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ABSTRACT

A two-layer model for the recirculation is studied. Initially, a narrow jet of the upper layer moves eastward
with the lower layer remaining stagnant. At ¢ = 0 cold air flows over the narrow front region, all the moving
water in the upper layer sinks to the lower layer with the momentum vertically well mixed within the lower
layer. Thus, cooling creates an unbalanced eastward jet in the second layer and an unbalanced pressure field at
a vertical density front. After the geostrophic adjustment, a high pressure center south of the front and a low
pressure center north of the front are established. These pressure centers drive a much stronger barotropic
eastward current slightly north of the pressure center and slow westward return flow in the far field both south
and north of the front. Thus, cooling over a narrow stream can intensify an eastward jet and create recirculation

gyres both north and south of the stream.

1. Introduction

In both the North Atlantic and North Pacific there
are very strong recirculation gyres just south of the
separated western boundary currents (Gulf Stream and
Kuroshio). In the North Atlantic, there is the well-
known “Worthington Gyre” (Worthington 1976).
There is also a strong recirculation gyre north of the
Gulf Stream (Hogg and Stommel 1986; Hogg et al.
1986). The maximum eastward mass fluxes in these
eastward currents are several times larger than the
maximum flux calculated based on linear Sverdrup
dynamics. In the North Atlantic the mass flux increases
rapidly downstream of Cape Hatteras and eventually
reaches about 150 Sv. Theories based upon wind forc-
ing only, either quasi-geostrophic or layered models,
have been proposed for explaining the formation and
dynamical structure of the recirculation. Many models
can be traced back to the potential vorticity homoge-
nization theory by Rhines and Young (1982). Al-
though a large amount of low potential vorticity water
exists in the oceans, the formation processes of these
water masses is not yet clear. Comparing the streamline
map by Worthington with the air-sea heat flux map
by Bunker (1976), there seems a very tight link between
recirculation and atmospheric cooling of the Gulf
Stream. Eddy diffusion certainly plays some role; how-
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ever, the dynamical role of thermal forcing is not well
understood.

In this study we take a different approach, i.e., we
emphasize the dynamical role of cooling in setting up
the potential vorticity field. As shown in the numerical
experiments by Cox and Bryan (1984) and Huang and
Bryan (1987), cooling is responsible for destroying the
high potential vorticity in the western boundary out-
flow region and creating a low potential vorticity water
mass, while eddy diffusion further homogenizes the
potential vorticity in the interior. This idea has been
extended into a simple model of the subtropical gyre
circulation in which cooling resets the potential vor-
ticity of the western boundary outflow and allows a
complete gyre without explicitly using friction (Cush-
man-Roisin 1987). Luyten and Stommel (1986) also
considered a model with thermal forcing. However,
both of these two models ignore the inertial terms in
the horizontal momentum equations, so the vertically
integrated mass flux is always subject to the Sverdrup
constraint. As a result, these models predict that with
cooling/heating there is no change in the barotropic
mass flux. Therefore, a model with inertial terms and
thermal forcing is needed to study the recirculation.

In fact, Worthington (1976) proposed a theory of
the recirculation in his famous motto “Cold Wind—
Two Gyres”. He speculated that atmospheric cooling
can set up an oceanic high pressure center and thus
drive a recirculation. A close examination, however,
shows that cooling cannot create a high pressure center
without other dynamical processes. If an initially ho-
mogeneous and stagnant ocean is subject to a sudden
local cooling, there will be no horizontal pressure gra-
dient at the bottom, while the pressure will be low at
the top due to the free surface difference. Obviously,
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the high pressure center proposed by Worthington must
be a result of horizontal mass redistribution during the
geostrophic adjustment process after cooling.

Rossby (1938) studied the first example of geo-
strophic adjustment in which the pressure field was
adjusted following an initially imposed narrow jet of
velocity. Rossby’s idea has been extended in many
studies. According to the theory of geostrophic adjust-
ment, for small scale perturbations (in terms of the
Rossby deformation radius) the velocity field will ba-
sically remain and the pressure field will adjust towards
an ultimate state geostrophically balanced with the ve-
locity field; however, for large scale perturbations the
initial pressure field will basically remain while the ve-
locity field will adjust towards an ultimate state geo-
strophically balanced with the pressure field. Take, for
example, Rossby’s classic case. Assume that in a ho-
mogeneous ocean of depth H, a uniformly eastward
velocity up is suddenly imposed within a jet of width
2a. According to Mihaljan’s (1963 ) exact solution, the
total eastward momentum remaining in the jet is #,H( 1
— €729/ where \ = VgH/f is the deformation radius.
Thus, the ratio of remaining momentum to the initially
imposed one is

A
— 1 — p—2al/x .
Ry %a (1 —e™7%)

Fora < A,

a 24°
mel—xﬂ'g—}\—z.

For a > A\, R,, = 0. The scale dependence of geo-
strophic adjustment can be explained as follows. Since
there was no horizontal pressure gradient to balance
the eastward momentum, water particles move south-
ward and create a high pressure center; however, in
the process water particles also gain westward momen-
tum due to Coriolis force. If the initial velocity per-
turbation has a small length scale, very little water
movement is required for building up the final pressure
field, thus the eastward momentum will basically re-
main unchanged. However, if the scale of the initial
velocity perturbation is much larger than the defor-
mation radius, much water has to be moved southward
for building the pressure field to balance the velocity
field, so most eastward momentum will be lost in the
process of adjustment.

Stommel and Veronis (1980) studied several cases
of geostrophic adjustment in which the velocity field
is adjusted toward the initial pressure field set up by
sudden cooling. As a natural step forward, we will study
a model with both initial velocity and pressure pertur-
bation in order to examine how the barotropic current
and the high pressure center is established through
cooling events. The model is formulated in section 2
and the result will be presented in section 3. Finally,
we draw conclusions in section 4.
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2. Model formulation

Our model is on an f~plane and has a flat bottom
and two homogeneous layers of density p; and p, = p;
+ Ap. Initially, the second layer is stagnant and the
upper layer moves eastward, see Fig. la. The x-axis of
the local coordinates is in the downstream direction.
To make a simple model, we assume that the upper
layer thickness satisfies

H =0, for 0<Y< o0,
H,=H, (-Y/L)'* for —L.<Y <0,
H =H, for —o<Y<-L,, (1)

where H\, is the undisturbed upper layer thickness at
infinity, and the total depth of the model ocean is H
= (k+ 1)H,,,. We have chosen this profile so that the
zonal momentum integrated within the upper layer is
constant; thus, the zonal velocity in the second layer
before the geostrophic adjustment will be uniform
within a narrow jet. As we will see, this special profile
makes the model analytically tractable.
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FI1G. 1. Schematic structure of a two-layer model of the recircu-
lation. (a) Before cooling; (b) after cooling and convective adjustment;
(c) different regions for the final state solution after the geostrophic
adjustment.
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Suppose cold air suddenly flows over the ocean and
cools all upper layer water north of Y = —L. to density
p>. After the cooling a fast convective mixing process,
indicated by a dashed arrow in Fig. 1a, takes place and
horizontal momentum is vertically well mixed within
each water column. Now there is a vertical front be-
tween the upper layer and the lower layer, and a jet of
eastward momentum in the second layer, Fig. 1b. Both
the front and the velocity jet are geostrophically un-
balanced, thus a geostrophic adjustment process will
take place. This situation is a combination of the clas-
sical case of Rossby (1938) and the case discussed by
Stommel and Veronis ( 1980). During the geostrophic
adjustment the upper layer will spread northward, the
lower layer will move southward and subduct under-
neath the upper layer. We choose the new outcropping
position as the origin of a new coordinate. In the new
coordinate the southern (northern) edge of the velocity
jet in the second layer is y- (¥:). Our analysis will
follow the approach by Mihaljan (1963). Assuming
the flow field is independent of x, the x-momentum
equations are

v du,

_ duy _
dt —fvl; dt —fUZ' (2)

Upon integrating from ¢ = 0 to oo, these lead to
u = f(y— 1Y)+ U(Y)),

= f(y ~ Y2) + Up(Y2), (3)

where Y, and Y, are the initial positions of the water
particles, U; and U, are the initial velocities. In the
final state the downstream velocities are geostrophic

ful = —g(hly + h2y), fuZ = _g('ykly + h2y)- (4)

where f is the Coriolis parameter, g is the gravity, and
v = p1/p2. Mass conservation in each layer gives

d Y] dYZ

m=H —, h=H —

1 1 dy 2 2 dy 3
where H; and H, are the initial layer thicknesses.
To facilitate the analysis we introduce the nondi-
mensional variables

(5)

hy =Hlooh,1, hy = kH\h5, (6)
VeH, o Vol
y= ifl—y', U, = VgH i,

U, = VgH o u%. (7)

Using these nondimensional variables and dropping
primes, we derive two second-order ordinary differ-
ential equations

d’y, a’y. )
7y7‘+kdy;—Y,=—y—U,, (8)
a’y, , , d*Y

v dy:+kdy;—Yz=—y—U2. (9)
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Note that in the general case &, U, and U, are functions
of Y, and Y,, so that these equations are nonlinear and
difficult to handle analytically. We have constructed
the model in such a way that k, U, and U, are constant
in each region. In fact, there are four regions in the
final state solution, Fig. 1c.

In Region I (y < y_), both layers are in motion, H,
= H,, H;, = kH,,,, Uy = U; = 0, so the general so-
lutions which are finite at y = —oo can be written as

Y'=y+ aqe*? + ae*?, (10)
h'=1+aa.e* + aa_e*?, (11)
Yyl =y + bie*? + be*”, (12)
=1+ ba,e™’ + bya_e*?, (13)

where
B IR TS i) LN

- 2k(1 — %)

In Region I (y- < y <0), both layers are in motion,
H =H, H =(k+v)Ho, U =0, U, # 0, so the
general solutions can be written as

Y]H =y + Cleﬁ*y + cze-ﬁ”’ + C3eﬂ"y + C4e~ﬁ—y, (15)

=y +ciBie’ — cafe”™

+ c30-€P-Y — cuB_e 7, (16)
.U = y+ dieP+y + dhe P+

+ dsef~? + dye™ PV + Uy,  (17)
" =1+ d By — dyBe Y

+ dyB_e-Y — dyp_eF-Y, (18)

where

g, [k+ry+1£Vk+y- 1)2+4(k+7)7]'/2
) 2(k+v)(1 =) ‘
(19)

In Region II1 (0 < y < y,), the upper layer vanishes,
H, = (k+ v)H,,, U, # 0, so the general solution is

Yo M=y + ee” + ee™ + U, (20)
' =y + epe™” — erpe™, (21)
where
1 1/2
m= (m) . (22)

In Region IV (y, <y < +w), Hy = (k + ¥)H w0,
U, = 0, so the general solution is
YZIV =y + e3e_“y, (23)

B =1 - espe™. (24)
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Substituting these solutions into (8, 9), we find the
relations between the coefficients

b1=1Z"‘—k*:+2a1, b= 25)
2
d;=ﬁcs,
m=T:%§qu.um

Since the upper layer outcrops at the origin of the local
coordinates, we have

B+ — fs T B —af-=—1. (27)

Matching conditions at y_, 0, and y, are the continuity
of Yy, Y3, hy, and h;,, so that

a;e*’- + a,e*r-

= ¢ + e + cyef - + e, (28)
bie*¥- + be*r- = dief+r- + dre F+r-
+ dse® + die -+ Uy, (29)
aa.e* + ayoe®r- = ¢, f.ef- — B e -
+ c38-eP7- — cyB_e B~ (30)
k(1 + biae™’ + bya,e* ")
= (k+v)(1 + diB.ef+~ — dyBre™ P+~
+ dsBefr- — dyfe ), (31)
di+dy+ds+d,=e + e, (32)
difs — o + dsf- — diB- = eyp — e, (33)
e’ + e + U, = eze™ M+, (34)
e uer — eue M = —eyue M, (35)

In addition, before the adjustment the width of the
eastward velocity jet in the second layer is /. (L., in
dimensional form), i.e., Y>(y,) = Y2(y-) = L., so that

Ve + e + ee™ = y_+ I+ def+r-

+ dye B + diePr- + de -, (36)

Notice that the right edge of the second layer and the
left edge of the upper layer were at the same location
before adjustment, i.e., Y,(0) = Y,>(y_), so that

Cy + Cy + C3 + Cq = Y- + ble"”" + bze"“y‘. (37)

The equation system (25)—(37) has 17 unknowns,
it is linear in a;, b;, ¢;, d;, and e;; however, it is tran-
scendental in y, and y_. Finding the solution of the
state after geostrophic adjustment is reduced to solving
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two transcendental equations of two unknowns y,
and y_.

If the initial width L. is less than the baroclinic de-
formation radius Lg, the eastward momentum jet of
the second layer may be entirely “subducted” under-
neath the upper layer front, i.e. y, < 0. The solution
for this case can be found by a similar approach through
matching solutions over four regions. The problem in-
volves solving a transcendental equation system of 23
unknowns. Since this case does not provide new phys-
ics, we will not discuss it in this paper.

3. Model results

To demonstrate the basic idea we have chosen the
model’s parameters to be typical of the Gulf Stream.
The upper layer has an undisturbed thickness of H|,
= 750 m, corresponding to the warm core of the Gulf
Stream. Initially only the upper layer moves eastward
within a narrow frontal zone of order of the baroclinic

deformation radius

VehpH/p
f bl
where gAp/p is 1.5 cm s 2. We use an f-plane ocean
model centered at 38.5°N. The total depth of the model
ocean is 3 km. The model result of a case with L.
= 1.1 Ly is shown in Fig. 2. A short dashed line in Fig.
2a depicts the initial position of the interface. When
cooling takes place, all the moving water (left of the
vertical dashed line) in the upper layer sinks to the
second layer with momentum vertically well mixed.
Right after convective adjustment the interface between
the two layers becomes a vertical line: the vertical
dashed line in Fig. 2a. Note that all the upper layer
water left of this vertical line goes to the second layer.
After the geostrophic adjustment the interface is de-
picted by a heavy solid line and the free surface is de-
picted by a thin solid line. Note that, to show the free
surface elevation on the same map, we have defined
an equivalent surface elevation by assuming that the
entire water column is cooled to density of p, and the
deviation from the mean sea surface has been exag-
gerated 1000 times. The most prominent feature is the
high pressure center south of the front. The maximum
free surface elevation is +0.10 m for the high pressure
center.

The velocity distribution is depicted in Fig. 2b. There
is a strong eastward velocity jet near the outcropping
front in both layers. The eastward momentum in the
upper layer is a result of Coriolis force since the upper
layer moves northward in the process of geostrophic
adjustment as can be seen in Fig. 2a. The eastward
momentum in the second layer is the remaining part
of the momentum dumped into the second layer during
the cooling event. Since the second layer is subducted
underneath the top layer, part of the eastward mo-
mentum is lost due to the southward motion in the

Lc@LR=
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FIG. 2. A solution of the model. (a) Layer thicknesses distribution,
y-coordinate in units of baroclinic deformation radius. The heavy
solid line indicates the upper interface, the long dashed line indicating
the mean upper surface, the thin solid line for the free surface, and
the short dashed line depicts the upper interface before cooling with
a vertical dashed line indicating the vertical front after cooling. Zonal
velocity distribution of the model is shown in (b) and (¢), a long
dashed line indicates the upper layer velocity, a solid line depicts the
lower layer velocity; (b) near field, (c) far field.

geostrophic adjustment process. A strong westward re-
turn flow develops in the second layer south of the
front. In the far field, there is broad slow westward
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motion in the lower layer north of the front, but both
layers move eastward far south of the front. Note that
baroclinic structure exists only within several baroclinic
deformation radii. ‘

Therefore, the model shows that a barotropic high
pressure center south of the front created during the
geostrophic adjustment drives a tight recirculation
south of the stream. The westward return flow is rather
broad and much slower than the eastward jet. This
westward velocity is superimposed on the wind-driven
circulation of the interior ocean. Similarly, a much
weaker (the minimum free surface elevation is only
—0.0017 m, not visible in Fig. 2a) low barotropic pres-
sure center north of the stream drives a recirculation
north of the front; this northern recirculation may cor-
respond to a tight recirculation north of the Gulf
Stream (Hogg and Stommel 1986).

Integrated mass fluxes within each layer are the
following: within the upper layer there is 42.3 Sv
(Sv = 10% m?3 s7') eastward. In the lower layer there
is 0.6 Sv westward north of the low pressure center,
another 27.7 Sv westward south of the high pressure
center, and 32.5 Sv eastward between the two pressure
extrema. The total eastward mass flux in both layers
is 74.8 Sv. (We have not included the small contri-
bution, about 0.5 Sv, from the eastward motion far
south of the front where both layers move eastward.)
Compared with the 46.8 Sv in the original one-moving
layer solution, the ratio of the eastward momentum
before and after the cooling, M, is 1.60, i.e., the east-
ward momentum increases 60% due to the cooling.

As discussed in the introduction, the final state of
the geostrophic adjustment depends on the length scale
of the original disturbance. For large scale velocity per-
turbations alone, most of the original velocity field will
disappear in the final state. In the present model the
situation is a little more complicated. Initially, there
was also an unbalanced northward free surface (pres-
sure ) jump at the southern edge of the unbalanced ve-
locity jet. This initial pressure jump will contribute to
the final pressure gradient required for geostrophy. In
the present model, the initial velocity is inversely pro-
portional to the initial length scale L., but the initial
pressure remains the same. As a result, the total east-
ward momentum increases slightly to 79.5 Sv (M,
= 1.70) when L. is five times as large as Lg, and for
larger L. the total eastward momentum declines.

As a comparison we have set up a second model in
which an upper layer of constant depth covers the entire
ocean and both layers are stagnant. At time ¢ = 0, cold
air comes and all the upper layer water north of y = 0
sinks to the second layer. In this case, initially there is
perturbation only to the pressure, but not to the ve-
locity. This case is similar to that of Stommel and Ve-
ronis (1980), with a minor difference that a free surface
is included in our second model. The free surface ele-
vation pattern is different from the previous case, Fig.
3a. Note that there is a low pressure center south of
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FIG. 3. A solution of the Stommel-Veronis model (including a free
surface), see explanation of Fig. 2.

the front and a high pressure center to the north. The
corresponding free surface elevation is —0.66 m for the
low pressure center and +0.069 m for the high. The
major difference from the model discussed above is in
the velocity profile. Near the front the second layer
moves westward, but north of the front it flows east-
ward. The integrated mass fluxes are: in the upper layer
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43.7 Sv eastward; in the lower layer, 22.6 Sv eastward
north of the outcropping front and another 36.2 Sv
westward south of the front. Thus, the total eastward
mass flux near the front is much smaller than in the
previous case.

We have also studied a 2%-layer model in which
only the top layer was initially in motion. Since the
model formulation is very similar to the model above,
it need not be included here. At time ¢ = 0 cooling
takes place and sends all moving water into the second
layer. Geostrophic adjustment process takes place and
the second layer begins to move. Assume that the re-
duced gravity across each interface is the same

psjp2g=p2jp1g=0.750ms‘2,
P b

Hi, =750m, H=3km,

and the same initial width 1.1 Lg. The solution is shown
in Fig. 4. There is 25.2 Sv eastward flux in the upper
layer and 17.2 Sv eastward flux in the second layer.

o
=)

o
o
T

Thickness (km)
NN
o o v o
LI T T T

N
(=]

-2

-3 -4

U (cm/s)

~50 s i L 1 ! 1 L J

FI1G. 4. Solution of a 2':-layer model. (a) Layer thickness distri-
bution. (b) Velocity profile, a long dashed line indicates the upper
layer velocity and a solid line depicts the second layer velocity.
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Thus, the total eastward flux is 42.4 Sv. Compared
with the 26.9 Sv for the initial state, the total eastward
mass flux increases 58%. There is a broad return flow
in the second layer north (and south) of the outcrop-
ping line which has flux of 3.9 Sv (12.3 Sv).

The major difference between models with a flat
bottom and the model with a stagnant lowest layer is
the scale separation. In models with a flat bottom, the
barotropic deformation radius is about 30 times larger
than the first baroclinic deformation radius. This scale
separation gives rise to a mode of very large decay dis-
tance; thus, slow flows appear in both layers in the far
field. Since the width of a front is much smaller than
the barotropic deformation radius, the eastward mo-
mentum velocity initially imposed in the second layer
tends to remain. For the model with a stagnant lowest
layer, however, the scale separation is minor. As a re-
sult, the model behaves differently. First, the flow field
is concentrated near the front. within a few internal
deformation radii. Second, the total eastward momen-
tum decreases if the width of the stream before cooling,
L., is larger than the deformation radius, and most of
the eastward momentum transferred into the second
layer is lost during the geostrophic adjustment. In fact,
M,=154for L.=5.0.

4. Conclusions

In the North Atlantic the recirculations are closely
related to the 18°C water formation. Using a simple
model we have demonstrated that by cooling a narrow
stream the eastward momentum can be intensified. In
the real ocean, cooling events take place one after the
other. After each cooling episode, a huge amount of
warm water in the upper layer sinks down to the layer
below. Thus, cooling plays two major roles in the gen-
eral circulation. First, horizontal momentum is trans-
- ported downward during the convective adjustment.
Second, at the middle depth, a low potential vorticity
water mass is created during the process. After geo-
strophic adjustment, water moves southward and cre-
ates a high pressure center to the south and a low pres-
sure center to the north. These two pressure centers
drive strong recirculations both south and north of the
stream. Although cooling takes place only during late
winter, the high and low pressure centers built during
the cooling season can remain for a long time before
diffusion eliminates them. Since these barotropic pres-
sure centers are associated with a vast amount of avail-
able potential energy, the decay time is very long. Be-
fore diffusion has consumed these pressure centers, the
next cooling season comes and rebuilds them. Thus,
the recirculations may stay there almost permanently
with a small seasonal cycle in their strength.

The process of recirculation intensification in the
oceans is highly idealized in our model; thus, the model
results do not really match the situation in the North
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Atlantic. For example, the strength of the northern re-
circulation in the model is about 1 ~ 3 Sv, much less
than the observed value of 20 Sv. There is another
apparent puzzle associated with the model. The process
described here seems repetitive by nature; each cooling
event can send some eastward momentum to the sec-
ond layer and produce an additional eastward trans-
port. Thus, after several cooling events the total east-
ward mass flux will be well over the observed volume
of 150 Sv. There are many possible controlling factors
which can limit the strength of the recirculation, such
as the total heat loss to the atmosphere, the upstream /
downstream variance of the structure, and the non-
uniformity of the potential vorticity. For example,
consider the case when the second layer is originally
in motion, the adjustment process might behave quite
differently. To unravel the puzzle above and overcome
the shortcomings, the model needs some modifications.

First, we have studied the final state only, but not
the geostrophic adjustment process itself. The speed of
this process depends on the speed of the internal gravity
waves. For a current 50 km wide, the geostrophic ad-
justment will reach a quasi-stationary state with a time
scale of a day. Therefore, for time much longer than
days and without getting into detail, the geostrophic
adjustment process can be thought of as an instanta-
neous phenomenon.

Second, we have discussed a very special case in order
to find a simple analytical solution. The initial velocity
profile of the upper layer used in the present model
has singularities at both ends. These singularities can
be removed by using a general profile so that the layer-
integrated momentum is a linear function of Y. This
general case also leads to linear potential vorticity
equations with analytical solutions. However, using a
linear profile can only remove a singularity at one side.
Therefore, we have chosen the simple case discussed
above. It seems very interesting to study the general
case where both layers were initially in motion and
have nonuniform potential vorticity. Such a model can
be studied numerically, yielding solution that shows
the wave motions during the geostrophic adjustment.

Third, the present model assumes one-dimensional
structure. In the North Atlantic, the strength of the
recirculation increases gradually in the downstream
direction. The three-dimensional structure of the re-
circulation must be taken into consideration in further
study.

Finally, cooling and convective adjustment processes
need to be studied in order to understand the dynamic
role of atmospheric cooling. It is important to note
that the present model emphasizes the importance of
using numerical schemes that conserve momentum
during the convective adjustment process. The impli-
cation for numerical modeling, especially for the case
involved with cooling near a front, will be explored in
further study.
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