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1. Introduction and preliminaries

The complementarity problems theory for single valued operators was applied to many
realistic problems for mathematical programming, join circuit, economics and transportation
equilibrium!* =4, Hence it is important to generalize the complementarity problems from single
valued operators to multivalued operators. Recently, we discuss the complementarity problems
for multivalued monotone operator in [5]. In this paper we utilize Park’s maximal element
theorem to discuss the complementarity problems for multivalued non-monotone operators in
Banach spaces.

Throughout this paper, we always assume that F is a real Banach space, £* denotes the
conjugate space of E, 2" denotes the family of all nonempty subsets of E*, (-,+) denotes the
pairing between E* and E. Let K C E be a convex cone, we denote by K* the conjugate cone
of K, i.e.,

K*={ue FE":(u,z) >0,Vz € K}.

Let T : K — 2" be a multivalued operator. The so called the complementarity problem of T is
to find points Z € K and @ € T'Z such that

Tz C K* and (u,z) = 0.
An operator T : D C E — 277 is called semi-monotonelf! if for any z,y € D we have

inf —y) < inf —y).
vlenTy<v7 v y> - ulenTm<U7x y>
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It is clear from the definition that if T' is monotone, then T is semi-monotone; but the converse
is not true in general (see Example 2 in [6]).

In order to prove our main results, we first give the following lemmas.

Lemma 1 (Park’s maximal element theorem!”)) Let (X, D,T') be an H-space and S : D — 2%,
T : X — 2% multifunctions such that

(1) for each x € D,Sx C Tx and Sz is compactly open; and

(2) for eachy € X, T~ 'y is H-convex.
Suppose that there exists a nonempty compact subset K of X such that either

(i) X\K C S(M), for some nonempty finite subset M of D; or

(ii) for each nonempty finite subset N of D, there exists a compact H-subspace Ly of X
containing N such that

Ly\K C S(Ly N D).

Then either there exists a yo € K such that S~'yg = () or there exists an o € X such that
zg € Txg.

Lemma 218 Let E be a real normed linear space, and X be a nonempty subset of E and
T : X — 28" be an upper semicontinuous multimap such that each Tz is (norm-) compact.
Then for each y € E, the real valued function g, : X — R defined by
gy(x) = wiéqu;m<w, x —y) for each x € X
is lower semicontinuous.
We denote by coA convex bull of the set A and denote by G6A convex closed bull of the set
A.

2. Complementarity problems for non-monotone operators

In this section, we utilize Park’s maximal element theorem to discuss the complementarity

problems for multivalued non-monotone operators in Banach spaces.

Theorem 1 Let E be a Banach space and K C E be a closed convex cone. Suppose that
T : K — 2F is upper semicontinuous from the norm topology in K to the norm topology in E*
and each Tx is norm compact; If there exist two nonempty compact subsets QQ and ) in K, for
each x € K\Q there exists a y € Q such that

uleanx<u’ x—y)>0

and for each fixed x € ) we have
injf (u,y—x) >0 forally € K.
uel'z

Then there exist T € Q C K and @ € TT such that Tz C K* and (u,z) = 0.

Proof For any finite subset A of E, let 'y = coA. It is easy to know that (E,{T'4}) is an
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H-space in accordance with the norm topology in E and K is an H-convex set in (E,{T'4}).
Consequently, (K,{T'4}) = (K,{T'a N K}) is also an H-spacel.
Define a multivalued mapping G : K — 2% by

G(y)z{xEK: injf <u,:v—y)>0} for each y € K.
uel'x

It follows from Lemma 2 that G(y) is an open set, and it is a compactly open set for each y € K.

Now we prove that

G l(z) = {y eK: uieanx<u,:1: —y) > O}
is an H-convex. Suppose that G=!(z) # () for each # € K. Let y1,y2 € G 1(2) and 0 < o < 1.
Then § = ay; + (1 — a)y2 € K and

. PN _ . _ '
uleanx<u’I ) > auleanz<u,:c y1)+ (1 — ) uleanz<u,:c y2) >0

The above formula shows that G~!(z) is a nonempty convex set, so G~1(x) is a nonempty

H-convex set. Taking a point z, € K\Q, for any finite subset N of K let
Ly=w{z.}UNUQURQ).

Since @ and 2 are compact sets in Banach space, Ly is a compact convex subset in K and
Ly D N, and this implies that Ly is compact H-convex. Hence (Ly,{Ta}) = (Ln,{TaNLn})
is a compact H-subspace of (K,{T'a}). Since z. € K\Q, so Ly\Q # 0, thus x € K\Q for
any ¢ € Ly\Q. It follows from the condition of Theorem 1 that there exists y € € such that
infyery(u,x —y) > 0. Thus z € G(y), and

cv\Qc UG c |J 6w =6LynK).
yeQ yELN

Let K =D = X and G = S =T. Then by Lemma 1, there exists § € K such that § € G(3),
consequently inf,erg(u,§y — ) > 0. This is a contradiction. Hence there exists an Z € Q C K
such that G=1(z) = 0, that is,

ian (u,z —y) <0 for each y € K.

uelzx
We denote by 6 the zero vector of E, then 6§ € K. By the above formula we have

inf T) = inf 7 —0) <O0.
ulenT£<u’x> ulenTi<u’ T-0) <

Since K is convex and T € (Q C K we know that 2z € K. By the condition of Theorem 1 we
have

inf (u,z) = inf (u,2Z —Z) > 0.
ulenT£<u’x> ulenTi<u, Toa) 2

Combining the above two inequalities, we have inf,ec7z(u,Z) = 0. Note that the real valued
function u +— (u, Z) is continuous on the compact set TZ. Therefore, there exists a @ € TZ such
that
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Finally, we prove that Tz C K*. In fact, for any u € TZ and y € K, by the condition of Theorem
1 we have

(u,y) > inf (u,y) = inf (u,y) — inf (u,z) > inf (u,y —Z) > 0.

ueTz ueTz ueTz ueTz

The proof is complete.

Corollary 1 Let E be a Banach space and K C E be a closed convex cone. Suppose that
T : K — 27 is upper semicontinuous from the norm topology in K to the norm topology in E*
and each Tx is norm compact. If there exist two nonempty totally bounded subsets @) and 2 in
K, satistying for each x € K\toQ there exists a y € ¢of)

uleanx<u, z—y)>0

and for each fixed x € To() we have

injf (u,y —x) >0, for ally € K.
uel'x

Then there exist T € co@Q) C K and @ € TZ such that Tz C K* and (4, T) = 0.

Proof Since @ and € are totally bounded sets in Banach space, 6@ and ¢of? are totally bounded
complete sets, which shows that €6(@) and ¢of) are compact sets. It follows from Theorem1 that
Corollary 1 is true.

Now we discuss the complementarity problems for multivalued semi-monotone operators in

real Banach spaces.

Theorem 2 Let E be a Banach space and K C E be a closed convex cone. Suppose that
T : K — 27 is upper semicontinuous from the norm topology in K to the norm topology in
E* and semi-monotone, and each Tz is norm compact. If there exist two nonempty compact
subsets @ and Q in K, satisfying for each x € K\Q there exists a y €

inf (v,z —y) >0
vlenTy<v . y>

and for each fixed x € () we have

iean (u,y—x) >0 forally € K.

Then there exist T € Q C K and @ € TZ such that TZ C K* and (@,Z) = 0.

Proof Using the condition of Theorem 2 and noting that T is semi-monotone, for each z € K\Q

there exists a y € 2 such that

inf (u,z—y) > inf (v,z—y)>0.

ueTx veTy

It follows from Theoreml that Theorem 2 is true.

Corollary 2 Let E be a Banach space and K C E be a closed convex cone. Suppose that
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T : K — 2F is upper semicontinuous from the norm topology in K to the norm topology in E*
and semi-monotone, and each Tz is norm compact. If there exist two nonempty totally bounded

subsets Q and Q) in K, satisfying for each x € K\toQ there exists a y € tof)

inf — 0
UlenTy@,x Yy >

and for each fixed x € co() we have

injf (u,y—x) >0 forally € K.
uel'x

Then there exist T € t0Q C K and 4 € TZ such that TZ C K* and (@, ) = 0.

Remark Theorems 1, 2 and Corollarys 1, 2 extend some main results in [2,4,10] to multivalued

non-monotone operators.
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