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Stability of Neutral Delay Differential
Equations — Boundary Criteria
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Abstract: We are concerned with the asymptotic stability of the Neutral Delay Differential
Equation x' (¢} = Lx () + Mx{(t — 1} + N2’ (¢t — v}, where L,M ., and N € O “are can-
stant complex matrices and ¢ > ) stands for a constant delay. We obtain two criteria through
the evaluation of a harmonic function on the boundary of a cerain region.
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1 Introduction

Let W denote a bounded region in the complex plane. The symbals 7 W and W represent the

boundary and the closure of W . respectively. Thatis, W = aW J W, and
Fizy = flxr.y) = ulz,y) + tolr,y), (1

is an arbitrary analytical function for * € W. Here, we adapt the natations ## = — 1, = = & + /v,
ulr,y) = Ref(z}, and vix,v) = Imj'(=),

We consider the question of whether there exist zeros of f{z) for= € W, The following two ther-
rems give sufficient canditions for the non-existence of zeros of f(z) € W,

Theorem 1"  If for any (x.3) € 8 W, the real part «(x,vYin (1) does nat vanish. then ftr,
+) = 0, for any (z.y) € W.

Theorem 2/ Assume that for any (x.y) € W, there exists a real constant Asatis{ying u(r, ¥)
+ Av{xr,y)} 7= 0. Then

F(2) = ulz,v) + fvlr.y) = 0, for any (r.y) € W.
Theorem 2 is an extension of Theorem 1. These two theorems only require the evaluation

on the boundary 3 W of the harmanic functions carresponding ta . Hence they are called boundary

criteria.

Recieved: 2001-01-12
Biography; SUN Le-ping (1963-), female, Associate Professor, Master, College of Mathemancal Science,

Shanghai Teachers University.


http://www.cqvip.com

£ OO0 http://www.cqvip.com|

Fal W PR A RES—— A N 33

2 Delay Independent Stability of NDDEs

Now we deal with the asymptortic stahility of NDDEs.
¢y =Lxtty+ Met — vy + Nx'ce— o), 7220, (2
where L, M, and N € (" are constant complex matrices and t > 0 stands for a constant delay.
For the stahility of the system (2/, we investigate its characteristic equation
Pz) =det{el — L — Me ™ — =zNe =1 =0, (3
where z is a root of the equation,
The above characteristic equation L3) may he written as
det[2f — L — Me ™ — 2Ne ™ ] = Utx,3) + iVie.y, (1)
wherez = x -+ iw.
The following twao lemmata are well-known.
Lemma 1%7  If the real parts of all the characteristic raots of (3) are less than zero. then the
system (2) is asymtatically stahle; that is. every solution x(#1 of (2} satisfies x(z) — Oas s — oo,
Lemma 203 Let A € %9 and B € R**, If the inequality | A| << B halds, then the inequality
oA << p(BYis valid. Here the order relation of matrices of the same dimensions should be interpret-
ed componentwise. || stands for the matrix whose companent is replaced by the madulus of the enr-
responding component of 4. and g A) means the spectral radius of A.
For a complex matrix W, let (W} be the logarithmic norm of W,
lim HI_EX’_II:_]

a—it

wW) =

#(W ) depends on the chosen matrix norm. Let |[W|| denote the matrix norm of B subordinate w a
certain vector norm. In arder to specify the norm. the notation |, is used. And the notation g0+ is
alsa adopted to denote the logarithmic norm associated with |,
Lemma 31  For each eigenvalue of a marix W € O, the inequality
— g, — W) T Red (W) << g, (W)
holds.

We have the following results*)

W) = m:axl:Re(wﬂ) + E | | ].

itk

s (WY = % max[ AW 4+ W],

Pl W) = max[Re(m“) -+ E lwn,,[].
f b EE

Here, “ » ” denotes the conjugation symbol.
The following lemma states a suflicient condition for the stability of (2.
Lemma 4 Let [|[N]| << 1. If the condition

AL A+ LAV
1 — IV

plLy + < 0 15

halds. the system (2) is asymptotically stahle.
Proof Assume that the condition of the lemma is satisfied and that the system (2} is unstable,

There is a root =z of P{r) satisiying Re{z) 2= 0.



http://www.cqvip.com

£ OO0 http://www.cqvip.com|

36 R RS ARB R 200146

Note that z is also an eigenvalue of the matrix L + Me™ + =Ne¢™". The inner product

w=< Lrir >t < Mr,o>e¢ " +z2< Nr,z>e ", where x € O, |zl = 14

implies
l=| << ILI A+ 1M+ [=1-IND
1 ILI+ M)
ar |z| = T— TN (G

Applying the properties of the logarithmic norm and lemma 3. we have the following inequali-

tiES:

I+ AL + Me™™ 4 =Nem ™) — 1 -

0 << Rez) << gl + Me™= + 2Ne™™) = lim ~

a0t
||L|| + 1M1

pCL) + IMI|+ L2 -INI < e + 1M1+ NI

M) + NL]-IN]]

This, however. contradicts the condition (3). Hence the proof is completed.

The following Theorem 3 gives a region including all the roots of (3) with nonnegative rcal parts
when the condition of Lemma 4 fails.

Theorem 3 Let |[N] << 1. Suppose that there exists a root of (3) whose real part is nonnega-
tive.

{1y I we have the estimation

||M|l + FLA-IA
L >0,
U T
the inequalities
RIEN;
< Retor <t ¢ LA LEHIN
: M+ ULI-IA M+ NLI-IN
L < Imi) < iL ,
and plal) — T— ] m{z) << u(— L)y + T—= 8T
hold.
(iiy T we have the estimation
||M|| + HLll ||
— p{— L 0.
define a positive number £ satisfying
||M|| + ILA-0N -
— — L .
N e P =F

Then the inequalities

. ML+ BLIIN -
B<Remy <Ly + - TNy ¢

and

IIMH + ILAAIN - o
— IV

— iy — LY RELINY o < s < i +

are valid.

Proof (i) A proof similar to that of L.emma 4 yields

IlMII + IZI-INY
— [Nl

Next. the imaginary part of an eigenvalue of a matrix Lis equal to the real part of the cigenvalue

0 << Re(z) <C p{L) +
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of — iL.. The second inequality holds.
(it} By Lemma 3
— pl— L — Me™™ — zNe ™) <K Rela) << st L+ Me™™ + zNe ™), (7
A derivation similar to that in (i) leads to

_ IMI L) - IV M1+ BN - AN

— p(— L <2 Re(z) =< pll) ~ (3
i py — IMIA LN
Set By =— p(— L) N
B‘_V L7
Rets) = — p— L — Me™ — zNe=) = — lip T &=L Me 7 — =Nl =1,
ot A
. — L A(— T — zNe 7| — - .
_ hnillf + A( )”‘I‘” ( AMH Ne ” 1 =— p(— Ly — (”M”‘i‘lzl'llh‘“)[f_zw g
A—=n
M +HIED - A - M L] N, res
—_ — Iy — = - w = — Iy — o GRe1TIr
M= 1 =) ] == et = 1) T—T N1 ‘

Hence, in virtue of (87,

M+ NL) - INT | s

Re(z) Z2— p(— L) — T—= T~
Let By =— p(— L) — I M .Ft_” ”III\I‘ " PN ¢ %", Then we haveRelz) = 5,2 8. Let f =—
wp— LYy — LA 1+_“ Ifﬂ, ”. [BiA| « ¢~%". Again we have Re(=) 22 8, = 5, = B..

The iteration
IMI + L) - N

et = ; = e
1— TN e =P =B =01

— pl— Ly —

and the monotonicity

CEN
BB B o € o <Re ety AL BV

assure that the limit of the series {8, } exists and is equal to 8. where 8 is a positive number satis[ying

IMI 4 HL - INL ae
T= TN e =F

Therefore. the first ineguality holds. In a similar manner, we can get the second inequality.

— u(— L) —

Theorem 4 Let | N || <X 1. U = is a characteristic root of ¢3) with nonnegative real part. the

inequality
IMI 4+ Ll - 1N
1— &

|zl < pt L] + M|+ < IND

holds.
Proof By the assumption above, there exists an integer 7 (1< 1 <5 d) such that
2= AL+ Me ™ + 2Ne ™).
This implies the inequality
lz| << plL + Me ™ 4 zNe™™).

It is obvious that

_ I M .
L Mo § eNe | ILLHM e+ lsHN e =] <) ) + R gy,

Therefore s due to Lemma 2, we have the conclusion.
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3 Boundary Criteria for NDDEs

Let

M1+ L
1— [N|

By virtue of Lemma 4, if ¥ <Z 0, the system(2} is delay-independent asymptotically stable. If ¥ 2= 0,
the system(2) may be stable or unstable. We consider the stability of (2} when ¥ 2= (.

| M {

Y= (L} +

Let B, =— p(— L) — I M| 1+_" ﬁlj\l‘r " [ M) and ¥ == 0. We define the {ollowing quantities
according to the sign of 8. (See Theorem 3)
()Y H B, << 0, we put
- ey ML+ LY M|
ED-'-‘-U,FU'— ‘U{ZL) 1-—"N“ .
IMI+ Bl - M| . IMll + MLl - 1Ml
E= u(L y F= pu(— iL) - .
#Ly + T— TN pemi 1= TN
(i) T o > 0, we put Ey = f, E= w(Ly + 1M1 lt" ﬁ . I o, py e —
LM i 1+_" "Lflr " LM sefand F = p{—iL)} + I M| 1+_” |‘|LJ|J"|| LM ] + ™, where s a root
of the equation
ity M+ N M, s
#{tL) 1 — ” A" ” em = ﬁ.

Under the above notations we turn our attention to the following three kinds of bounded regions
in the z -plane.

Definition 1  Let {;,4,./;and /, denate the segments ((E,,y):Fo<{y<{F}., ({x,F}:E, < r
Epy {(Ewy):Fy, < y<<F}and {(z,Fo): E, << r < E), respectively. Furthermore. /=1, U/ ¢,
U {, and let D be the rectangular region surrounded by /.

Definition 2 Let R = o(| L] + |ar| + 121 1+_" IIILIL I 1M

N|. )} Let K denote the

circular region with radius R centered at the origin of the plane of C.
K=1(r®H: r <R, 0L 0= 27},

Definition 3 Let 7 represent the intersection DD [] K. The boundary of 7"is denoted by 2 7" and
T=TIJaT.

The {ollowing two theorems give criteria for the delay-dependent stahility of system (31,

Theorem 5 I for any {x,¥) € 87T, the real part U{z,y}in (4) does not vanish, then the ays-
tem {2} is asymptotically stable.

Proof Assume that the condition is satisfied and that the system(2) is unstable. This means the
existence of a characteristic root x of (3) with nonnegative real part. According to Lemma 1. it suf-
{ices to prove P(z) ¢ 0 for Re(z) 2> 0. Applying Theorem 3 and Theorem 4 and Definition 3, 1t 1s
sufficient to consider z € T,

From the assumption of this theorem and the statement of Thearem 1, this contradicts with
P(z} = 0forz € T. Hence P(z)} 3¢ 0 for Re(z) >> 0 and the proof is completed.

Due to Theorem 2. we can further extend the above result as follows.
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Theorem 6 Assume that for any (x,») € 27T, there exists a real constant A satis{ying
Utz,y)y + AV(xr,v) # 0,

Then the system{2) is asymptotically stable.

The proof is analogous to Theorem 5.

We gave two criteria for the delay-dependent stability of the linear delay system{2). Theorem 3
and Theorem 4 show that the unstable characteristic roots of the system{2) are located in some speci-
fied bounded region in the complex plane, while Theorem 5 and Theorem 6 show that it is sufficient
to check certain conditions on its boundary to exclude the possibility of such roots from the region.
Theorem 1 and Theorem 2 provide general and simple criteria for nonexistence of zeros of an analytic

function in any bounded region.
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