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1 \ ]
^

R _a`abacadae 1 fagahaiaj e _ R klfamanaeajpo T =

[

R Re

eR eRe

] jpqarastauavaw
T _ Morita Contexts, LgdR, LgdT xayaza{ai R, i T fa|a}a~a�ajp�a�a�a���

LgdT=LgdR, ��������jp����������g���������� n × n
t�u i���

R2×1 = {

[

x1

ex2

]

| xi ∈ R, i = 1, 2.} jp������f α =

[

x1

ex2

]

∈ R2×1, β =

[

y1

ey2

]

∈ R2×1, γ ∈ R, ��������� α + β =

[

x1

ex2

]

+

[

y1

ey2

]

=

[

x1 + y1

e(x2 + y2)

]

, αγ =

[

x1

ex2

]

γ =
[

x1γ

ex2γ

]

. q�������f�����j ��¡ R2×1 _�����¢ R- £�j ¤���������f m =

[

m11 m12e

em21 em22e

]

∈

T . �¥�¥�¥� mα =

[

m11 m12e

em21 em22e

][

x1

ex2

]

=

[

m11x1 + m12ex2

em21x1 + em22ex2

]

=

[

m11x1 + m12ex2

e(m21x1 + m22ex2)

]

∈ R2×1. q�¦���� R2×1 ��¡�_�����§ T - £���
R1×2 = {(x1, x2e, )|xi ∈ R, i = 1, 2.}, ¨�©�ª�f�«�¬�jp­�� R1×2 _�����§ R- £�jp¤�®¯ _�����¢ T - £��

2 °"±"²"³´�µ
1 (1) R2×1 _�¶�·�f�§ T - £�j ¯ _�¶�·�f�¢ R- £��

(2) R1×2 _�¶�·�f�¢ T - £�j ¯ _�¶�·�f�§ R- £��¸�¹
(1) º (2) f��»�¼«�¬�©�ª�j ��½�¾�¿�À (1) f��»�¼� Á�Â R2×1 ∼= R

⊕

eR, eR
⊕

(1−

e)R = R jpÃ�Ä R2×1 _�¶�·�f�§ R− £�� T ∼=

[

R

eR

]

⊕

[

Re

eRe

]

∼= R2×1
⊕

[

Re

eRe

]

, Ã�Ä
R2×1 _�¶�·�f�§ T - £��´�µ

2 (1) P _�¶�·�§ R- £�jpÅ R2×1
⊗

R

P _�¶�·�§ T - £��
ÆÈÇ�ÉËÊ
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(2) P _�¶�·�§ T - £�jpÅ R1×2
⊗

T

P _�¶�·�§ R- £��¸a¹
(1) º (2) fa���l©aªajp�a�a¾a¿aÀ (1) fa���ljpo F _a�a�ÕÔlÖlf R- £ajp×aØ

F ∼=
∐

R. R2×1
⊗

R

F ∼= R2×1
⊗

R

∐

R ∼=
∐

R2×1
⊗

R

R ∼= R2×1, Ö¼Ù R2×1 _�¶�·�f�§ T - £�jpÚ
Rn×1

⊗

R

F
¯ _�¶�·�f�§ T - £�jÛÖ¼Ù P _�¶�·�£�jpÜ�Ý Q ºÞÔ¼Ö¼£ F , ß�à P

⊕

Q = F , Ù
_ R2×1

⊗

R

F = R2×1
⊗

R

(P
⊕

Q) = R2×1
⊗

R

P
⊕

R2×1
⊗

R

Q , Ã�Ä R2×1
⊗

R

P
¯ _�¶�·�f�§ T -

£�� ´�µ
3 (1) R2×1

⊗

R

R1×2 ∼= T .

(2) R1×2
⊗

T

R2×1 ∼= R.¸�¹
(1) á�â�ã�ä�å�æ

R2×1 × R1×2 ϕ
−→ R2×1

⊗

R

R1×2

?

�
�

�
�

�
��	

f
h

,

Tç k ϕ Â�è�é�ê�·�jp������� f Â�� f : R2×1 × R1×2 −→ T

[ (

x1

ex2

)

, (y1, y2e)

]

−→

[

x1

ex2

]

(y1, y2e) =

[

x1y1 x1y2e

ex2y1 ex2y2e

]

∈ T.

�a¡ f _a�a�aëaìaíaîaêa·ajpÙa_aÜaÝa¤aïaêa· h, ßaðañaåaæaòaóaôa�pãaña�a�a��� h

_a�a�a¤aõa�p�a�a�af γ =

[

x11 x12e

ex21 ex22e

]

∈ T, ÖlÙ γ =

[

x11 x12e

ex21 ex22e

]

=

[

x11

ex21

]

(1, 0) +

[

x12e

ex22e

]

(0, e) . h

[(

x11

ex21

)

⊗

R

(1, 0) +

[

x12e

ex22e

]

⊗

R

(0, e)

]

= γ, öa÷aàa� h

_�����ø�¤�ï��ù����ú�� h _�����c�¤�ï�jùo h

[

n
∑

i=1

(

x1i

ex2i

)

⊗

R

(yi1, yi2e)

]

= 0, ����û��
n
∑

i=1

[

x1i

ex2i

]

⊗

R

(yi1, yi2e, ) = 0. Ö¼Ù

h

[

n
∑

i=1

(

x1i

ex2i

)

⊗

(yi1, yi2e)

]

=

n
∑

i=1

[

x1i

ex2i

]

(yi1, yi2e) =









n
∑

i=1

x1iyi1

n
∑

i=1

x1iyi2e

n
∑

i=1

ex2iyi1

n
∑

i=1

ex2iyi2e









= 0.

Ù�_�à n
∑

i=1

x1iyi1 =
n
∑

i=1

x1iyi2e =
n
∑

i=1

ex2iyi1 =
n
∑

i=1

ex2iyi2e = 0. Á�Â
n

∑

i=1

[

x1i

ex2i

]

⊗

R

(yi1, yi2e) =

n
∑

i=1

[

x1i

ex2i

]

⊗

R

yi1(1, 0) +

n
∑

i−1

[

x1i

ex2i

]

⊗

R

yi2e(0, e)
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=









n
∑

i=1

x1iyi1

n
∑

i=1

ex2iyi1









⊗

R

(1, 0) +









n
∑

i=1

x1iyi2e

n
∑

i=1

ex2iyi2e









⊗

R

(0, e)

=

[

0
0

]

⊗

R

(1, 0) +

[

0
0

]

⊗

R

(0, e) = 0.

Ã�Ä h _�c�¤�ï�jpÙ�_��»�¼� R2×1
⊗

R R1×2 ∼= T .

(2) á�â�ã�ä�å�æ
R1×2 × R2×1

ϕ
−→ R1×2

⊗

T

R2×1

?

�
�

�
�

�
��	

f
h

,

Rç k ϕ Â�è�é�ê�·�jp������� f Â�� f : R1×2 × R2×1 −→ R

f

[

(x1, x2e)

(

y1

ey2

) ]

= x1y1 + x2ey2. Ö¼Ù
f

[

(x1, x2e)

(

r1 r2e

er3 er4e

)

,

(

y1

ey2

)]

= f

[

(x1r1 + x2er3, x1r2e + x2er4e),

(

y1

ey2

)]

= x1r1y1 + x2er3y1 + x1r2ey2 + x2er4ey2.

f

[

(x2, x2e),

(

r1 r2e

er3 er4e

) (

y1

ey2

)]

= f

[

(x1, x2e),

(

r1y1 + r2ey2

er3y1 + er4ey4

)]

= x1(r1y1 + r2ey2) + x2e(er3y1 + er4ey4) = x1r1y1 + x2er3y1 + x1r2ey2 + x2er4ey2.

Ú f _���ÿ�ë�ì�í�î�ê�·�jpÙ�_���Ü�Ý h, ß�ð�ñ�f�å�æ�ò�ô�jp������Ý���� h _�����¤
õ�������j ������f x ∈ R, b h

[

(x, 0)
⊗

T

(

1
e

)]

= x. Ã�Ä h _�ø�¤�ï�� ú�� h _�c�¤�ï�j ¯��
_¥û¥�¥j��¥� h

[

n
∑

i=1

(xi1, xi2e )
⊗

T

(

y1i

ey2i

) ]

= 0, ×¥Ø n
∑

i=1

(xi1, xi2e)
⊗

T

[

y1i

ey2i

]

= 0.

Ö¼Ù
h

[

n
∑

i=1

(xi1, xi2e)
⊗

T

(

y1i

ey2i

) ]

=

n
∑

i=1

(xi1y1i + xi2ey2i) = 0,

Ã�Ä
n

∑

i=1

(xi1, xi2e)
⊗

T

[

y1i

ey2i

]

=

n
∑

i=1

(1, 0)

[

xi1 xi2e

0 0

]

⊗

T

[

y1i

ey2i

]

= (1, 0)
⊗

T





n
∑

i=1

(xi1y1i + xi2ey2i)

0



 = 0.
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Ú h Â�c�¤�ï�j ¯�� �»�¼� R1×2
⊗

T

R2×1 ∼= R.

3 	�
���

��µ

1
^

R Â���c�d�e 1 f�g�h�i�j e ∈ R Â�m�n�e�j T =

(

R Re

eR eRe

) Â R ð�ft�u i�jp×�Ø LgdT=LgdR.¸�¹
(1) ��� LgdR ≤ LgdT .

��� LgdT = ∞, ������¡�����j������ ^ LgdT = m < ∞, ��� R- £ A, ����b�¶�·�x� �
· · · −→ Pn

dn−→ Pn−1 −→ · · · −→ P1 −→ P0 −→ A −→ 0.

Ö¼Ù R2×1 _�¶�·�f�§ R- £�jpÁ�÷�_�í���f��pÙ�_�b�§ T - £�f�¶�·�x � �
· · · → R2×1

⊗

R

Pn
ε⊗dn→ R2×1

⊗

R

Pn−1 → · · · → R2×1
⊗

R

A → 0.

Ö¼Ù LgdT = m, Á�¦�����o pdT (R2×1
⊗

R A) = m. Ú���b�����Â m f�¶�·�x � �
0 → Im(ε ⊗ dm) → R2×1

⊗

R

Pm−1 → · · · → R2×1
⊗

R

A → 0.

Ö¼Ù R1×2 _�¶�·�f�¢ T - £�jpÁ�÷�_�í���f��pÙ�_�ò�à�§ R- £�f�¶�·�x � �
0 → R1×2

⊗

T

Im(ε ⊗ dm) → R1×2
⊗

T

(R1×2
⊗

R

Pm−1) → · · · → R1×2
⊗

T

(Rn×1
⊗

R

A) → 0.

Ö¼Ù R1×2
⊗

T

(R2×1
⊗

R

A) = (R1×2
⊗

T

R2×1)
⊗

R

A ∼= R
⊗

R

A ∼= A.

Ã�Ä pdRA ≤ m, Ö A f�����ì�ò�� LgdR ≤ LgdT .

(2) ú�� LgdR ≥ LgdT .

����o LgdR = m < ∞, ����§ T - £ A, � A f�¶�·�x � �
· · · → Pn

dn→ Pn−1 → · · · → P0 → A → 0.

Ö¼Ù R1×2 _�¶�·�f�¢ T - £�jpÁ�÷�í���jpÙ�_�b�§ R- £�f�¶�·�x � �
· · · → R1×2

⊗

T

Pn
ε⊗dn→ R1×2

⊗

T

Pn−1 → · · · → R1×2
⊗

T

A → 0.

Ö¼Ù LgdR = m, ����o pdR(R1×2
⊗

T

A) = m, Ù�_�b�����Â m f�¶�·�x � �
0 → Im(ε ⊗ dm) → R1×2

⊗

T

Pm−1 → · · · → R1×2
⊗

T

A → 0.

Ö¼Ù R2×1 _�¶�·�f�¢ R- £�jpÙ�_�b� �h�ä��
0 → R2×1

⊗

R

Im(ε ⊗ dm) → R2×1
⊗

R

(R1×2
⊗

T

Pm−1) → · · · → R2×1
⊗

R

(R1×2
⊗

T

A) → 0.
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Ö¼Ù R2×1
⊗

R

(R1×2
⊗

T

A) = (R2×1
⊗

R

R1×2)
⊗

T

A ∼= T
⊗

T

A ∼= A.

Ã�Ä pdT A ≤ m jÛÖ A f�����ì�jp­�à LgdT ≤ LgdR.

Ã�Ä LgdT = LgdR.

�¥µ
2
^

R _¥`�c¥d¥e 1 f¥g¥h¥i¥j e _ R k f¥m¥n¥e¥j T =









R Re · · · Re

eR eRe · · · eRe

· · · · · · · · · · · ·
eR eRe · · · eRe









n×n

,

×�Ø LgdT = LgdR.

¸�¹
(1) o Rn×1 =











R

eR
...
eR











, R1×n = (R, Re, · · ·Re), ©�ª�!�" 1 ò�Ä��»� Rn×1 _�¶�·
f�§ T - £�j ¯ _�¶�·�f�¢ R- £�j R1×n _�¶�·�f�¢ T - £�� ¯ _�¶�·�f�§ R- £��

(2) ©�ª�!�" 2, P _�§ R- ¶�·�£�jpÅ Rn×1
⊗

R

P _�¶�·�§ T - £�j P _�§ T - ¶�·�£�j
Å R1×n

⊗

T

P _�¶�·�§ R- £��
(3) ©�ª�!�" 3, ò���� (a) Rn×1

⊗

R

R1×n ∼= T . (b) R1×n
⊗

T

Rn×1 ∼= R.

��#�� (a) ��ã�jpá�â�ã�ä�å�æ��
Rn×1 × R1×n ϕ

−→ Rn×1
⊗

R

R1×n

?

�
�

�
�

�
�

��	

hf

T

����$�%��»�¼��ã h _�¤�õ�ê��
����� γ =









x11 x12e · · · x1ne

ex21 ex22e · · · ex2ne

· · · · · · · · · · · ·
exn1 exn2e · · · exnne









∈ T , Ö¼Ù

γ =









x11 x12e · · · x1ne

ex21 ex22e · · · ex2ne

· · · · · · · · · · · ·
exn1 exn2e · · · exnne









=











x11

ex21

...
exn1











(1, 0, · · · 0)+











x12

ex22

...
exn2











(0, e, · · · 0) + · · · +











x1n

ex2n

...
exnn











(0, 0, · · · e),
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h





















x11

ex21

...
exn1











⊗

R

(1, 0, · · · 0) +











x12

ex22

...
exn2











⊗

R

(0, e, · · · 0) + · · · +











x1n

ex2n

...
exnn











⊗

R

(0, 0, · · · e)











= γ.

�»�¼� h _�ø�¤�ï��Ö

h











n
∑

i=1











x1i

ex2i

...
exni











⊗

R

(yi1, yi2e · · · yine)











=
n

∑

i=1











x1i

ex2i

...
exni











(yi1, yi2e · · · yine)

=



















n
∑

i=1

x1iyi1

n
∑

i=1

x1iyi2e · · ·
n
∑

i=1

x1iyine

n
∑

i=1

ex2iyi1

n
∑

i=1

ex2iyi2e · · ·
n
∑

i=1

ex2iyine

· · · · · · · · · · · ·
n
∑

i=1

exniyi1

n
∑

i=1

exniyi2e · · ·
n
∑

i=1

exniyine



















= 0,

ò�à
n

∑

i=1

x1iyi1 =

n
∑

i=1

x1iyi2e = · · · =

n
∑

i=1

exniyine = 0.

& Ö¼Ù
n

∑

i=1











x1i

ex2i

...
exni











⊗

R

(yi1, yi2e · · · yine) =

n
∑

i=1











x1i

ex2i

...
exni











⊗

R

yi1(1, 0, · · · 0)+

n
∑

i=1











x1i

ex2i

...
exni











⊗

R

yi2e(0, e, · · · 0) + · · · +

n
∑

i=1











x1i

ex2i

...
exni











⊗

R

yine(0, 0, · · · e)

=





















n
∑

i=1

x1iyi1

n
∑

i=1

ex2iyi1

...
n
∑

i=1

exniyi1





















⊗

R

(1, 0, · · · 0) +





















n
∑

i=1

x1iyi2e

n
∑

i=1

ex2iyi2e

...
n
∑

i=1

exniyi2e





















⊗

R

(0, e, · · · 0) + · · ·+





















n
∑

i=1

x1iyine

n
∑

i=1

ex2iyine

...
n
∑

i=1

exniyine





















⊗

R

(0, 0, · · · e) = 0.
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� � �»�¼� h _�c�·��pÙ�_ h _�¤�õ�� ç�' �»�)(���" 1 *�+�©�ª��pÚ�,�-��.�/ ^
R _�`�c�d�e 1 f�g�h�i�jp×�Ø LgdMn(R) = LgdR.¸�¹

1 _ R f�m�n�e�jÛÖ¼��" 2 g�0������^
K0(R) Âai R f Grothendieck 1aj�2a¨a�a�4345afa«a¬ajp�a�464748a��� K0(R) ∼=

K0(T ).
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The Homological Dimensions of Some Morita Contexts

OUYANG Lun-qun
(Dept. of Math., Hunan Science and Technology University, Xiangtan 411201, China )

Abstract: In this paper, we obtain the equivalent relations of the global dimensions of some Morita
Contexts and of ring R. And the results are extended to n × n matrix rings.

Key words: global dimension; projective module; matrix ring.


