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Exponential Stability of Switched

Systems with Delay: a Multiple Lyapunov
Function Approach

CONG Shen! FEI Shu-Min? LI Tao?

Abstract The switched system consisting of a family of sub-
systems with delay is considered. In the time-delay situation, the
multiple Lyapunov function approach is generalized to investi-
gate the effect of switching and state-delay on stability. Using
the Halanay inequality, the delay-dependent constraint condition
on switching sequence is derived to guarantee the exponential
stability. In the situation without time delay, the correspondent
analysis result of switching effect on stability is a special case of
our conclusions. Numerical examples are given to demonstrate

the proposed approach.
Key words Switched systems, time-delay, exponential stabil-

ity, Halanay inequality

it

1 5]
ZBETERENT TR
&= Am(t) + Ana(t—r), t > to;i=1,-- N  (la)
WY TIRRME {1, N} MAESYHRGES
s(t) = I (¢, s(t7),z(t)), t > to (1b)

WA TRV I RE. Kbz e R, r > 0 AR
ARG, {A, An D R IEAAERCERE. T -
[to,00) x {1,-++ ,N} x R" — {1,--- , N} RIET PI#fE 5
BN 54T A, AT CARR 3 Bt B (] 095 1 KRR 2 048 O D) 48
JFHIRITE

{0, 7)), (7 (), | lim 1 =00} (2)

Wk H I 2006-4-18 Wik H Y 2006-11-6

Received April 18, 2006; in revised form November 6, 2006

5% B AR 4 (60574006) #il)

Supported by National Natural Science Foundation of China
(60574006)

1. BRUH TR AL bE Bat 210094
210096

1. Automation School, Nanjing University of Science and Technol-
ogy, Nanjing 210094 2. Research Institute of Automation, South-
east University, Nanjing 210096

DOI: 10.1360/aas-007-0985

2. KM ABMITAPT Fa

X ty, (k) A DI 20 KA R PR B3 3 A

i D) R I R AR E I B R 3, A
WMATRSBE NN AT h. GEPTy (2), RE
(1) B BATARE S0 AR REE R B8 RS, W2 il
Caratheodory 4cfH1N. (K HRLRMENE BT bR T4 J7 FR M HE AR
#igl S v ragt ) nr e HAR I HR e E— M, JEHL
H—Holrin e A THasua e k.

TOHF 4T, Ul R S B PR 90 1 AR 5 5 VAN [
T2 55 AR T A7 B 4 RS A ) 1 JL AT 25 4. JE IR Lya-
punov BRI L7 A g T R ) R AR A S i s TR
JUTZI 2~ % Lyapunov Bi%7730 7 Mk T AR Lya-
punov PRACEERR A () B LT ARZEPED . o I A AE,
AH 2R [T A TC 55 4 MR B ), X887 3806 2 T HOE A 4
KE M, Lyapunov-Krasovskii 72 B AN 44 764 B 4k 2% 7] I
LA AR 21

VI R Se (1 A5 3% B2 5 W AR Ik T U143 B 4704 .
T4 8 U F 4 (2), FAHAR P b e i TR A RS IR A
Tp = k:ior’lf’m{thrl —tp} > 0 A “d/NIERBIY, 2
20 L) 45 A5 5 B I D A A, e i AR AR R ZUFR B AT
RN R G AR S 15 AR Pk (1 S P B A )
Lyapunov BAZULE 7 BT AR E LI 28 R Gi ke e PR 1) R 3%
PEO K% Lyapunov BRECTVEMES BINHFEE, 20T S
VI T3 RGERGE L D5, 8 LI 4528 - SR I
B S5 /NI B ) TR) PR 2 R G At S AR B R AR S O R, A
ARG ETREREN.

2 iES551#

Amasx (+), Amin (+) 2307 SEXFRA R (1) B R fe /MRFAE
B WFHERRFMPES, co{ ) ForLa; DT %
RS SRR A R T

TR T R o3 J7 R BB R R AR NS TR R BIHE, BR
4 Halanay 2550101,

5131, ¥ r>0,a>b> 0, IEFSMHELREL u(t) W
& DYu(t) < —au(t) +b sup u(t+0), t > to, Mut) <

—r<6<0

sup w(to + 0)e PR g > P > 0 W p—a+
—r<§<0

bet” = 0.
T AT Wl ) (R PR B

N
M = {[ml, . ,mN]T| Zmz(t) =1, mz(t) >0,t> to}
=1
AR ARELL RGO B M TR DIBIFH, REE (1)
S AL R o B B
&(t) € F(x:), t > to (3)
Horp F(a:t) = CO{Ai.'L‘(t) + Ailz(t — T)‘Z =1,--- ,N}.
SIE2. X THiA [m,--- ,mn]" € M, W& (3)
ST Giwrp

&(t) = Az (t) + AL (t)z(t — 1), t > to (4)

Lpdb A {Q, 7} LARGOS S S R A w, v BT LTI, R A A
0 < a< g, fiftav(w) <uw) < prv(w), Vw € Q.



986 H | 1k

F {4

33 %

WA B, Hoh A®) g (DAL A(l) =

AR RO E S XA, TR
[mi,--,mn]T € M, J7HE (4) RES NS EE (3) 19
T R, AR (3) MRAORIHE IS, T L4 e iR
x(t),t > to—r, 1E4E [ma,--- ,mn|T € M, 115 z(t) K
(4) iR, B, M5 (3) HIZ Ry R (4) RIS
2. O

SIH 2 W T I RGN AR A2 A By T AT
UM R RIS .

REFTERE LD

IS i 2 90 RIS PRV ) 2 T A AR 2 e, KA BT 7y
Sy WP AR DA A 5 I A0 S U, 5 A A Rl ) 222 1) 2 M
LARESAR (¥, 5 S8 BV e R T I¥ I AR P, W) 55 200 7 R Gedi e
PEVE DN 2 8] PR S, SR I AR IR 55 43 7, X AR S
(RIBEA H R A

5138 3. XTI RS (1) = Az(t) + Az (t—7),t > to,
WERAAAEXRTBRHRE P > 0 W2 T A2 PR RE ARG

3 % Lyapunov @£

PA+ ATP+2rP rPAJA rPA?
rATATP —rP 0 <0 (5)
rA¥Tp 0 —rP

Mo HEpiEFa e, XH A= A+A1

M. MR () — 2t —r) = [ &(0)do, 55 FLiAL
VBN
&(t) = Az(t) — Ay [} [Az(0) + Aiz(0 — 7)]do ©)
= Am( — AA [} x(0)d0 — AT [/ 2(0)do

Tike (6) MIRGEEAIE IR R RGENE. AN (5) M
PR RN, A7 AE € > 0, 1615
PA+ ATP +rPAAPT'ATAT P+

7
rPAIPP AP + (2r+6)P <0 @)

i Lyapunov 3 V(z) = =7 Pz, #HER (7) HEMHEE
JiE (6) MRk 0 T B AL

V (2(t))
=2[Ae(t) - MA@ d9+A2 i (e)defpm(t)
=2zT(t)AT Pz(t) —th Lz (0)AT AT Px(t)do—
2 [ 2T (0) AT Pa(t )de
<2z ()ATPz )+ [l &t (t)PALAP 1ATATPa:(t)d9+
L T () PAIPT AT Pe(t)do + [, =" (t) Pz(t)do

=z (t) [PA+ AP +rPA AP AT AT P+
rPAIPTTATT Pl a(t) + [, & (t)Px(t)do
—2r+e)V (z(t))+2r sup V(x(0),t>1o
—2r<6<0
HI5IE 1 58], V (2(t) < sup  V (x(to +0)) e+t
—2r<6<0

t > to, Hhp > 0WLE p— (2r+¢e)+2re*” =0, itk

-

= 1
(O] < 307 sup alto+)le 34,6 > 4. 0

Amin (P) _9r<0<0
EEL. & {4 = A + Ai1}lN:1- WMRAAEFEE 7 > 0,
F T HFRAERE {P; > 0}, MR MEREREAN

PA;+ATP + (2r+0)P1 rPiAnA; rPAL
rATALP; —rP; 0 <0

rAZL P 0 —rP;
i=1,---,N

(8)

W, MAAEAEHE Tp > 0, AR RS (1) 7ol 2w N LR
FAFIDIH )

{tomo), -
7 FHEE e

IERA. #4i Lyapunov ¥ Vi(z(t)) = 2" (t) P (t);i =

- N AFAE x > 115 Vi(z) < xVj(z),Vz € R";4,5 =

N HR R, Wy = lgnzlja%(N{i::((gg,z 75]} i

ﬁ?liﬁ3 FREARZELL (8) 4G T R4 fadidase, IFAX T

T k=0,1,--

A
Vae) o) < sup Ve

—2r<0<0
Hfu> 092 p—(2r+n) +2ret” =0.
XF VO € [—2r, 0], FFFE W T AT
Vetry (e +0) < XVae—1y (tk +0)
Vee—1)(to—1 + 9)] e Htito—ti—1)

(), uf b = 10) 2 T |

)(tk +9)e*#(tk+1*tk) (9)

<x { sup
—2r<6<0

Vieth1) (te—1 + 9)} e Mtk —tp—1)
(10)

—2r<0<0

545 (9) 1 (10) HEAN
Viegry (byr) < xe2He # i —te-1)

sup  Vae—1)(tr—1 + 6’)]

—2r<60<0
H 3 U 45 2
Vﬂ(k)(t;+1)
k=1 k
< sup Vi) (to +0)x" T e ] e #tis1 =t
—2r<0<0 =0 LS
= sup Vi)(to+90) [Xeg”‘}k e H(trt1—t0)
—27<6<0
(11)
B T > 2r + oy, 25 M4 D0t 6 20 1) I 0 A2 240
ther —te > Tp; k=0,1,---, WAT50
kStkT_DtO’k:LQ’“. (12)

=1 (% —u) >0, 4ierat (11) Rl (12) HE0

Vr(k>(t1:+1)

< sup
—2r<6<0

tk+1—to

Vﬂ(o)(to + 9) [Xe2“"] Tp

Vo) (to + 6) exp [(M — ,u) (thyr — to)}

e H(tk+1—t0)

= sup
—2r<6<0



9 14 NS A R BRI B E /34T : £ Lyapunov b

PRETTTR 987

Mﬁmmﬂﬂéxlsw

[ (to +B)|e Xtrr1t0) O
<o
EL EEE 1 [fI’J Wb, B T R G AR E PR Eﬂlﬁ

ﬁJHJ‘}iW&T?’%?ﬁE"JﬁEN% 5914 TFJEI’JQ’JK%#EP P
r =0, HVr i 2, e 1 E’J it 5 T '"%SWT?
Lyapunov BRERE 241 7150 45 xEé SO

e #E 1 W4k, A4t Lyapunov ﬁléﬁmﬁﬁ:ﬁﬁx
E%ﬁ%%?&ﬁﬁ]%ﬁ%}?% KA N IR e Tk, (R4
x =1, HLAGE Tk,

IR 1. WURZMFFEASEN (8) AL A LR, T4 R
LA PRI ZI 00 BE T > 2r , WARSE (1) IREHREGR
JE .

513 4. W TR RS 2(t) = Az(t)+ Awx(t—7),t > to,
WAAFLEXFRHE P > 0 i 2 F A2tk AEREA %

ATP+PA+P PA
ATP —-P

A FE MR R E -
WERR. AN (13) 1™ RS PERTR, A7 4E & > 0, 5

ATP+PA+PAP'ATP+(1+6)P <0 (14)

<0 (13)

#i& Lyapunov ¥ V(z) = 2™ Pz, RIERER (14) #HE4n
B RBARENER ) T 0 2
V(t) = 22 (t) P[Az(t) + Ara(t — r)]
<z"(t)[A"P+ PA+ PA P AT Plz(t) +
zT(t —r)Px(t — 1)
—(14+eV(t)+ sup V(t+80),t>1o

—r<6<0

M1 B3 V() < sup V(to + e #7100 ¢ > ¢,
—r<0<0
et = 0. HWIk, o) <

Hprp > Omﬁiﬂ—( +e) +
i)

Amin (P)

T 2. ﬁu%ﬁf WH o > 0, (EEKTXEERE {P; >
(O] AR U2 3Bl Ny

sup \a:(to+9)|e S ut—to) , t > to. O

AP+ PAi+ (14+n)P; PiAn

. <0,i=1,---,N
An P —F;

(15)
i, MAFEAERE T > 0, RS (1) fEW 2 R AR
FAFIDIHY 5

{ 0.0,

IRE) T eEe e .
JERR. *Eﬁ%’]iﬁ 4, AN (15) dicE T R E e .
ny, Horh g > 092 p—(14n)+e*" =0,

KW T > r+p~
Amax (Pi) Héj} > 1, SR 1 L

X —1<1?’<‘N{ Amin (P77

TEI R BRI AT F3IE, AR . O
2. EH 2 T T RATEMENE S RRTE R, X T

s 50k G PR K B s 1 T, L 450 DR, RIE BT AT 1 &R

G ARE 1, A7 BRI 1) IR) B 1 )45 31 B T g 5 30 R 4

REFaEE.

(b m (), (s — 1) > TD}

3. iR RGeS TR TR ADL T 1) 7
RO AR A OR T RERE, 35 N R e A M M O sy 1k
(1 28 SO — B0 2) doe )N B IR )50 I i ) AR
BE, EAREVI ARG IRRYEITE. B L, %’%éﬂg‘mf&/ﬁjﬂﬂ
JIT SV R I i BOBOK, B&fJ\@E‘éﬁﬂj‘lEﬂlﬂ_ﬁfJ\ WAL AR T
3%' JEBL T HER 2 ISR U], AN B 2. 7’7151%

HEARGENRSE N, A7 I 1 BB, WD) A5 5 A2 e
%Qﬁ S, A OB 5 AR BRI B, IR i R

Hit 2. WARAEX (15) 4%&2%9%1% MAZRGE (1) #£
FEREVIP R8N IR FF TR E

IE B, M PR gl o2, KB AEW, X T
[m, - ,mn]" € M, ZRMS T2 (4) ZIRERE . W)
PaASEI (15) MZPEL AL RTHI, A7 4E € > 0, 175

N N
i=1 N =1 N (16)
PY miAaP 'Y miALP+ (1+e)P <0

i=1 =1

Hfo<m<1;i=1,-- N{mEZmz—l

#Ji% Lyapunov % V(z) = a:TPx RIEAEE L (16)
WAL TR (4) SR S0

DYV (t) = 22T () P[A()z(t) + A1 (D)z(t — 1)) <
T ()[AT(t)P + PA(t) + PAL(t)P ' x

AT (t)Plz(t) + =™
—(1+e)V(t)+

(t—r)Pz(t—r) <

sup V(t+0), t >to

—r<6<0
HATEGI B 4 FSIE I FE R AT A50E, M. O
4 fRESH
1. &
—05 —0.5 —05 0.5
Al:{ 0 —0.5}”42:[ ~1 —0.5]’
A = Ag = [ 78'5 ,0055 ]:
W w8 or = 0.24s. FHEAERX (8) f7 1AL #
P:[gg ﬁ§}¢W%ﬁmmmm:am>mﬁ
JARRI D1 e 7 K Eh RS 1 siklgk s (Y
7).
2. %

Ay = Az = {f ji}.

RS (15) AsEn P = | 0% 0 | whi

W r = 2.0s, BT S IKED PRSP 1 L b
2



988 H | 1k

= £ 33 %

1.5 T T T .

State trajectory of Exp. 1

1 State trajectory of Exp. 2

-1.5
2 ] . . . .
0 2 4 6 8 10
Time (s)
Bl 1 54602 fiEgR
Fig.1 Simulation results of Exp.1 and Exp.2
5 i

FIF £ Lyapunov BT 7:50 Hr Y45 5 I Roe T-A80€ 1t
WIVEH. 2% 1B ARIEEL: RSN, Lyapunov BRI R
46 Halanay A5 aU4PF I T R385 8500 IR AT 1, 2
%+ Lyapunov-Krasovskii 5 Lyapunov-Razumikhin /7 72
FEGE M. ASC AR T RS E T £ Lyapunov i
BOTEFETE W IR R 4518, 1878 T I Ul 4 R Fa e 1
SR — S RIS, HAh T R ) R SR B

References

1 Hale J. Theory of Functional Differential Equations. New
York: Springer-Verlag, 1977

2 Blanchini F. Nonquadratic Lyapunov functions for robust
control. Automatica, 1995, 31(3): 451~461

3 Cong Shen, Fei Ji-Qing, Fei Shu-Min. Exponential stabil-
ity of seconde-order switched systems. Control and Decision,
2006, 21(10): 1177~1180
(A, B PR, DU, — D) R G4 BUUE R TS 425
3, 2006, 21(10): 1177~1180)

4 Lin H, Antsaklis P. A necessary and sufficient condition
for robust asymptotic stabilizability of continuous time un-
certain switched linear system. In: Proceedings of 43rd
IEEE Conference on Decision and Control. IEEE, 2004, 4:
3690~3695

5 Molchanov A P, Pyatnitsky Y S. Criteria of asymptotic sta-
bility of differentail and difference inclusions encountered
in control theory. Systems & Control Letters, 1989, 13(1):
59~64

6 Branicky M S. Multiple Lyapunov functions and other analy-
sis tools for switched and hybrid systems. IEEE Transactions
on Automatic Control, 1998, 43(4): 475~482

7 Liberzon D, Morse A S. Basic problems in stability and
design of switching system. IEEE Control Systems, 1999,
19(10): 59~70

8 Liberzon D, Morse A S. Stability of switched systems with
average dwell-time. In: Proceedings of 38th IEEE Confer-
ence on Decision and Control. IEEE, 1999. 2655~2660

9 Fu Xi-Lin, Yan Bao-Qiang, Liu Yan-Sheng. Introduction to
Impulsive Differential System. Beijing: Science Press, 2005
(A RK, B0, QAT RaP i REenlig. dbat Bz liRAL,
2005)

10 Halanay A. Differential Equations: Stability, Oscilations,
Time Lags. New York: Academic Press, 1966

11 Filippov A V. Differential Equations with Discontinuous
Right-hand Sides. Amsterdam: Kluwer Academic Press,
1988

12 Pyatnitsky Y S, Rapoport L B. Criteria of asymptotic sta-
bility of differentail inclusions and periodic motions of time-
varying nonlinear control systems. IEEE Transactions on
Circuits & Systems - I, 1996, 43(3): 219~229

Mol R LTS B B PRIN. 2007 4R TR BN A SRS
JTEAR  25 A. EBERSTT 1) A D) R G S N R . A SCRAFEH
E-mail: shen_tsong@163.com

(CONG Shen Lecturer at Automation School, Nanjing Uni-
versity of Science and Technology. He received his Ph. D. degree
from Research Institute of Automation, Southeast University in
2007. His research interest covers switched system and time-
delay system. Corresponding author of this paper.)

BRIUR AR BEMLT ST . s oA AR R 5 5 Y)
A4, E-mail: smfei@seu.edu.cn

(FEI Shu-Min Professor at Research Institute of Automa-
tion, Southeast University. His research interest covers nonlinear
system and switched system.)

T FE RWEKF AU A R BRI 0 A2 R T
. E-mail: liguangyong1979@sohu.com

(LI Tao Ph.D. candidate at Research Institute of Automation,
Southeast University. His main research interest is stability of
functional differential equations.)



