux of wave energy out
of our survey region. Given the estimated properties
of the near-inertial wave (Table 1) and assuming linear
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F1G. 7. Top panel: Real (solid line) and imaginary (dashed line)
components of the demodulated complex correlation of shear over
the depth range 58-250 m. The demodulation frequency was 2w/
18.6 h. Bottom panel: Semilogarithmic plot of the real component
of the demodulated complex correlation.
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F1G. 8. Average (YD 122-126) magnitude (solid line) and phase
(dotted line) of the shear as a function of the WK B-stretched depth.
The shear vector was back-rotated ( counterclockwise) by the near-
inertial period (18.6 h) to a common time, and the depth was WKB-
stretched before averaging. Approximate true depths are shown on
the right-hand side. Estimates of the vertical wavelength were obtained
from least squares regression to the phase (dashed lines). The dashed
lines also show the depth range over which the least squares regression
was determined.

internal wave dynamics, the horizontal and vertical
phase and group speeds can be determined. The vertical
propagation of the wave energy was very slow, only 10
m day~!. Over the 4-day period, we did not detect
significant vertical propagation of the shear layers (Fig.
3b). For near-inertial waves with the same vertical
wavelength, the vertical and horizontal group speeds
decrease as the wave period approaches the inertial pe-
riod. For example, a wave of period 19.02 h (w
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= 1.002f) and vertical wavelength 146 WKB-
stretched-m has vertical group speed of 1.0 X 1073
m s~! (1 m day™") and horizontal group speed of 8.5
X 1073 m s™! (750 m day!).

4. Decay of the wave

Having determined the general properties of the
near-inertial wave, we examine mechanisms respon-
sible for the observed change in the near-inertial wave
energy. The energy (density) equation for the wave,

oF

—51-+ Ve (cE)+V-(uE)—e~B—-S=0, (2)
is a balance between the local change in energy density
at a fixed location, propagation, and advection of the
wave packet energy out of our observation region, dis-
sipation of the energy by turbulence, conversion of
wave energy to mean potential energy, and other sinks
such as the transfer of energy to waves with other fre-
quencies and wavelengths. In a rotating fluid, the mean
flow can only absorb the near-inertial wave energy
through turbulent mixing (Kunze et al. 1994).

For near-inertial waves, the ratio of kinetic energy
due to the vertical velocity (VKE) to that due to the
horizontal velocity (HKE; commonly referred to as
the horizontal kinetic energy) is

VKE (02-f%) &2
HKE (w?+f?) (N?—w?)’
which is approximately 1/125 000 for our near-inertial

wave. The ratio of available potential energy (PE) to
horizontal kinetic energy can be expressed as

PE  (0®’—f%) N?

HKE (w?+f2)(N?—w?)’
which is 1/40 for our near-inertial wave. Therefore,
we can assume that the kinetic energy based only on
the horizontal velocity represents the total wave energy.
Turbulence studies (Oakey 1982; Moum et al. 1989)
show that the buoyancy production (B) is approxi-
mately 20% of ¢. Since we are only examining the rel-
ative importance of the terms in (1) and not trying to
close the energy budget, we will ignore B in (2). Thus,
the energy equation for a near-inertial wave is

(3)

(4)

TABLE 1. Properties of the observed near-inertial wave. The period and vertical wavelength were estimated from the ADCP data. The
horizontal wavelength and phase and group speeds were obtained from the linear internal wave dispersion relationship. The inertial period

at this latitude is 19.07 h (/= 9.15 X 1075 s7!).

Period (h) T
Nondimensional frequency w/f
Vertical wavelength (WK B-stretched-m) Az
Horizontal wavelength (km) Ay
Vertical phase speed (m s™}) Cpz
Horizontal phase speed (m s™) Conr

Vertical group speed (m s™')
Horizontal group speed (m s™') Cort

18.6
1.025
146 201
36.9 50.8
2.18 X 1073 3.00 X 1073
5.51 x 107 7.59 X 107!
—1.06 X 1074 —1.46 X 107*
2.68 X 1072 3.69 X 1072
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Integrating (5) over a specified time interval (e.g., the
period of reliable estimates of HKE as described below),
the equation describing the change in wave energy is

AHKE + f u,Vy(HKE)dt + f ¢#V(HKE)ds

+fcgzé(HKE)dl-del-—fedl=O. (6)
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FIG. 9. Hourly averaged shear vectors at 150-m depth as-
suming that the near-inertial wave packet was passively ad-
vected by the low-frequency velocity field. The origin repre-
sents the location of the ship at YD 122 0100 UTC. In (b),
the shear vectors have been back-rotated by the near-inertial
period of 18.6 h. In (c), the shear vectors have been back-
rotated by the inertial period of 19.07 h. Open circles mark
the ship location every 12 h from YD 122.5 to YD 126.

With our data from the ADCP and CHAMELEON,

“we can estimate the first and last terms on the left-hand

side of (6). We will also estimate the three terms rep-
resenting the horizontal and vertical energy flux given
our general knowledge of the wave’s properties. The
other sinks of wave energy, such as wave-wave inter-
action, are harder, if not impossible, to estimate.

a. AHKE

To determine the change in HKE, we use the com-
plex demodulation technique for two waves described
in appendix A. A time interval must be chosen over
which to demodulate the velocity data, long enough to
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TABLE 2. Phase and group speeds of a near-inertial wave with
period 19.02 h, horizontal wavelength 120 km and vertical wavelength
146 WKB-stretched-m.

Period (h) T 19.02
Nondimensional frequency w/f 1.002
Vertical wavelength (WKB-stretched-m) Az 146
Horizontal wavelength (km) Ay 120
Vertical phase speed (m s™!) Cpz 2.13x 1073
Horizontal phase speed (m s™') Conr 1.75
Vertical group speed (m s™) Caz -1.03 X 1073
Horizontal group speed (m s™') Cenr 8.46 X 1073

allow a reliable estimate of the amplitude of the waves
{e.g., several wave periods) but short compared to the
length of the 6-day time séries and the rate at which
the wave amplitude changes. To reduce the error in
the amplitude estimate, .especially for short time in-
tervals, it is best if the time interval is an integer mul-
tiple of half the wave period. We chose a time interval
of 55.8 h over which to demodulate the ADCP data.
This interval is three periods of the near-inertial wave
and approximately 41/ periods of the M, tide. We de-
termined the average HKE of both the near-inertial
wave and M, tide at each ADCP depth bin and for
every 6 hours from YD 122.25 to YD 127.752 (Fig.
10). The M, tidal energy was strongest near the surface
and reached a maximum around YD 124.3. The near-
inertial wave energy was mainly located between 75
and 200 m. However, there appears to have been sig-
nificant near-inertial wave energy in the mixed layer
before YD 123. The storm that occurred around YD
123.5 (Fig. 2) did not produce any significant inertial
wave energy in the mixed layer (Fig. 10a). For this
storm, most of the wind energy appears to have gone
into deepening the surface mixed layer (Fig. 3a). Ro-
tation of the wind stress vector for this storm was almost
nonexistent or slightly counterclockwise while the wind
stress for the earlier storm (YD 120-122) had a clock-
wise rotation with time. D’Asaro (1985) showed that
a wind stress with clockwise rotation with time will
pump more energy into the inertial wave field. Below
the mixed layer, the overall near-inertial wave energy
decreased after YD 123.5.

Since the vertical propagation of the wave was
unobservably small, we have not WKB-scaled HKE.
This lack of scaling does not affect our results on the
overall energetics of the near-inertial wave, it only
changes the vertical distribution of the energy density.
The WKB-scaled HKE (Sanford 1991) has a vertical
distribution similar to that in Fig. 10a except that the
maximum energy density is located at 98 instead of

2 For times before YD 123.2 and after YD 126.8, the time interval
of data for the demodulation was less than 55.8 h and not symmet-
rically located about the central time. These regions in Fig. 10 will
have a large error associated with them and have been presented only
to emphasize the general trend in the figure.
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138 m, the depth of the maximum in the buoyancy
frequency.

With these near-inertial HKE estimates, we can ex-
amine the change in the wave’s vertically averaged
HKE. We chose the depth range 58 to 250 m to ensure
that the large shear and dissipation regions were and
the mixed layer was not included (Fig. 3). Other ver-
tical averaging limits were examined and produced
similar results.

The depth-averaged HKE of the wave decreased
from 5.0to 1.6 (X 1073 J kg~!) over 4 days (Fig. 11a).
The decay of the wave energy appears to have been
exponential with an e-folding time of 3 days. The com-
plex correlation of the shear over this depth range
showed a similar decay time (Fig. 7).

The observed change in the depth-averaged near-
inertial energy at a fixed point can be compared to the
turbulent dissipation rate and some of the other terms
in (6).

b. fedt

The depth-averaged turbulent kinetic energy dissi-
pation (smoothed with a 55.8-h boxcar filter) shows
an enhanced dissipation rate at the time when the
change in the wave’s HKE was the greatest (Fig. 11b).
This enhancement of dissipation between YD 123 and
125.5 is more evident if a shorter smoothing filter is
used. The time-integrated turbulent dissipation rate
( f e dt) is approximately 44% of the observed change
in HKE over the four days (Fig. 11c and Table 3). In
this comparison, we had assumed all the observed ¢ to
originate directly from energy lost by the near-inertial
wave. However, there is always some level of the tur-
bulent dissipation in the thermocline due to the ran-
dom superposition of internal waves of different fre-
quencies and wavenumbers. If we assume that there
was a background e, unrelated to the near-inertial wave,
of 3 X 107 W kg ! based on the 6-h average dissipation
over the same depth range at the start and end of our
time series when the average dissipation rate was at a
minimum, ? the turbulent dissipation above this back-
ground value would account for 14% of the observed
change in HKE.

¢. [ ¢..0(HKE)/dzdt

To estimate the change in HKE due to the vertical
propagation, it is necessary to estimate the vertical
gradient of HKE and use the group speed obtained
earlier (Table 1). Estimating the average energy lost
this way is not straightforward. However, we can es-
timate the amount of energy that would propagate

3 This dissipation rate is likely an overestimate of the background
¢ since the near-inertial wave shear is probably producing mixing
even if it is lower than the peak dissipation rates observed between
YD 123 and YD 127.
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FI1G. 10. The kinetic energy due to the horizontal velocity (HKE ) for the (a) near-inertial wave
and (b) M, tide obtained from complex demodulating the ADCP data over a 55.8-h period every

6 h.

vertically out of the averaging region (58-250 m)
over four days. If the vertical distribution of HKE is
represented by a sinusoid [ centered in the averaging
region (58-250 m) on YD 123], vertical propagation
of this energy distribution (¢,; = 1.5 X 10 ms™')
would account for a change of 8 X 10™* J kg~!
in the depth-averaged HKE over four days. This
energy loss due to vertical propagation of the wave
(VP) is only 24% of the observed change in HKE
(Fig. 11c). The actual energy lost by VP is less. With
this vertical group speed, the near-inertial energy
would be 52 m deeper after four days. Our velocity

data showed no evidence of vertical propagation
(Figs. 3 and 10a).

d. [ ceuV(HKE)d

The horizontal energy flux is more difficult to esti-
mate. We do not know the horizontal gradient of HKE
or even the horizontal extent of the near-inertial wave
at the start of our measurements. For our energy loss
estimate, we assume that Vy(HKE) = AHKE/35 km,
the observed change in HKE occurred over the distance
it was advected in 4 days. The energy loss due to hor-
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FIG. 11. (a) The depth-averaged (58-250 m) near-inertial wave
horizontal kinetic energy. Dashed lines represent the 95% confidence
limits obtained by the bootstrap method (Efron and Gong 1983).
(b) The depth-averaged (58-250 m) turbulent kinetic energy dissi-
pation rate. Dashed lines represent the 95% confidence limits. (c)
The depth-averaged HKE from (a) (solid line) and the time-integrated
turbulent kinetic energy dissipation rate (dashed line). The left-hand
side of the figure shows the total change in energy obtained from the
observed change in HKE (AHKE) and the turbulent dissipation
( f e dt). Estimates of energy lost due vertical (VP) and horizontal
(HP) propagation of the wave and horizontal advection (HA) are
also shown. For VP and HP, the total length of the arrow is the
estimate based on a wave packet 70 km wide; the solid portion of
the arrow is the estimate based on a wave packet 120 km wide. See
the text for more details.

izontal propagation (HP) would be 35% of the observed
AHKE (Fig. 11c and Table 3). The choice of the hor-
izontal length scale above was arbitrary. Near-inertial
wave packets are frequently observed to be one wave-
length wide (E. Kunze 1994, personal communica-
tion). If we assume that the horizontal scale of the
wave was 120 km, an estimate of the horizontal wave-
length (see section 3), then HP accounts for 21% of
AHKE (Fig. 11c and Table 3). Another way to examine
the energy lost by HP is to assume that all the observed
change in HKE was due to horizontal propagation. If

HEBERT AND MOUM

2345

so, the horizontal scale of the wave would have been
smaller than 25 km. This is unlikely for a near-inertial
wave.

e. [ uyVu(HKE)d!

The horizontal advection of wave energy can be de-
termined in a similar manner to the horizontal prop-
agation above. As with that calculation, we have to
assume a value for V,(HKE). As expected, using the
value above, AHKE/35 km, the change in HKE due
to horizontal advection (HA ) accounts for all of AHKE
(Fig. 11c and Table 3). Also, the horizontal scale of
the wave must have been less than 70 km, which is
possible but unlikely. Using a 120-km horizontal scale
for the wave packet, HA would account for 59% of
AHKE (Fig. 1ic and Table 3).

With our data, we cannot eliminate the possibility
that all of the change in near-inertial energy was due
to horizontal advection of the energy. However, we are
confident that approximately 44% of AHKE was re-
moved by turbulence. The remainder of AHKE could
be due to horizontal advection of the near-inertial en-
ergy. On YD 128, we completed a large-scale (40 km
X 40 km box) ADCP survey around the 39°N station.
There was no sign of any shear layers in the upper
thermocline. This would lead us to believe that the
near-inertial wave had not propagated or been advected
out of the survey region. Any energy flux of the near-
inertial energy to the mean flow must be done by ir-
reversible processes (Kunze et al. 1994) and is included
in our turbulence dissipation rate estimate. We cannot
eliminate the possibility that some of AHKE is due to
wave-wave interactions or that the observed near-in-
ertial energy was not due to a single near-inertial wave
(see section 5).

5. Discussion

It is unfortunate that our observations did not in-
clude the near-inertial wave’s full evolution. Although
we know that it was propagating downward, we do not
know when it was generated. Assuming that the ob-
served wave propagated from the base of the surface
mixed layer at 50-m depth to 125 m (the observed
mid-depth of the wave) with a speed of 1.5 X 10™*
m s~ (Table 1), this near-inertial wave would have
been generated approximately 6 days before our arrival.
For large-scale wind forcing, D’Asaro (1989) found
that the 3 effect finally determines the meridional extent
of surface generated near-inertial waves [eg., L,
= (BA?)™!, where At is the time since the near-inertial
wave was generated]. Thus, at the time of our obser-
vation, the meridional scale of the near-inertial wave
must have been smaller than 100 km.

Since the storm that produced the observed near-
inertial wave occurred well before we arrived, we can-
not determine the inertial wave energy generated in
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TABLE 3. The observed depth-averaged (58-250 m) change in horizontal kinetic energy of the near-inertial wave and the amount of
energy dissipated by turbulence for the same region and time; 95% confidence limits are in parentheses. Estimates of energy lost by the
propagation and advection of the wave out of our survey region are given. For VP, an upper limit of the energy lost is presented. For
estimates of HP and HA, a range of energy lost is given (the lower and upper values correspond to wave packets 120 km and 70 km wide).

Change in near-inertial wave horizontal kinetic energy

Energy dissipated by turbulence

Vertical propagation

Horizontal propagation

Horizontal advection

AHKE 3.4 X107 J kg™
(£0.6 X 1073 J kg™")
[ edr 1.49 X 1073 J kg™

(£0.05 X 1073 T kg™)
VP=[ cgz-(%(HKE)dt <0.8 X 107 J kg!

HP = [ ¢, Vi (HKE)d!
HA = [ uy Vy (HKE)dt

0.7 = 1.2 X 107 J kg™
20 ->34% 102 kg™

the mixed layer by the storm. However, D’Asaro (1985)
found that April storms further north at OWS P (50°N,
145°W) generated on average a near-inertial energy of
approximately 1072 m?s~2 in the mixed layer. We
speculate that near-inertial energy observed at the be-
ginning of our measurements was approximately half
the surface-forced internal wave energy and that ap-
proximately one-quarter of this energy was dissipated
rapidly in the upper thermocline. Qur ADCP time se-
ries is too short to determine if all the near-inertial
energy disappeared by YD 128, that is, before the wave
could have propagated deeper into the ocean interior.

The turbulent decay time for internal waves is 7
= (E)/{¢€y, where { E) is the average internal wave
energy and () is the average dissipation rate. Using
our average values for ( E) and (e) (3.2 X 10> m? s
and 4.3 X 10~° m? s~3, respectively), our decay time
is 9 days. Gregg et al. (1986) found a decay time of 4-
8 days for their slightly more energetic near-inertial
wave. Using Gregg’s (1989) parameterization for e (see
discussion below), Marmorino and Trump (1991) es-
timate a decay time of 37 days for an upward propa-
gating near-inertial wave. This is a typical value for the
(total) internal wave decay observed in the seasonal
thermocline (Gregg and Sanford 1988) or obtained
from wave-wave interaction models (McComas and
Miiller 1981).

Although we estimate the turbulent dissipation of
near-inertial energy and its energy fluxes either by
propagation or advection, we cannot rule out the pos-
sibility that the near-inertial wave we observed was
really two (or more) near-inertial waves beating against
one another. At the start of the measurements, these
two waves could have been in-phase and, by the end
of our 6-day station, they could have been 180° out of
phase. Thus, it would appear as though the wave had
been dissipated. Imagine that the observed near-inertial
shear (Fig. 8) was due to two near-inertial waves with
the same horizontal wavelength of 80 km beating to-
gether. Two waves of vertical wavelengths 130 and 440
WKB-stretched-m would beat together to produce an
apparent single wave with a wavelength of 200 WKB-

stretched-m and an amplitude envelope of 185 WKB-
stretched-m. From the dispersion relationship, the pe-
riod of the two waves would be 18.988 (w = 1.004 1)
and 18.180 h (w = 1.049 1), respectively. It would take
these two waves 9 days to become 180° out of phase.
(Using the same vertical wavelength and a 120 km
horizontal wavelength, it would take 20 days for the
two waves to become out of phase.) Therefore, it may
be possible that the frequencies of the near-inertial
waves producing the observed shear were such that they

e/ Wkg')
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FIG. 12. YD 122-126 average profile of ¢ (thick solid line), S?
(thin solid line), and Ri~! (dashed line); S? was determined by first-
differencing the velocity data, which are in 8-m bins. The stratification
used in Ri~' was the mean gradient in potential density over § m
vertically.
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Fi1G. 13. The average dissipation rate ¢ (shown in Fig. 12) scaled by the different internal wave
scalings described in the text. An arbitrary constant was chosen to center the profiles around a
value of approximately 1. (a) The scalings based on the near-inertial wave energy ( ¢w: solid line,
ega: dashed line, and eggq: dotted line). (b) The scaling based on just stratification (e, : solid

line, egxa: dashed line).

became out of phase after YD 126. Only a much longer
time series would disprove this scenario; the near-in-
ertial energy would increase as the waves became in
phase again.

Over the observation period, the location of high-¢
layers tracked the high-shear layers. This result differs
from that found by Gregg et al. (1986). They found
that their turbulent patch started in the high-shear re-
gion below the near-inertial wave velocity maximum
and rose into the region of the maximum, remaining
there for most of the duration of the turbulent patch
(3 days). This result led Gregg et al. (1986) to conclude
that critical-layer absorption might be responsible for
the mixing. Our result suggests that near-inertial shear
induces instability responsible for the mixing. For
shorter time series (15 h), Marmorino et al. (1987)
found that turbulent mixing based on high-frequency
temperature fluctuations coincided with high shear,
leading to the same conclusion.

Recently, there have been many attempts to relate
turbulent dissipation (mixing) to properties of the in-
ternal wave field. Based on results of McComas and
Miiller (1981) and Henyey et al. (1986) for the cascade
of energy in a Garrett-Munk (1975, hereafter GM)
internal wave spectrum, Gregg (1989) suggested that

(7

where Eyw is the internal wave energy. Lacking direct
measurements of Eyw, Gregg (1989) expressed internal

2
aw o Efw,

wave-based ¢ in terms of the 10-m shear (S;;) and
stratification (V). That is,

€Ggy C S?ONZ- (8)

Other proposed formulations of the dissipation rate
based on internal wave dynamics are

€GH1 OC Nl.O
€GH2 OC Nl.S
€Ga OC Elel'S (9)

(Gargett and Holloway 1984; Gargett 1990). Details
of how these parameterizations are obtained are re-
viewed elsewhere (Gregg 1989; Wijesekera et al. 1993).
Gregg (1989) stressed that his scaling arguments are
based on a GM internal wave spectrum. However, his
parameterization has been used to estimate mixing
rates in regions where the internal waves appear to be
mainly near-inertial (Marmorino and Trump 1991;
D’Asaro and Morison 1992). Should any of these e
parameterizations work when the source of mixing is
a shear layer produced by a single near-inertial wave?
They do not work for a non-GM-like spectrum al-
though modifications to the internal wave spectrum
used in the parameterization improves the e scaling
{Wijesekera et al. 1993).

We examined the different e scalings above to see if
they reduce the variability in our average (YD 122-
126) dissipation rate profile. The correlation between
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¢ and the vertical shear squared, S2, is evident in the
average profile for YD 122-126 (Fig. 12) below 50 m.
However, ¢ is not simply related to Ri~'. Above 50 m,
Ri~! and e were both large, as expected for a mixed
layer. We will not try to determine which parameter-
ization best describes our data. Instead, we examine
only the depth dependence of ¢ and determine if any
of the parameterizations collapses the data to a constant
value. The parameterizations of e based on the internal
wave energy (near-inertial energy for our data) are the
poorest of the parameterizations (Fig. 13a). In fact,
the depth variability has increased compared to the
average ¢ profile (Fig. 12). The near-inertial energy
was strongest between the regions of largest shear (and
dissipation); hence, the poor scaling of this parame-
terization. The scalings based solely on the stratification
reduced the e variability the most (Fig. 13b), especially
below the mixed layer (50 m). A higher order N-de-
pendence would likely reduce the variability even more.

6. Summary

In this paper, we have examined the decay of a near-

inertial wave over four days. From the shipboard

ADCP data, we estimate that the period of this wave
was 18.6 h (w = 1.025f) and the vertical wavelength
(WKB-stretched using Np = 3 cph) was approximately
175 WKB-stretched-m. The clockwise rotation with
depth implies that the near-inertial wave was propa-
gating downward. We estimate that the wave was gen-
erated approximately 6 days before our arrival on sta-
tion. :

Over this short 4-day period, we observed the energy
of the near-inertial wave to decrease by 70%. The near-
inertial shear layers were regions of enhanced turbulent
dissipation. We infer the source of the turbulence to
be shear-induced instabilities. We estimate that 44%
of the observed change in the inertial wave energy could
have been lost to turbulence. Estimates of the wave
energy lost at the survey site due to the wave propa-
gating out of the region were smaller. Horizontal ad-
vection of the wave out of the survey region could have
accounted for more than half of the observed energy
lost; however, we did not detect the near-inertial wave
during a 40 km X 40 km ADCP survey after completing
the 6-day 39°N station.

The influence of this near-inertial wave on the ver-
tical heat flux (and its divergence) in the upper ther-
mocline will be discussed in a future paper. Also, dif-
ferent estimators (based on the turbulent kinetic dis-
sipation rate and the temperature variance dissipation
rate) of the vertical flux will be compared.
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APPENDIX A
Complex Demodulation of the ADCP Data

Complex demodulation of a time series is used to
determine the slowly varying amplitude and phase of
a modulated wave of fixed frequency. We can use this
technique to determine the frequency of a single wave
that best describes the observed velocity or shear data.
In our study, the time series consists of two velocity
components, # and v, the eastward and northward ve-
locities, respectively. We assume that the observed ve-
locity consists of a wave with a frequency wy and a
slowly varying (compared to wp) complex amplitude
and a random “noise” velocity; that is,
u=A(t) exp(—iwot) + U,

v = B(t) exp(—iwgt) + v,. (Al)

For complex demodulation, we wish to find represen-
tative complex amplitudes 4 and B for a specified time
period, usually several wave periods. Multiplying (A1)
by exp(iwgt) and averaging over the desired period of
the record (e.g., from 7', to T;), we have

1 J‘TZ o) d
AT . u exp(iwot)dt
1 [T

AT Jr, A(t) exp(— i wo — wo)t)dlt

| T
+ EJ;, U, exp(iwot ) dt
1 (7
KY—, fT, v exp(iwot ) dt

1 (7 .
= E,fn B(t) exp(—iwp — wp)t)dt
, -
+ —_—
AT Jr,

where AT = T, — T,. We assume that the u, and v,
terms average to zero over this time period. Thus,
T

1
A = m—
4 AT Jr,

v, exp(iwot)dt, (A2)

u exp(iwot)dt;

1 (T
(B)=77 .
and the approximated time series () and (v are
(uy = {A) exp(—iwpt); (v) = (B) exp(—iwot).
(A4)

However, for our data, we do not know what value of
wp to use for our analysis. Therefore, we varied wg and
computed

vexp(iwot)dt (A3)
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Ty
fT = (b2 + (v — (o) 2dr
rP=1-= ,

T,
f lul? + |v|%dt

Ty

(A5)

which is the fraction of explained variance. We chose
wp as the frequency where r? is a maximum. Figure Al
shows the observed u and v velocity at 122 m (solid
lines in the upper panels) and the value of r* as a func-
tion of wave period (dotted line in the bottom panel)
for a single wave complex demodulation. It is evident
that there are at least two dominant waves present.
One appears to be the M, tide; the other, a near-inertial
wave. At this depth, we see that a single near-inertial
wave explains more than 55% of the velocity variance,
while a single wave of approximately M, frequency
explains 30% of the variance.

After determining the complex amplitudes of # and
v, (A4) and { B), for the wave that best fits the velocity
data, the major and minor axes of the velocity ellipse
and its orientation can be determined easily. In a co-
ordinate system oriented relative to the major and mi-
nor axes, the term u'v” averaged over a wave period is
zero (the primes represent quantities in the rotated co-
ordinates). Thus, the angle of the major axis counter-
clockwise from east is

ZRUAET (ae
(BY(B)* —(4){A)*
The magnitude of the major and minor axes were ob-
tained after rotating the complex amplitudes by this
angle. [It is also possible to determine the velocity el-
lipse by demodulating the velocity times series as the
sum of two circular oscillations in opposite directions
as shown by Poulain (1990).]

It is possible to use the complex demodulation tech-
nique to determine the amplitude of two simultaneous
waves (Poulain 1990). For example, if the eastward
velocity is represented by

u = A(t) exp(—iwm,t) + B(t) exp(—iwot) + uy

(A7)
with wy, = 2w/ T, the M, tide; A(¢), the slowly vary-
ing tidal amplitude; and B(t), the slowly varying
near-inertial wave amplitude. Multiplying (A7) by
exp(iwm,?) and exp(iwpf) and averaging over a time
period, we have two equations

1
g = 3 tan"[

1 [T ,
_A_Y_"fr, u exp(iwm,t)dt
1 T2 .
= (4> + KT—’J; B exp(—i(wo — wm,)t)dt

1 J‘TZ .
AT . u exp (iwpt)dt

T2

T AT s, (AB)

A exp(—i(wM2 — wo)t)dt + <B>
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F1G. Al. Top panels: The eastward (u) and northward (v) velocity
at 122 m (solid lines). Velocity time series for the single fitted wave
with a period that produced the largest r? (dotted line) and for the
M, tide and wave combination (dashed line) are shown. Bottom
panel: The explained variance (r?) of the complex demodulation fit
of the velocity at 122 m (solid lines in the two top panels) for a single
wave (dotted line) and a single wave and a 12.42-h wave (dashed
line). The vertical lines show the inertial period (19.07 h) and the
period of the M, tide (12.42 h).

Assuming that 4 and B are approximately constant
over the averaging time, then

T,
'A—]_,, . A exp(—i(wMz — wo)t)dt
1 T2 .
= <A>K7: ; exp(—i(wm, ~ wo)t)dt
1

T

E_, . Bexp(—i(wy — wMz)t)dt

1 [T
= <B> _A—EI_"J‘T exp(—i(wp — wMz)t)dt. (A9)

Substituting (A9) into (A8), we can solve for {4 ) and
{B). The complex amplitudes of the two waves for
the northward velocity can be determined similarly.
The major and minor axes and the ellipse orientation
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for both waves can be determined from the complex
amplitudes as described above. As before, we can de-
termine r? using

{uy = (A)exp(—iwm,t) + {B) exp(— iwot)
(v) = (C)exp(—iwm,t) +{D)exp(—iwpt)

in (A6). The combination of the M, tide and a near-
inertial wave can explain more than 80% of the velocity
variance between Year Days 122 and 126 (Fig. Al).
In a similar manner, the vertical shear can be com-
plex demodulated with (dashed line in Fig. A2) and
without (dotted line in Fig. A2) the M, tidal compo-
nent, Since the M, tide is mainly a low vertical mode
velocity field, it does not appear in the shear field. The
vertical shear data has more energy in higher frequen-
cies than the velocity data. A single near-inertial wave

(A10)
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FiG. A2. Top panels: The eastward shear (du/dz) and northward
shear (dv/dz) at 150 m (solid lines). Shear time series for the single
fitted wave with a period that produced the largest r? (dotted line)
and for the M, tide and wave combination (dashed line) are shown.
Bottom panel: The explained variance (r?) of the complex demodu-
lation fit of the shear at 150 m (solid lines in the two top panels) for
a single wave (dotted line) and a single wave and a 12.42-h wave
(dashed line). The vertical lines show the inertial period (19.07 h)
and the period of the M, tide (12.42 h).
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explains more than 60% of the observed variance in
the shear data at 150 m.

APPENDIX B
Complex Correlation of the ADCP Data

In our correlation analysis of the ADCP data, we
define the velocity as a complex variable,

U=u+w (B1)

with u and v, the eastward and northward velocities,
respectively. In determining the complex correlation
for velocity Cy(7) and shear Cs(7), we used the un-
biased estimator of the complex correlation at lag =
(Jenkins and Watts 1968). For example,
T‘—'T
—_— *
T =7) do UYU*(t + 1)dt,

where o7 is the velocity variance of the time series and
* represents the complex conjugate. Thé temporal
complex correlation functions of velocity, Cy(7), and
shear, Cg(7), oscillated near the inertial period (7;
= 19.07 h). [See Fig. 7 of Gregg et al. (1986) for an
example of this oscillatory behavior.] To determine the
near-inertial wave frequency and the decorrelation
timescale of the wave, we examined the demodulated
complex correlation of the velocity and shear data. In
other words, we rotated the complex correlation back
at a specified frequency to a common time (i.e.,
zero lag).

It is possible to estimate the frequency of the wave
by examining the imaginary part of the demodulated
complex correlation for different demodulation fre-
quencies. Imagine that the velocity field consisted of a
single wave with frequency wy,

U = A(t) exp(—iwot), (B3)

where A(t) is the constant or slowly varying complex
amplitude of the wave. The complex correlation of the
velocity is

Cy(r) = (B2)

1 T—7
o (T—17)Jo

X A*(t + 1) expliwo(t + 7)]dt

Cy(r) = A(1) exp(— iwot)

1 T~
=l A()A*(t + 7)at
[a%,(T—T) i ()A*(t+ 7) }
X exp(iwer). (B4)
Now, if we demodulated the complex correlation Cy(7)
by our estimate of the wave frequency w, we have

Ch(7) = Cy(7) exp(—iwr)
1 T—7 .
= [——_a%/(T— 3 A(DA*(t + ‘r)dt]

X expli{wy — w)7]. (BS)
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If the complex amplitude of the wave does not oscillate
rapidly compared to wg, the [+ ] term in (B5) has no
imaginary component. Thus, if w = wg, then the imag-
inary component of C9 would be zero for all lags. Oth-
erwise, the complex correlation would oscillate with a
frequency that is the difference between the wave fre-
quency and the demodulated frequency. If the true
wave frequency wg was slightly higher than the esti-
mated frequency w, the imaginary component of the
demodulated complex correlation function would in-
crease with increasing lag. Similarly, if the true fre-
quency was slightly less than w, the imaginary com-
ponent of the demodulated correlation would decrease
with increasing lag.
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