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Abstract：W e are concerned with the asymptotic stability of the Neutral Delay Differential 

Equation z 0)一 Lx(t)+ Mx(t— r)+ Nx (f— r)，whereL，M ，andN E C are COO 
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1 Introduction 

Let W  denote a bounded region in the complex plane．The symbols 3 W  and W represent the 

boundary and the closure of W ，respectively．That is， 一 a W U W ，and 

， )一 f(z，j，)一 “( ， )+ iv(x， )， c1) 

is an arbitrary analyticaI function for E W．Here，we adopt the notations i 一 一 1， — J 1_iy一 

“ ，y)一 Ref(z)，and v(x， )一 Imf(z)． 

We consider the question of whether there exist zeros of， )for E W．The following two theo 

rems give sufficient conditions for the non—existence of zeros of )E W ． 

Theorem 1_1 Iffor any( ， )E aW ，the real part“( ， )in(1)does not vanish，thenf(x， 

)≠ 0，for any( ，j，)E W ． 

Theorem 2[ ] Assumethatfor any( ， )E aW ，there exists a real constant̂ satisfying“( 一 ) 

+ ( ， )≠ 0．Then 

，( )一 “( ， )+ iv(x， )≠ 0，for any( ，j，)E W． 

Theorem 2 is an extension of Theorem 1． These two theorems only require the evaluation 

on the boundary a W of the harmonic functions corresponding to f．Hence they are called boundary 

cr[teria． 
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2 Delay Independent Stability of NDDEs 

Now we deal with the asyraptotic stability of NDDEs， 

(幻 = ( )+ M x0 一 r)+ Nx ( 一 r)，r> 0， 【2) 

where，J，M ，and N C- C are constant complex matrices and r> 0 stands for a constant delay 

For the stability of the system (2)，we investigate its characteristic equation 

P( )一det[zI—L—Me⋯ 一 一]一0， (s) 

where。is a root of the equation． 

The above characteristic equation(3)may he written as 

deft-zI一，J—Me zNe ]一U(x， )+iV ， )， (1) 

where z一 212+ iy． 

The following two 1emmata are well—known． 

Lemma 1嘲 If the real parts of all the characteristic roots of(3)are less than zero，then the 

svstem (2)is asymtotically stable；that is．every solution z( )of(2)satisfies ( )一 0 as f一 

Lemma 2E Let A∈C“ and B∈ R ．If the inequality l J4 l≤ B holds，then the inequality 

p(-4)≤ P(B)is valid．Here the order relation of matrices of the same dimensions should be interpret r 

ed corllp0nentwise．『A I stands for the matrix whose component is replaced by the modulus of the COT 

responding component of A，and p( )means the spectral radius of A． 

For a complex matrix I4． ，let ( j he the logarithmic norm of W． 

(Ⅳ)一 1 L 
．  

¨ 十 u  

( )depends on the chosen matrix norlTi．Let lIWll denote the matrix norm of W subordinate to a 

certain vector norm．In order to specify the norm．the notation洲 is used．And the notation ‘’)is 

also adopted to denote the logarithmic norm associated with ． 

Lemma 3[目 For each eigenvalue of a matrix W ∈ C ，the inequality 

一  (一w)≤ ReAz(W)-G< ( ) 

holds． 

We have the following results 目 

) max )+置 门 
2( )一 max[a,(Ⅳ + W )]， 

( )一max『Re(co )+∑f 门_ 

Here．“*”denotes the conjugation symbo1． 

The following 1emma states a sufficient condition for the stability of(2)． 

Lemma 4 1 et l1Ⅳ < 1．If the condition 

+ < 。 

holds．the system (2)is asymptotically stahte． 

Proof Assume that the condition of the 1emma is satisfied and that the system 

There is a root of P(2)satisfying Re(z)≥ 0 

L 5 
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N0te that is a1s0 an eigenvalue 0f the matrix L + M e一 + zNe ．The inner produc1 

一 < ，z>+<Mz， >e +2<2＼rx，2g> 一，where ∈ ，Ilxll一 1， 

impfies 

】 l≤ l_+ IÎ彳 + Iz1．IINI1， 

。 
I I≤ ． ㈤  

Applying the properties。f the logarithmic norm and lemma 3，we haVe the{oll。wing inequal[ 

tles： 

0≤ Re(z)≤ p(L+ Me + 一 )一 l m 
0 。 

—
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△ 
≤ 

(L)+ IIMll+ } I．IINII≤ (L)+ IIMII+ IINII．( )一 

眦 )+ ． 

This．h0wever，c0ntradicts the condition(j)．Hence the proof is completed· 

The{。11owing The。rern 3 gives a regi。n including a11 the rOOts of(3)with nonnegati e 。 l p 

when the c0ndition of Lemma 4 fmls． 

enrem 3 I et lINI1< 1．Suppose that there exists a root 0f(3)whose real part is nonnega 

tire． 

(i)If we have the estimation 

m  + > 。， 

the inequafities 

and 

hold 

。≤ Re( )+ 

一  ≤ ≤ + 

一 ， 卜  > 。． 

deftne a positive number卢satis{ying 

—  

(一，|)一—IIM
__
II+ IILII．

11
IINII — 

． 

Then the inequalities 

fl~<R ( )≤ (L)+—IIM
丁
li+=_vIILII'『-IINII 

--

p(iL)一可IIMII+IILII'IINll ≤Im )≤ (一也)+业 一 

are yard． 

Proof (i)A proo{similar tO that 0f Lemma 4 yields 

。≤ R ( )≤ (，|)+—IIM
T
II+
==_
I
丽
ILb
1厂
lINII

．  

Next．the imaginary part of an eigenva1ue of a matrix L is equa1 t0 the reaI part 0f the clgenVal 
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of— iL．The second inequa~ty holds· 

(ii)By Lemnla 3 

一  (一 L—Me z2"(e )≤ Re(z)≤ (，J+ Me + zNe一 )· 

A derivation similar to that in (i)1ends to 

一  (一 )一业 __ ≤Re( )≤ ( )+业 

s = 一 (一 ， )一 ． 

Bv (7)， 

Re(z)≥ 一 (一 L— Me一 一 zj~re一 )一一 1im 
—  

lira 
0+ 

±垒!二 二丝 ：：二_墨 [ 二_l≥ 
凸 

±垒 二 ±ll垒 二丝!：二二兰型!：二}J二 
△ 

(7) 

(8) 

一一／2(一 ，|)一 dtMII+I Ⅳ )【 一 }≥ 

一  

(一， )一 ·I I一一 (一 )一’ L ‘ h】r
．  

Hence．in virtue of(8)， 

Re(：)≥一 (一，．)一 { = · ． 

Let区一一 (一，|)一 __ · r．Thenwe haveRe( )≥J9 ≥ ．I et 一 

(一L)一 { ~e aC AgaIn we haveRe( )≥J9z≥J9 ≥ ． 
The iteration 

一  

(一 ，|) 0± II ：ll 1一 Ⅳ = + ≥ ，(，一 0，1，⋯ ) 

and the monotonicity 

风≤ ≤⋯≤ ≤ + ≤⋯≤Re(z)≤ (，|)+ _- 

assure that the limit of the series( )exists and is equal to J9，where is a positive number satisfying 

业  土  一J9 
1一 】IⅣ 

Therefore，the first inequality holds．In a similar manner，we can get the second inequality· 

Tbe0rem 4 Let II N II≤ 1．If is a characteristic root of(3)with nonnegafive real part，the 

inequality 

lLI+IMI+业  ·INI) 

holds． 

Proof By the assumption above．there exists 8n integer J(1≤ J≤ )such that 

2一 ．̂(L + M e一 + zNe一 )． 

This implies the inequality 

l2I≤ p(L+ Me + zNe )． 

It iS obvious that 

IL+ + 。Ⅳ 一 I I+lU1．I }+ I I·IN1·I I~<ILI+lMI+ ·IⅣ 

Therefore，due to Lemma 2，we have the conclusion． 
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3 Boundary Criteria for NDDEs 

y一 (L)+ 丝 ± ll墨iL ll丝』 
1一 IIⅣ 

By virtue of Lemma 4，ify< 0，the system(2)is deNNy—independent asymptotically stable 

the system(2)may be stable or unstable．We consider the stability of(2)when y≥ 0． 

Let Po一一 (一L) 

according to the sign of卢 

(i)IfPo≤ 0，we put 

E 一 (L)+ 

}1 M + Il L ·II M }1 
1一 llⅣ 

(See Theorem 3) 

E0— 0，F0= 一 ( L) 

』l丝l』± l{墨 ：0丝 
1一 IIⅣ 

and y≥ 0．We define the following quantities 

|1 ± !j墨!L ll丝 
1— N ’ 

F一 (一正)+ 兰 

(Ii)Ifp。>。，we put =卢，E— (L)+ 三 ~e8r, 一一 ( L)一 

』L !j = j · and F= (一 L)+jL !』 j = { · ，where ts a r。。t 
of the equation 

一  (正)一 — 业 · 一卢
．  

Under the above notations we turn our attention to the following three kinds of bounded regions 

in the —plane． 

Definition 1 Let ． 2，f3 and ‘denotethe segments{(E。， )：Fo< Y< F)，{( ，F)：E。≤ ≤ 

E)．{(E， )：F0≤ Y≤ F)and{ ，Fo)：E0≤ ≤ E}，respectively．Furthermore， = 【U 2 U j 

U and let D be the rectanguNNr region surrounded by ． 

Definition 2 LetR=P(1Lf+ lMl+ M + If L · M 

circular region with radius R centered at the origin of the plane of C 

K 一 {(r，口)：r≤ R，0≤ 0≤ 2 ) 

· lN 1．)I etK denotethe 

Definition 3 Let T represent the intersection D n K．The boundary of T is denoted by 3 T and 

T=T U aT． 

The following two theorems give criteria for the deNNy—dependent stability of system(8)． 

Theorem 5 If for any( ， )∈ a T，the real part U(x， )in(4)does not vanish，then the sys— 

tern (2)is asymptotically stable． 

Proof Assume that the condition iS satisfied and that the system(2)is unstable．This means the 

existence of a characteristic root of(3)with nonnegative real part．According to I emma 1．it suf 

rices to prove尸 )≠ 0 for Re(2)≥ 0．Applying Theorem 3 and Theorem 4 and Definition 3，it is 

sufficient to consider 2∈ T． 

From the assumption of this theorem and the statement of Theorem 1，this contradicts with 

尸 )一 0for 2∈ T．HenceP(z)≠ 0forRe(z)≥ 0 and the proof is completed． 

Due to Theorem 2，we can further extend the above result as follows． 
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Theorem 6 Assume that for any ， )∈ a T，there exists a rea1 constant^satisfying 

U0 ， )+ ， )≠ 0， 

Then the system(2)is asymptotically stable． 

The proof is analogous to Theorem 5． 

We gave two criteria for the delay—dependent stability of the linear delay system(2)．Theorem 3 

and Theorem 4 show that the unaable characteristic roots of the system(2)are 1oeated in some sped— 

fled bounded region in the complex plane，while Theorem 5 and Theorem 6 show that it is sufficient 

to cheek certain conditions on its boundary to exclude the possibility of such roots from the region 

Theorem 1 and Theorem 2 provide general and simple criteria for nonexistence of zeros of an analytic 

function in any bounded region． 
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中立型方程的稳定性：边界准则 

孙乐平 

(上海师范大学 数学科学学院，上海 200234) 

摘要：研究了中立型方程 ( )一Lx(t)+Mx(t— r)+Ⅳ一“ )的渐近稳定性，其中工，Ⅳ，Ⅳ ∈(⋯ 是常数 

复阵t r为常数延时量．利用在一个区域边界上对一种相应的调和函数的估计，得到了判别其稳定性的两种稳定性 

准则． 

关键词：特征值；矩阵范数；谱半径；边界准则；渐近稳定性}调和函数{对数范数 
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