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ON INFINITE NUMBER AND DISTANCE
Abstract: Which objects (order types of total orderings) are the infinite numbers? Cantor answers: the infinite ordinals (that is, the order types of the infinite, well-ordered sets). In this paper, I argue that these objects are not the infinite numbers, but rather that objects of a different form are. Similar considerations will be seen to apply to infinite distance.

1. Introduction
Which objects are the infinite numbers (when order is taken into account)? As order is taken into account, we limit our search to the order types of total orderings.
 For the purposes of this paper, it will be sufficient to work with strokes and dots, and to think of such things as order types, and to take a subset of these order types to be the numbers. This is to say that 3 is

| | | 

Likewise 7 is

| | | | | | |  

These are two finite numbers.


In stroke-dot notation 
( is

| | | | | | | | | |…

The question is, is this an infinite number? In general, which objects are the infinite numbers? Cantor claims that the infinite ordinals, (, ( + 1, etc, are the infinite numbers. I claim that these are not the infinite numbers, but rather that different objects are the infinite numbers. 

How are we to know which objects are the infinite numbers? I suggest that we take the finite numbers to be our guide to the infinite numbers. The infinite numbers should be as much like the finite numbers as possible.


Cantor (1955, p. 74) wrote: 

All so-called proofs of the impossibility of actually infinite numbers are false in that they begin by attributing to the numbers in question all the properties of finite numbers, whereas the infinite numbers, if they are to be thinkable in any form, must constitute quite a new kind of number as opposed to the finite numbers, and the nature of this new kind of number is dependent on the nature of things and is an object of investigation, but not of our arbitrariness or prejudice.


Cantor’s remark presupposes that the infinite numbers must differ from the finite numbers. And certainly this is trivially true in that the finite numbers are finite, whereas the infinite numbers are infinite. But need there be additional differences? I do not think so. Let us attempt to construe the infinite numbers by taking as our guiding principle that the infinite numbers should be as much like the finite numbers as possible. First then we must investigate the finite numbers, setting down the key properties of the finite numbers. Then I show that Cantor’s infinite ordinals fail to have these properties. Next I arrive at the infinite numbers by moving the key properties of the finite numbers into the infinite.

2. The Finite Numbers

Any finite number has the following three properties (at present, let us only consider numbers 3 or greater; when we move to a more formal setting this limitation will no longer be needed):

1) A first stroke, which has no predecessor, but does have a successor. 

2) A last stroke, which has no successor, but does have a predecessor.

3) Middle strokes, each of which has both a successor and a predecessor.

Search the finite numbers, these properties are found. And yet if we look to Cantor’s infinite ordinals, these properties are never all present. ( has no last stroke, and thus lacks property 2:

| | | | | | | | | |…

Any larger infinite ordinal has a stroke with no predecessor (namely, the first stroke after ( lacks a predecessor), and thus lacks property 2 in the case of ( + 1:

| | | | | | | | | |…   |

or lacks property 3 in the case of ( + 2 or greater (as now the stroke which lacks a predecessor is a middle stroke):

| | | | | | | | | |…     | |

( + ( is the smallest ordinal which lacks both properties 2 and 3:
| | | | | | | | | |…     | | | | | | | | | |…

(, ( + 1, ( + 2 and ( + ( are examples of Cantorian infinite ordinals. But are they infinite numbers? I do not believe so. Notice that if Cantor’s infinite ordinals are taken to be the infinite numbers, then some explanation is needed of why the three properties suggested above, properties which hold of the finite numbers, do not hold of these objects claimed to be the infinite numbers. These three properties can transfer to the infinite order types, so why don’t they transfer to infinite numbers? I leave this as a question for anyone who wishes to argue that Cantor’s infinite ordinals are the infinite numbers. Now, let us in fact transfer these properties into the infinite, to arrive at the objects which (I claim) are the infinite numbers.

3. The Infinite Numbers
Properties 1) – 3) can be worked with directly to arrive at the infinite numbers, but the argument is seen by some as lacking rigor. Basic model theory provides a more formal setting in which to work, and so instead of working with the three properties,
 let us consider the following seven axioms, which are very closely related to the three properties. Call these axioms NUMBER:

1)    (x)   ¬ (x < x)
2)    (x)(y)(z)   (((x < y) ( (y < z)) ( (x < z) )  

3)    (x)(y)   ((x < y)  v (y < x) v (x = y))

4)     (y(x) ¬(x < y) 
5)     (y(x) ¬(y < x)  
6)     (x)(y) ((x<y) ( (z ((z < y) ( ¬(w (z<w ( w<y)))

7)     (x)(y) ((x<y) ( (z ((x < z) ( ¬(w (x<w ( w<z)))
The first two axioms are the axioms for partial order (irreflexive and transitive). Axiom 3 gives us total order, stating that any two elements are comparable. Axioms 4 and 5 require a first and a last element, respectively. Finally, axioms 6 and 7 give us discreteness, requiring that an element with an element less than (greater than) it has a unique predecessor (unique successor).
My argument: the finite models of these axioms are
 the finite numbers. Thus the infinite models of these axioms are the infinite numbers. That is, the NUMBER axioms capture the key properties of the finite numbers. We then arrive at the infinite numbers by simply considering the infinite models of these NUMBER axioms.
The infinite models of NUMBER are of the form ( + ((* + ()( + (*, where ( is any order type. This then, is the general form of the infinite numbers. If ( is the null set, then we have ( + (*:

| | | | | | | …     …| | | | | | |
If ( is 1, then we have ( + ((* + () + (*:

| | | | | | | …     … | | | | | | | | | | …       …| | | | | | |

These are two examples of infinite numbers. Note that these infinite numbers have the three properties of the finite numbers: there is (1) a first stroke with a successor, (2) a last stroke with a predecessor, and (3) middle strokes with both successors and predecessors.


Let us review. Cantor points at

 | | | | | | | | | |… 

and says “There is an infinite number.” By contrast, I point at 

| | | | | | | | | |…  …| | | | | | | | | | 

and say “There is an infinite number.” The difference occurs at the level of form, that is, we both agree to take strokes and dots as order types, and to take order types as (potential) numbers; the debate is not occurring at a deep metaphysical level. Cantor, to defend his claim, must explain why the objects he claims are the infinite numbers lack properties which hold of finite numbers. Cantor’s quote above indicated that infinite numbers must differ from finite numbers in significant ways, but we have seen that this is not so. A good methodological principle is that infinite numbers should differ from finite numbers in as few ways as possible. Then objects of the form ( + ((* + ()( + (* are the infinite numbers.
4. Frege
To my knowledge, Frege (1983, p. 153) was the one contemporary of Cantor’s who anticipated my thesis:

86. In order to obtain his infinite numbers [ordinals], Cantor introduces the relational concept of following in a sequence, which differs from my “following in a series.” According to him, for instance, a sequence would result if one were so to order the finite positive whole numbers that the odd numbers followed one another in their natural order, similarly the even numbers in theirs, and it were further stipulated that all the even numbers should come after all the odd numbers. In this sequence, e.g., 0 would follow 13. There would, however, be no number immediately preceding 0. Now this case cannot occur within my definition of following in a series. It may be strictly proved, if y follows x in the φ-series, there is an object which immediately precedes y in this series. It seems to me then, that the exact definitions of following in a sequence and of number (in Cantor’s sense) are still lacking. Thus Cantor bases himself on a somewhat mysterious “inner intuition” where a proof from definitions should be striven for and would probably be found. 
Frege has indicated that strokes (he writes “objects”) should have predecessors. He gives the example of the odds, followed by the evens, or:

1, 3, 5, 7…      0, 2, 4, 6…

This is ( + (. (Recall that ( + ( was the smallest ordinal to fail both properties 2 and 3, above. That is, Frege chose a good example to motivate his claim that Cantor’s infinite ordinals are not the infinite numbers.) In stroke-dot notation:

| | | | | | | | | |…     | | | | | | | | | |…

Frege notes that 0, or the stroke following ( in stroke-dot notation, has no predecessor. Based on this lack of a predecessor for 0, Frege questions whether Cantor’s infinite ordinals are infinite numbers. Recall:

It seems to me that the exact definition … of number [is] still lacking…. [A] proof from definitions should be striven for and would probably be found. 

My task in this paper can be seen as carrying out precisely what Frege is suggesting, namely arriving at the infinite numbers via a definition, where my guiding principle has been to ensure that infinite numbers do not differ from finite numbers except for their being infinite. This contrasts with Cantor’s infinite ordinals, which certainly have a definition, namely as the order types of the infinite, well-ordered sets. But I suggest that this is not the correct definition of the infinite numbers, for this definition makes infinite numbers differ from finite numbers needlessly.


Support for the position that order types of the form ( + ((* + ()( + (* are the infinite numbers comes from people having called such objects the infinite numbers. For example, Abraham Robinson (1996, p. 51) discusses infinite numbers writing, e.g., “Thus any finite natural number is less than any infinite natural number.”
 As “+” and “x” are in the language, the order type of Robinson’s infinite natural numbers is ( + ((* + ()( + (*, as above, but now ( is a dense linear order without endpoints. This form is very similar to that arrived at via the NUMBER axioms (and the three properties of finite numbers hold).  Indeed, I believe that objects of the form  ( + ((* + ()( + (* are the infinite numbers. The problem is that these objects are not actually taken to be the infinite numbers. To test this, go to a mathematician or philosopher, and ask, “Which objects are the infinite numbers, when order is taken into account?” I imagine that the response will be, “Cantor’s infinite ordinals.” This paper claims that this answer is wrong; Cantor’s infinite ordinals are not the infinite numbers. Rather, the infinite numbers developed above, and discussed by Robinson, are the infinite numbers. The general form is, ( + ((* + ()( + (*, with the specifics of ( depending on the richness of the language.

In this paper, I argue that when one says, “There is an infinite number” one should be pointing at an object of the form ( + ((* + ()( + (*. At the least, some justification is needed if one insists on pointing at (.

5. Infinite Distance
The considerations above are not limited to number, but also apply to distance. Any finite distance is bound by two points or things. Let us attempt to arrive at infinite distance while trying to keep infinite distance as much like finite distance as possible. As any finite distance is bound by two things, let us simply assume that two objects, Sam and Max, are an infinite distance apart. 

Traveling from Sam towards Max any finite distance will not allow one to arrive at Max (on pain of contradicting the assumed infinite distance between the two). Similarly a finite distance from Max will not get one to Sam. Thus we arrive at the picture below, which should be compared with ( + (*:

Sam—————›             ‹—————Max

Developing the picture a bit further, start in the middle of Sam and Max, and you can not get to either Sam or Max by traveling any finite distance (again given infinite distance between them). So the picture that emerges is (compare this picture with ( + ((* + () + (*): 

Sam———›          ‹—————›         ‹———Max


I suggest that the two pictures above are examples of infinite distance. Furthermore, in the “white space” between Sam and Max we can continue to find “‹—————›” copies. Thus if we call a ray opening to the right “(“ and to the left “(*”, then the general form of infinite distance is ( + ((* + ()( + (*, the same general form as that of the infinite numbers. Just as the infinite numbers have not been correctly identified, neither has infinite distance.

6. Several Objections Considered


In this final section, I briefly consider and reply to several potential objections, but before doing so, it may be helpful to review the basic structure of my argument in a different context. Imagine that two people, Correctus and Rodicalus, both always say “There is a male dog” while pointing at a male dog. They also agree that female dogs should be as similar to male dogs as possible. They differ in that Correctus always says “There is a female dog” while pointing at a female dog, whereas Rodicalus invariably says “There is a female dog” while pointing at a female penguin. This raises the question: Which objects should one be pointing at when one says “There is a female dog”? Correctus, in arguing with Rodicalus, would point out that male dogs and female dogs are very similar, whereas there are differences between male dogs and female penguins (beyond the male/female difference). Thus given that they agree that female dogs should be as similar to male dogs as possible, when one says “There is a female dog” one should be pointing at a female dog. Let me rerun this paragraph in the number context.

Imagine that two people, Correctus and Rodicalus, both always say “There is a finite number” while pointing at a finite number.
 They also agree that infinite numbers should be as similar to finite numbers as possible. They differ in that Correctus always says “There is an infinite number” while pointing at what I am claiming are the infinite numbers, whereas Rodicalus invariably says “There is an infinite number” while pointing at a Cantorian infinite number (ordinal). This raises the question: Which objects should one be pointing at when one says “There is an infinite number”? Correctus, in arguing with Rodicalus, would point out that finite numbers and what I am claiming are the infinite numbers are very similar, whereas there are differences between finite numbers and Cantorian infinite numbers (beyond the finite/infinite difference). Thus given that they agree that finite numbers should be as similar to infinite numbers as possible, when one says “There is a infinite number” one should be pointing at what I am claiming are the infinite numbers.
I have rerun my argument in the animal context in this section, the section devoted to objections and replies, because most objections I receive are equally ineffectual in the animal context and in the number context. It may then prove helpful for a person with an objection to first see how it fares in the animal context.


Objection #1: The properties of finite numbers you consider are not the important properties. Reply: Yes, they are. The axioms of NUMBER axiomatize the finite numbers. Put loosely, we don’t want fewer axioms, and we don’t want more.

Objection #2: Your treatment of infinite distance is nothing more than hand-waving. Reply: I have treated infinite distance very briefly. The goal was to show that my main point does not apply solely to number. Admittedly the treatment was very brief, perhaps bordering on hand-waving. But I encourage the objector to assume that two objects are infinitely far apart, and work out the resulting form to the objector’s satisfaction. If this is not acceptable, then limit consideration to number.

Objection #3: But I, the objector, do not believe that there are any such things as infinite numbers or distances. Reply: Questions of existence are difficult. In this paper I am concerned mainly with form.

Objection #4: You say that certain objects are the infinite numbers, but who cares? That is, is your thesis at all important? Reply: There are two good ways to attack any idea. First, say the idea is false. Second, say it is unimportant or trivial. In this paper, I am solely concerned with objections of the first kind. In a subsequent paper, I discuss the importance of correctly identifying the infinite numbers. This is to say that if one finishes this paper agreeing with the main thesis, but thinking that there is no importance, or that it is all a “naming issue,” my reply must be that I address the issue of importance in a subsequent paper. I believe that tackling charges of falsity prior to triviality is the best way to proceed with this topic. But note that a successful investigation of any objects (e.g., the infinite numbers) would seem to first require correctly identifying those objects.

NOTES










� 0, 1, 2 under < is an ordering. 2, 3, 7 under < is an ordering. These are two different orderings, but they have the same order type, as they are order isomorphic. Order enters into stroke-dot notation, the notation that I use in this paper, via the assumption that any stroke to the left of another is less than that other. Also note that the axioms for total order can be found below, axioms 1-3 of NUMBER.


� One reason for taking the finite numbers to be our guide is that we do not seem to have any other access to the infinite numbers. That is, if the finite numbers are not our guide to the infinite numbers, then what is? Also see Hallett (1988, p. 7), where Hallett discusses what he calls “Cantor’s principle of finitism,” or the position that, “The transfinite is on a par with the finite and mathematically is to be treated as far as possible like the finite.”


� Note that where relevant, I continue to discuss the three properties.


� See Doets (1996, pp. 42-43) for a discussion of these axioms. Doets calls the axioms “finite linear order.”


� More specifically, the NUMBER axioms axiomatize the finite numbers. Note also that here, and again below, I conflate orderings and order types, a relatively common practice.


� That is, in an avoidable manner.


� The order type ( + ((* + ()( + (* is arrived at by taking a non-standard, or infinite, N, and considering the order type of the elements less than N, which again displays a striking parallel with the finite numbers. That is, another way to run my argument: take some N in a non-standard model of arithmetic and consider the elements less than N. If N is finite then the order type is a finite number; if N is infinite then the order type is an infinite number.


� As with the entire paper, we are considering number with order taken into account.
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