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Application of the Maximum Principle with State Constraints to

Reservoir Operation
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Abstract Optimal control theory is proposed to describe the characteristic of continuous

variation in reservoir operation. After constructing the optimal control model of reservoir

operation, this paper solves it using the maximum principle with state constraints. A neces-

sary condition of optimal control strategy is presented and the characteristic and expression

of optimal control strategy are analyzed under different conditions. A numerical example of

a certain reservoir operation indicates validity of the method.
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1) b !3��vrj%nDPq;
[=4��5sJ�5��U::�oC(P#Z�5(vvrP?<ffiX�P�f��HON��P_$[2,3]

.

2) |Wk!3��"'P|l\�CU5WbP�+�`kj9/�+�	?�r�;1C�+��t�+T��aÆ�^f�BouÆ�^fP�4_$ON�e��N?�"'P|l<bn=</�_$�n=��[4∼9]
.

3) EM2n��!3��vr��n��+EM2}a`^vrlÆ��4^fC(fi}I+|l [10,11]
.Æ�^f%5B�Tf�n}5��qPjBlÆ�zÆ%5P�P��sJf}��b %5C(�5?�b %5U�Æ�
Æ%5}b �4P�7�Æ�a PÆA>sÆ�}b �4P�Æ�^fn}��o?_~�b �4
Æ�^fP��Za5B�^f%5UÆ�zÆY%5Pt+>�P+(�b !3vr} Bellman

[12] =atn℄jt+C(&:P�}�Y~�"n℄j�4t+%5Pvr�5Æ�^fP�4UON� uP�������BsJ��PYf
y�b !3}4�P�JB�+}IPYf
���}$4�P��R�b !3vrWsJP�t%5Æd4���n℄j%5�?�[uOC(>�M
[=v��J0q�uO�B�+f$C7�Æ�^fU
Æ�4%5�ÆA�4%5+zÆ%5PY'L����sJf�}�YÆdW7�Æ�^fY%5Ph�b �4vr�?ta��M~�"sJ��UPh�I��o$~"ZaP�+}I�KA�b !3C(PSaE'}(�P}�J�r�B�PPYf
��S:
Pa}x7a��n}�aM$ÆdqP���?lsJ��
�|C}v�P�Jl"�+}I
�n.$v���74?_C(P\�(�}�b !3M}�Y~�"n℄jÆdb %5Ph�7�vr�o$CiZ7��tb �4%5P#k��Tf�Æ�^f}��S>�r=zÆ�P (t+) %5P'� (?�'�23=��'�) n�4Pn��PC(��"zÆ�P%5r=�Pt+�}qPP'����Æ�^fSP��sJf}��5�Æ�^fUY,
,StaPzÆ�P'�fPu'��[?Yu'7�gwlÆ�^f}iZP�J�"l�fi�+}IP�Ak+sJUM�S��Jan|�atsJC(P�k�z�.h�\B?�iZ7�Æ�^fC(P�O|lÆ��4^fC(�Massé
[13] :5 1946D"+�HÆ�Æ�q\Pn��P��/%jHv7�+���}rP gwfi{�P�v7L�ON�hFP_$�Morel-Seytoux

[14] l Massé Pvrfi�QH7 �ON��_���P_$��[ MasséP�r�}5�tqPP�OPfiP�J�"_ZjHva��Massé"3�WÆ�^fC(7�4�dPn��PC(�oM}WK7�4p�A},
PPa$�Pu'C(�0q��"(��}r
Sa;d�Massé "�z&l"Pa$��j (i�C�) P,
�B�Tf��a �;}v57�Pu'BJC(�~�"�nEJ(�>�+|l����nEJ(�4=}IÆ�^fn��PC(PnL�p��B&:��n��P�+7�Æ�^fC(+�nEJ(�}In�zÆ�P+(P#k+�yvw�oE4.1BU�G��N��?Y��PBU.h�oQvE'}}��ÆdPnEJ(�
Sa�?$E4iZ|lÆ�^fP�t�P%5P#kP9WX�Æ�
2 ��`hq��S=f��n��P�+�"_-Æ�^f%5hjPb #k��B&:��PPÆ�^fn��P;d�

max
u∈A[0,T ]

{J =

∫ T

0

N(V, u, t)dt}
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s.t. dV/dt = Q(t) − u(t), V (0) = V0

0 < V 6 V (t) 6 V̄

t ∈ [0, T ] (1)KU�A[0,T ] = {u(t)|0 < u 6 u(t) 6 ū, t ∈ [0, T ]}, V =Æ�sÆ� (m3), V̄ =y/VPÆ�sÆPn	J�?�i=2�� V =0l���%���Æ��ID�lbH2�SÆ��q?8PnVsÆ��?�i=2�� t =qP (s), Q(t) =Æ�a$
(m3/s), ?�Na
Æ%5
G�Q=2�� u =Æ�Pa$� (m3/s), u =0lP�)2�S�Æ�PaPn\$��?�i=2�� ū =Æ*�nE%Æ$��?�i=2��N(V, u, t) = ηuρg(Zu(V ) − Zd) = cu(Zu(V ) − Zd), N =q\:� (KW), ρ =ÆP5f
(kg/m3), g =Z�M�f (m/s2), η =q\℄'DHA`:�c=q\2��Zu(V ) =f�ÆA$Æ�sÆ�P'��M�|�ÆA�_VWSO�i=
G�J =kq\� (KWh), T=�aXiqP (s). 0qNi 0 < u 6 Q 6 ū, V < V0 < V̄ . |�yN�;d (1) =p�a ,
Pn��PC(����Æ�^fC(|���=�zS��_r�P u(t) ∈ A[0,T ],uOM25��Pr�PB9 V (0) = V0 :q�Q0la ,
�B�%55�aXiqP T _
�QukCL� J DNnE�
3 ��`hq�{�&7S%m& {5f^U
j&N�Æ�^fPn��P;d�"p�a ,
Pn��PC(�l"�C(��B(�BU [15] UPp�a ,
PnEJ(�fiSa��f^UPÆ�^fn��P;d+BU [15] UPa� 4.1, |�ON�

g(V, u, t) =

[

u(t) − u

ū − u(t)

]

> 0, h(V, t) =

[

V (t) − V

V̄ − V (t)

]

> 0

H(V, u, λ, t) = N(V, u, t) + λ[Q − u(t)] = [c(Zu(V ) − Zd) − λ] · u(t) + λQ

L(V, u, λ, µ, v, t) = H(V, u, λ, t) + µ1[u(t) − u] + µ2[ū − u(t)] + ν1[V (t) − V ] + ν2[V̄ − V (t)]

u∗(t) = arg max
u∈A[0,T ]

H(V ∗(t), u, λ, t) (2)

L∗

u(t) = H∗

u(t) + µg∗

u(t) = c(Zu(V ) − Zd) − λ + µ1 − µ2 = 0 (3)

λ̇(t) = −L∗

V (t) = −c · u · dZu(V )/dV − ν1 + ν2 (4)

µ1(t), µ2(t) > 0, µ1[u(t) − u] + µ2[ū − u(t)] = 0 (5)

ν1(t), ν2(t) > 0, ν1[V (t) − V ] + ν2[V̄ − V (t)] = 0 (6)

dH∗[t]/dt = dL∗[t]/dt = L∗

t [t] , ∂L∗[t]/∂t (7)

λ(T−) = γ · h∗

V [T ] = γ1 · h
∗

1V [T ] + γ2 · h
∗

2V [T ] = γ1 − γ2 (8)

γ1, γ2 > 0, γ1[V (T ) − V ] + γ2[V̄ − V (T )] = 0 (9)l"�UPU℄�qP τ >℄�\=qP τ , λ |CC5�P!./,SÆ:P$�tk�
λ(τ−) = λ(τ+) + η(τ) · h∗

V [τ ] (10)

H∗[τ−] = H∗[τ+] − η(τ) · h∗

t [τ ] (11)

η(τ) > 0, η(τ) · h∗[τ ] = 0 (12)
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u∗(t) =











ū, c(Zu(V ) − Zd) − λ > 0

undefined, c(Zu(V ) − Zd) − λ = 0

u, c(Zu(V ) − Zd) − λ > 0

(13)=�CS:aIaPp*gw�5?�i Zu(V ) = aV + b(a > 0), 8�w (3)(4) �
λ = µ1 − µ2 + c(Zu(V ) − Zd) (14)

λ̇ = −acu(t) − ν1 + ν2 (15)�w (7), 0q?�P N , dV/dt, g, h w|SwP��" t, � H∗[t] =2��E
H∗[t] = const t ∈ [0, T ] (16)Bw (13) |�yN��Sa u∗(t) n�l�Dw c[Zu(V ) − Zd] − λ P�*fiFk���i

K(t) = c(Zu(V ) − Zd) − λ(t) = c[aV (t) + b − Zd] − λ(t) = µ2(t) − µ1(t) (17)WKlqPSL�|O
K̇(t) = acV̇ − λ̇ = ac[Q − u(t)] + acu(t) + ν1 − ν2 = acQ + ν1 − ν2 (18)�"

K(0) = c(aV0 + b − Zd) − λ(0) = µ2(0) − µ1(0) (19)

K(0) P�*FrZa��lK5 3.1 + 3.2 U}�YR�fi"+�R"G�P(��"+%5(X�ONP_$�:(PgwÆ:�
3.1 K(0) < 0�q�w (13) � u∗(0) = u, �w (5) G µ1(0) = 0, µ2(0) = 0. �"Ni V < V0 < V̄ , ��w (6) � v1(0) = v2(0) = 0, 8 K̇ = acQ > 0, λ̇ = −acu < 0. �0�jqPB�K(t) < 0,

u∗(t) = u, µ1(t) = 0, µ2(t) = 0. � dV/dt = Q − u, V (0) = V0 ON V (t) = (Q − u)t + V0,5 t = tV̄ = (V̄ − V0)/(Q − u) q�V (t) = V̄ . ��5 t < tV̄ q�V < V (t) < V̄ , �w
(6) � v1(t) = v2(t) = 0, K̇(t) = acQ > 0, λ̇(t) = −acu, 8 λ(t) = −acut + cλ1, K(t) =

c(aQt + aV0 + b − Zd) − cλ1. K t = tK = (cλ1/c− aV0 + b − Zd)/aQ q�K(t) = 0. 5qP tV̄+ tk, N�Pa e$CKt8�oQ tV̄ + tK �N�0l"�40Pa p�takP�Z���E4l�4PR0�Mfi"+�_$`:( 1 + 2.�� 1. b K(0) < 0, tV̄ 6 tK < T Q V < V (T ) < V̄ , 8n��P$n�"W}!=�
u∗(t) =











u, [0, tV̄ )

Q, [tV̄ , tc)

ū, [tc, T ]

, V ∗(t) =











(Q − u)t + V0, [0, tV̄ )

V̄ , [tV̄ , tc)

(Q − ū)[t − T + (aV̄ + b − Zd)/aū] + V̄ , [tc, T ]KU tV̄ = (V̄ − V0)/(Q − u), tc = T − (aV̄ + b − Zd)/aū.b K(0) < 0, tV̄ 6 tK < T Q V (T ) = V , 8n��P$n�"W}!=�
u∗(t) =











u, [0, tV̄ )

Q, [tV̄ , tc)

ū, [tc, T ]

, V ∗(t) =











(Q − u)t + V0, [0, tV̄ )

V̄ , [tV̄ , tc)

(Q − ū)(t − T ) + V , [tc, T ]KU tV̄ = (V̄ − V0)/(Q − u), tc = T + (V̄ − V )/(Q − ū).



5 J x OU�q b!-�RpGK)�6��_gVR�� 771l"X�YRg��" tc > tV̄ , ��q�S�
aū[T − (V̄ − V0)/(Q − u)] > aV̄ + b − Zd (20)E58Pa$�=n\uOÆ��_B9v�_DN�_fV0Pn#qPB�8Pa$�=nE�ONPzÆ�74Pf�ÆAP�4�E"T"n	f�ÆA$P�ÆAH0��" V (T ) = V̄ + (Q − ū)(aV̄ + b − Zd)/aū, S[ V (T ) < V̄ , Jb�YR�4�9o

V (T ) > V , E
aū(V̄ − V )/(ū − Q) > aV̄ + b − Zd (21)�n}�S58Pa$�=nEuOÆ��_BfVDNPV�oqPB�8Pa$�=nE�ONPzÆ�74Pf�ÆAP�4�E"T"n	f�ÆA$P�ÆAH0�l"XpYRg��" tc > tV̄ , ��ql T �S�

T > (V̄ − V0)/(Q − u) − (V̄ − V )/(Q − ū) (22)E T �E"8Pa$�=n\uOÆ��_B9v�_DN�_fV�oqP$8Pa$�=nEuOÆ��_BfVDNPV�oqPH+��q|�7: λ(T ) = c(aV̄ + b − Zd) + acū(V̄ − V )/(Q − ū). b�u�YR�4��9�S λ(T ) > 0, E
aū · (V̄ − V )/(ū − Q) 6 aV̄ + b − Zd (23)E58Pa$�=nEuOÆ��_BfVDNPV�oqPB�8Pa$�=nE�ONPzÆ�74Pf�ÆAP�4�E"T"n	f�ÆA$P�ÆAH0��� 2. b K(0) < 0, tK < tV̄ < T , 8n��P$n�"W}!=�

u∗(t) =

{

u, [0, tK)

ū, [tK , T ]
, V ∗(t) =

{

(Q − u)t + V0, [0, tK)

(Q − ū)t + cV , [tK , T ]KU tK = (cλ1/c − aV0 − b + Zd)/aQ, cλ1 = [acQūT + c(aV0 + b − Zd)(ū − u)]/(ū − u + Q),

cV = (ū − u)(cλ1/c − aV0 − b + Zd)/aQ + V0.�q� K(0) < 0, tK < tV̄ , T < tV |�}!ONw�
aūT > aV0 + b − Zd (24)

aū · [T − (V̄ − V0)/(Q − u)] < aV̄ + b − Zd (25)

T − (V − V0)/(Q − u) < (ū − u)(aV + b − Zd)/aQ(Q − ū) (26)KUw (24) �S5B�[HB8Pa$�=nE�ONPzÆ�74Pf�ÆAP�4�E"9vq}f�ÆA$P�ÆAH0�ow (25) 8�S58Pa$�=n\uOÆ��_B9v�_DN�_fV0Pn#qPB�8Pa$�=nE�ONPzÆ�74Pf�ÆAP�4�\"n	f�ÆA$P�ÆAH0�%�l" T 6 tV̄ > T 6 tK PR��}I$P�P 3.2 UPR���?�$4Y��
3.2 K(0) > 0�� 3. b K(0) > 0, 8n��P$n�"W}!=�u∗(t) = ū, V ∗(t) = (Q − ū)t + V0,

t ∈ [0, T ].�q� K(0) > 0, T < tV ��
aūT 6 aV0 + b − Zd (27)
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T < (V0 − V )/(ū − Q) (28)w (27) �S5B�[HB8Pa$�=nE�ONPzÆ�74Pf�ÆAP�4�\"T"9vq}f�ÆA$P�ÆAH0�w (28) �S5B�[HB8Pa$�=nE�ONPXi�_E"PVJ�/%�fP;dSa_$|�yN�1) ;dP*�l";dPSa_$�.EP�Z�$0P*�l�e$0Pn��P_��$0Pb %5	2) n��PP_�E*f|�}=���}[dP bang-bang �P�5"Wf$C5�UP�Ea ,
=dPUP	#�}LÆ�P�5"WfC5�UP�

4 ���l>EdÆ\<Æ��KX�*�}!=�c = 8.5, a = 2.3547× 10−8, b = 540.9074,

Zd = 503.6m,C2sÆA= 588m,�ÆA= 558m, Q = 322m3/s, ū = 956m3/s, u = 213m3/s,i!3[H= T = 1800h, M^ÆA= 584m.

4.1 ���!�	�u�~|��D����UP*��-:( 1 PXpYRgUP (22) + (23), �|SO�
u∗(t) =











u, [0, tV̄ )

Q, [tV̄ , tc)

ū, [tc, T ]

, V ∗(t) =











(Q − u)t + V0, [0, tV̄ )

V̄ , [tV̄ , tc)

(Q − ū)(t − T ) + V , [tc, T ]KU tV̄ = 1.5585×106s=432.9h, tc = 4.4705×106s =1241.8h. on���'� J∗ = 5.6624×

106KWh.

4.2 ��x�}��u�~l"ÆA Zu P$0�49� ∆Zu ONX�PI�_$+5y`P�KU t1, t2 =n��PP�AP:qP��n} tV̄ $ tc, R"G�(�eÆ:��49�}!= ∆Zu = 1m+ ∆Zu = 0.01m �YRgPPn��P`5 1 �y�
6 1 p��R

Fig. 1 Optimal control

1) ∆Zu = 1m, t1 = 325h, t2 = 1137h, J = 5.5833× 108KWh;

2) ∆Zu = 0.1m, t1 = 423h, t2 = 1218h, J = 5.6433 × 108KWh;

3) ∆Zu = 0.05m, t1 = 428h, t2 = 1235h, J = 5.6575× 108KWh;

4) ∆Zu = 0.01m, t1 = 432h, t2 = 1239h, J = 5.6606× 108KWh.�"b !3}���ÆdPn℄jt+C(Xh����tqPt+C(�5I�P%5U!o�Wa ��+t+��Æd4���qP�49� ∆t �a ���49� ∆Zu +t+���49� ∆u l"Sa_$PiZkC5O�Z�P�Z�5?��



5 J x OU�q b!-�RpGK)�6��_gVR�� 773" ∆t $ ∆u PWJ[=-~��E4el ∆Zu PWJ�4fiz/�Bf6P_$|�yN��e ∆Zu PWJ.
.\�EÆdP.
.iO�b !3ONP_$.
.�h�BJ(�SOP_$�Eh�a.
.�hiZa�BoD9��B�&:PvrPCZk+�℄k�
5 `.�BÆ:�p�a ,
PnEJ(�5Æ�^fC(UP�Y���5��n��P�+lÆ�^fC(fi7��BoONÆ�^fPn��P;dH0�r>2�p�a ,
PnEJ(�ln��PP#k$�ygwfi�}I�ON�p*P_$��l��p*P����BWb !3P_$$2�BU&:PvrONP_$fi�[��D�vrPCZk+�℄k�E4P�&o�fiP�r�	�1) z&n��;dPSaC(	2) z&;dUPÆ�a$=|2�PRg�
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