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1 3456
7��8, H � K ����	
��	
 Hilbert ��, B(H,K) �� H 
 K 

9

���
:
��, �� B(H,H) � B(H). � A ∈ B(H), � N(A) � R(A) 	Æ�� A 


����;<; σ(A) �� A 
��. 
: A ∈ B(H) ���
� Fredholm 
:� R(A) �
� dimN(A) < ∞, � R(A) 99�	
=	�, � dim H/R(A) < ∞, A ∈ B(H) ����
��� Fredholm 
:. ��� A ∈ B(H) � Fredholm 
:� R(A) 
=	�9�� A 99
�	
���. � A �
� Fredholm 
:�>�� Fredholm 
:, A 
?� ind(A) ���
ind(A) = dimN(A) − dim H/R(A). �� SF−

+ (H) ��� SF−
+ (H) = {A ∈ B(H), A �
�

Fredholm 
:� ind(A) ≤ 0}. 
: A 
��, asc (A), ��@ N(An) = N(An+1) 
A 
�
�B� n, A 
�� des(A), ��@ R(An) = R(An+1) 
A ��B� n. 
: A ��� Weyl

:�!�?���
 Fredholm 
:, A ��� Browder 
:� A ��99����9��
�
 Fredholm 
:. 
: A 
�C� σe(A)�Weyl � σw(A)�Browder � σb(A)�
 (�) �

"�#�: 2006-12-06;  $#�: 2007-07-25

!"%&: #D$'(%)*+&E'()FG%&
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Fredholm � σSF+(A) (σSF−(A)) ���

σe(A) = {λ ∈ C : A − λI +� Fredholm 
:};
σw(A) = {λ ∈ C : A − λI +� Weyl 
:};
σb(A) = {λ ∈ C : A − λI +� Browder 
:};
σSF+(A) = { λ ∈ C : A − λI +�
� Fredholm 
:};
σSF−(A) = { λ ∈ C : A − λI +��� Fredholm 
:}.

. x ∈ H, x 7
: A �
,- Orb (A, x) ���:

Orb (A, x) = {x,Ax,A2x, . . .}.
/0 x ∈ H �����.1//0� Orb (A, x) 
�012
��7 H 832, x ���31

//0� Orb (A, x)7 H 83. �
: A�931/ (.1/)/0,K� A�31/ (.1/)

:. ��� HC(H) (SC(H))�� B(H)831/ (.1/) 
:
��; HC(H) (SC(H)) �
HC(H)(SC(H)) 
4��5. .1/
:�4 Hilden � Wallen 7 1974 566
 [1]; 7L3
1/
:�.1/
:
78M8
9:�4 Kitai [2] 9:
.

��;<=	;><3 (.) 1/
:��9=>�N��

:O�
7?; ;@=	;
><
:?P
31/��.1/�.

2 QR A STUVWXYUVW
. A ∈ B(H), @A����B� n, A ZA:</0��

R(An)/R(An+1) 
 R(An+1)/R(An+2)


����BC Â. � kn(A) �� Â 
���, B k(A) =
∑∞

n=0 kn(A). �C
��DE<�
��D8;>

:, [F���4 Grabiner 7� [3] 89:
.

\] 2.1 �E7��B� d,GFG n≥dH, kn(A) = 0,���G n ≥ dH, A9�N��.
\] 2.2 .E7��B� d, GFG n ≥ d H, A 9�N��. �G n ≥ d H, R(An) 7

R(Ad) 

:;<=>8�, K� A 9=>�N��.
�I^JG A �� Fredholm 
:H, A 9=>�N��. B

TUD(A) = {λ ∈ C, A − λI 9=>�N��}.
� A 9=>�N��, K A 9�C (H� [3], K: 4.9):

_` 2.3 . A ∈ B(H), λ � A 
��
I�J. � A − λI 9=>�N��, K λ � A


��KJ.
�C��9:�CLMJ�
��BN. .

ρ1(A) = {λ∈C, dim N(A−λI) < ∞ �E7 ε > 0,GFG 0 < |μ−λ|<ε H, A−μI∈SF−
+ (H)},

B σ1(A) = C\ρ1(A). LM, σ1(A) ⊆ σw(A).
�C
N99:<31/
:�.1/
:
�C
�C,��a8O�[F�CO^J�

�
a8P: (H� [4], �9 2.1 ��9 3.3).
_` 2.4 HC(H) �4�@�PQQ

: A ∈ B(H) 12
��:
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(1) σw(A) ∪ ∂D WX;
(2) σ(A)\σb(A) = ∅;
(3)Y9 λ ∈ ρSF (A), ind(A−λI) ≥ 0, Z8 ρSF (A) = {λ ∈ C, A−λI�� Fredholm 
:}.
_` 2.5 SC(H) �4�@�PQQ

: A ∈ B(H) 12
��:
(1) E7 r ≥ 0, GF σ(A) ∪ ∂(rD) WX;
(2) E7 r ≥ 0, GF σw(A) ∪ ∂(rD) WX;
(3) σ(A)\σb(A) = ∅ �>E7 α 	= 0, GF σ(A)\σb(A) = {α}.
(4) Y9 λ ∈ ρSF (A), ind(A − λI) ≥ 0.
\` 2.6 . TUD(A) ⊆ ρ(A) ∪ σ1(A).
(1) � σ(A) ∪ ∂D WX, K A ∈ HC(H);
(2) �E7 r ≥ 0, GF σ(A) ∪ ∂(rD) WX, K A ∈ SC(H).
de (1) . σ(A) ∪ ∂D WX.
(i) σw(A) = σ(A), K σw(A) ∪ ∂D WX.
[\
, . A − λI � Weyl 
:. K λ ∈ TUD(A)\σ1(A), []^f A − λI ��_.
(ii) 4L σw(A) ⊆ σb(A), K σ(A) = σb(A).
(iii) Y9 λ ∈ ρSF (A), ind(A − λI) ≥ 0.
[\
, �E7 λ ∈ ρSF (A), GF ind(A− λI) < 0, K λ ∈ TUD(A)\σ1(A). L� A− λI �

_, K ind(A − λI) = 0. gW. ind(A − λI) < 0 `X.
4N9 2.4 �F A ∈ HC(H).
YaZ, �I^J.1/
bc.
hi 2.7 . TUD(A) ⊆ ρ(A) ∪ σ1(A). � σ(A) = σSF−(A) � σ(A) ∪ ∂D [WX, K

A ∈ HC(H) � A∗ ∈ HC(H).
H(A) ��7 σ(A) 
��d<
\e]�7 σ(A) 
Y]	j
+�^;
�;_�
�

�. . TUD(A) ⊆ ρ(A)∪σ1(A). 4�9 2.6
^J��k-@Y]
 f ∈ H(A),9 σw(f(A)) =
f(σw(A)) (H� [5], �9 5). . f ∈ H(A) �@: E7 λ0 ∈ σ(A), GF |f(λ0)| = 1 � σ(f(A))
WX. 4L σ(A) = σw(A), L�

σw(f(A)) = f(σw(A)) = f(σ(A)) = σ(f(A)) WX� f(λ0) ∈ σw(f(A)) ∩ ∂D.

lf� σw(f(A)) � ∂D WX, L� σw(f(A))∪ ∂D WX. 4N9 2.4, ��k- f(A) ∈ HC(H),
[g��F
P::

hi 2.8 . TUD(A) ⊆ ρ(A) ∪ σ1(A).
(1) . f ∈ H(A) �@: E7 λ0 ∈ σ(A), GF |f(λ0)| = 1 � σ(f(A)) WX, K f(A) ∈

HC(H);
(2) � f ∈ H(A) �@ σ(f(A)) WX, K f(A) ∈ SC(H).

3 2 × 2 mnoQRpqSTUVW
@
@`
:?P
;>�4�P
[\rMhi
: � A ��� Hilbert ��


:,

M � A 
���
+B:��, K A �I��2��� 2 × 2 

@`
:?P
A =

( ∗ ∗
0 ∗

)
: M ⊕ M⊥ −→ M ⊕ M⊥,
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;>
:?P
��ab�cde?P@`s
�COfB�?P
�C. Mg5O, 978�
jht>7;>
@`
:?P, kl� [6–7]. . A ∈ B(H) � B ∈ B(K), ��� MC ���

�t�7 H ⊕ K 


:
MC =

(
A C
0 B

)
,

Z8 C ∈ B(K,H). � C = 0, B M0 =
(

A 0
0 B

)
. �iO�m
�� σ1(·) �=>�N��, ��

;>< 2 × 2 
:?P
31/��.1/�. . ρb(A) = C\σb(A). no9:�PP::
\` 3.1 . A ∈ B(H) �@ TUD(A) ⊆ ρb(A) ∪ σ1(A), B ∈ B(K),
(1) �E7 C0 ∈ B(K,H), GF

(
A C0
0 B

) ∈ HC(H ⊕ K), K@Y]
 C ∈ B(K,H), j9(
A C
0 B

)
∈ HC(H ⊕ K);

(2) �E7 C0 ∈ B(K,H), GF
(
A C0
0 B

) ∈ SC(H ⊕ K), K@Y]
 C ∈ B(K,H), j9(
A C
0 B

)
∈ SC(H ⊕ K).

de 	@kO^J (1).
(i) @Y] C ∈ B(K,H), σw(MC) = σw(MC0). L� σw(MC) ∪ ∂D WX.
[\
, . MC − λ0I � Weyl 
:, 4

MC − λ0I =
(

I 0
0 B − λ0I

) (
I C
0 I

) (
A − λ0I 0

0 I

)
,

��k- A−λ0I �
� Fredholm
:, B−λ0I ��� Fredholm
:,� A−λ0I � Fredholm

:G�lG B−λ0I � Fredholm
:.4L A−λ0I �
� Fredholm
:,K λ0 ∈ TUD(A) ⊆
ρb(A)∪ σ1(A). 4 ρ1(A) 
��, F
 ind(A−λ0I) ≥ 0, [m]^f A−λ0I � Fredholm 
:.
L� B − λ0I Fredholm 
:, fn

ind(MC0 − λ0I) = ind(A − λ0I) + ind(B − λ0I) = ind(MC − λ0I) = 0.

K MC0 − λ0I � Weyl 
:. [gm9 σw(MC) = σw(MC0). pI σw(MC) ∪ ∂D �WX
.
(ii) @Y]
 C ∈ B(K,H), j9 σ(MC) = σb(MC).
. MC − λ0I � Browder 
:. 4
C
^Jk A − λ0I � Fredholm 
:�99�
�

�, ]� B − λ0I � Fredholm 
:�99�
��. 4 A − λ0I � Fredholm 
:�99�

��k ind(A − λ0I) ≤ 0. L� λ0 ∈ TUD(A)\σ1(A), []^f A − λ0I � Browder 
:. 4
L MC − λ0I � Browder 
:, L��F B − λ0I � Weyl 
:�99�
��, K B − λ0I �

Browder
:,pIMC0 −λ0I � Browder
:.o�4LMC0 ∈ HC(H ⊕ K),K9MC0 −λ0I

�_. L� A − λ0I � B − λ0I [�_, pI MC − λ0I �_. [g��m^J<@Y]

C ∈ B(K,H), σ(MC) = σb(MC).

(iii) @Y]
 C ∈ B(K,H), ind(MC − λI) ≥ 0, Z8 λ ∈ ρSF (MC).
�+M,. λ0 ∈ ρSF (MC),GF ind(MC −λ0I) < 0,K A−λ0I �
� Fredholm
:.L�

λ0 ∈ TUD(A) ⊆ ρb(A)∪σ1(A). [g A−λ0I � Fredholm
:.4� [6,�9 2.1]k B−λ0I �


� Fredholm
:,KMC0−λ0I �
� Fredholm
:]� ind(MC0−λ0I) = ind(MC−λ0I) < 0.
[mgW. MC0 ∈ HC(H ⊕ K) `X.
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4qC
^J, ��k-@Y]
 C ∈ B(K,H), MC ∈ HC(H ⊕ K).
@.1/
bc, ��9Ya
^J.
hi 3.2 . TUD(A) ⊆ ρb(A) ∪ σ1(A) � TUD(B) ⊆ ρb(B) ∪ σ1(B), K�C
rEpq:
(1) @Y]
 C ∈ B(K,H), MC ∈ HC(H ⊕ K);
(2) @Y]
 C ∈ B(K,H), TUD(MC) ⊆ ρ(MC) ∪ σ1(MC) � σ(MC) ∪ ∂D WX;
(3) E7 C ∈ B(K,H), GF MC ∈ HC(H ⊕ K);
(4) E7 C ∈ B(K,H), GF TUD(MC) ⊆ ρ(MC) ∪ σ1(MC) ]� σ(MC) ∪ ∂D WX;
(5) M0 ∈ HC(H ⊕ K);
(6) TUD(M0) ⊆ ρ(M0) ∪ σ1(M0) � σ(M0) ∪ ∂D WX.
de ��us8^J (1), (2), (5) 
pq�.
(1)=⇒(2) .@Y]
 C ∈ B(K,H), MC ∈ HC(H ⊕ K). B λ0 ∈ TUD(MC)\σ1(MC), K

dim N(MC −λ0I) < ∞�E7 ε > 0,GFG 0 < |λ−λ0| < εH, MC −λI �
� Fredholm
:
� ind(MC −λI) ≤ 0. 4LG μ ∈ ρSF (MC) H, ind(MC −μI) ≥ 0. ��k-G 0 < |λ−λ0| < ε

H, MC − λI � Weyl 
:. 4�9 3.1 
^Jk, A − λI � B − λI [� Fredholm 
:. fn
λ ∈ TUD(A) ∩ TUD(B). 4 σ1(·) 
��k ind(A − λI) ≥ 0 � ind(B − λI) ≥ 0. o�4L
ind(A − λI) + ind(B − λI) = ind(MC − λI) = 0, K9 A − λI � B − λI [� Weyl 
:. L�

λ ∈ TUD(A)\σ1(A) � λ ∈ TUD(B)\σ1(B).

[m]^f A − λI � B − λI [� Browder 
:, pI MC − λI � Browder 
:. MC ∈
HC(H ⊕ K) 
[\rt�� MC − λI ��_
, K λ0 ∈ iso σ(MC) ∪ ρ(MC). ��su
λ0 ∈ ρ(MC). �+M, λ0 ∈ iso σ(MC), 4N9 2.3, λ0 � MC 
��KJ. . asc (MC −
λ0I) =des(MC − λ0I) = p, K9	\

H ⊕ K = N [(MC − λ0I)p] ⊕ R[(MC − λ0I)p].

4L dim N(MC − λ0I) < ∞, L� MC − λ0I � Browder 
:. [mg[\ σ(MC) = σb(MC)
`X. L���9 TUD(MC) ⊆ ρ(MC) ∪ σ1(MC). � MC − λI � Weyl 
:, K9

λ ∈ TUD(MC)\σ1(MC) ⊆ ρ(MC),

L� σ(MC) = σw(MC). [gm9@Y]
 C ∈ B(K,H), σ(MC) ∪ ∂D = σw(MC) ∪ ∂D WX.
(2)=⇒(1) 4�9 2.6, ���F
P:.
(1)=⇒(5) LM. 4�9 3.1, ��k-tuOv2w.
. TUD(A) ⊆ ρ(A)∪σ1(A)� TUD(B) ⊆ ρ(B)∪σ1(B). ��su@Y]
 C ∈ B(K,H),

σ(MC) = σw(MC) = σw(M0) = σ(M0). [\
, � MC −λI �Weyl 
:, 4K: 3.2 
^Jk
A− λI � B − λI [� Weyl 
:. K λ ∈ TUD(A)\σ1(A) � λ ∈ TUD(B)\σ1(B), L� A− λI

� B − λI [�_. fn

σ(MC) = σw(MC) = σw(M0) = σ(M0).

[g��9�PP::
hi 3.3 � TUD(A) ⊆ ρ(A) ∪ σ1(A), � TUD(B) ⊆ ρ(B) ∪ σ1(B), K
(1) @Y]
 C ∈ B(K,H), j9 MC ∈ HC(H ⊕ K) ⇐⇒ E7 C0 ∈ B(K,H), GF

σ(MC0) ∪ ∂D WX;
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(2) @Y]
 C ∈ B(K,H), j9 MC ∈ SC(H ⊕ K) ⇐⇒ E7 C0 ∈ B(K,H) IvE7
r ≥ 0, GF σ(MC0) ∪ ∂(rD) WX.

YaLK: 2.8 Iv�9 3.1 
^J, ���I^J�PP::
hi 3.4 . TUD(A) ⊆ ρ(A) ∪ σ1(A), TUD(B) ⊆ ρ(B) ∪ σ1(B), �. σ(A) ∪ σ(B) WX.

B C ∈ B(K,H) � f ∈ H(MC), �E7 λ ∈ σ(MC), GF |f(λ)| = 1, K f(MC) ∈ HC(H ⊕ K).
vw . A,B ∈ B(�2) ���

A(x1, x2, . . .) = (x2, x4, x6, . . .), B(x1, x2, . . .) = (0, x1, 0, x2, 0, x3, . . .),

K σ1(A) = σ(A) = σb(A). L� TUD(A) ⊆ ρb(A) ∪ σ2(A) = C.
xwx
�F

σ

(
A 0
0 B

)
= σw

(
A 0
0 B

)
= σb

(
A 0
0 B

)
= D,

K (
A 0
0 B

)
∈ HC(�2 ⊕ �2).

4�9 3.1, @Y] C ∈ B(�2, �2), MC ∈ HC(�2 ⊕ �2).
�C;>cl

(
0 A
B 0

)

 2 × 2 t@`
:?P
31/��.1/�. �@`?Pxy, t

@`
:?P
31/��.1/�z�yF. of�CN9 [7−8]:
_` 3.5 . A ∈ B(K,H), B ∈ B(H,K), K
(1) w(AB) � w(AB) 8
��syxz, Z8 w ∈ {σ, σe, σw};
(2) σw

(
AB 0
0 BA

)
= σw(AB) ∪ σw(BA);

(3) σea

(
AB 0
0 BA

)
= σw(AB) = σea(AB) ∪ σea(BA).

@N9 3.5 8 (1), 4� [8] k� λ 	= 0, K(
AB − λI 0

0 I

)
= F (λ)

(
BA − λI 0

0 I

)
E(λ),

Z8@Y] λ 	= 0, E(λ) � F (λ) [�_. fnG λ 	= 0 H,

N(AB − λI) ∼= N(BA − λI) � R(AB − λI)⊥ ∼= R(BA − λI)⊥,

K ind(AB − λI) = ind(BA − λI).
\` 3.6 . A ∈ B(K,H), B ∈ B(H,K). � AB ∈ HC(H) � BA ∈ HC(K), K�C


rEpq:
(1)

(
0 A
B 0

) ∈ HC(H ⊕ K);
(2) σw

(
0 A
B 0

) ∪ ∂D WX� σ1

(
0 A
B 0

)
7LzJ@�;

(3) σw

(
0 A
B 0

) ∪ ∂D WX� σea

(
0 A
B 0

)
7LzJ@�.

de .
(
0 A
B 0

) ∈ HC(H ⊕ K), K σw

(
0 A
B 0

) ∪ ∂D WX. B λ0 /∈ σ1

(
0 A
B 0

)
, K

dim N

[ (
0 A
B 0

)
− λ0I

]
< ∞,

]�E7 ε > 0, GFG 0 < |λ − λ0| < ε H(
0 A
B 0

)
− λI �
� Fredholm 
:� ind

( (
0 A
B 0

)
− λI

)
≤ 0.
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4L (
0 A
B 0

) ∈ HC(H ⊕ K), K{M9 (
0 A
B 0

) − λI � Weyl 
:. cd� [3, (3.10), (4.3) {] 8

;>, ��k-7@
: A � B Æ9Y|�{
q|�, j9

w

(
0 A
B 0

)
=

√
w(AB) ∪ w(BA), Z8 w ∈ {σ, σw},

Z8 √
K �� K ⊆ C 
}ac��. L� AB − λ2I � BA − λ2I [� Weyl 
:. w�O, �

�s8^J
dim N(AB − λ2

0I) < ∞ � dim N(BA − λ2
0I) < ∞.

� λ0 = 0, 4[\ (
AB 0
0 BA

)
=

(
0 A
B 0

)2

k dim N(AB − λ2
0I) < ∞ � dim N(BA − λ2

0I) < ∞. � λ0 	= 0, f�
∨{(

x,
1
λ0

Bx
)

: x∈N(AB−λ2
0I)

}
∪

∨ {( 1
λ0

Ay, y
)

: y∈N(BA−λ2
0I)

}
⊆ N

[(
0 A
B 0

)
−λ0I

]
,

Z8 ∨
G �� G 
���Æ2, K dimN(AB − λ2

0I) < ∞ � dim N(BA − λ2
0I) < ∞. 7L

σ1

(
0 A
B 0

)

@��, ��s8^J

−λ0 /∈ σ1

(
0 A
B 0

)
.

4qC
^Jk dim N
((

0 A
B 0

) − λ2
0I

)
< ∞. f�@Y] λ ∈ C,(

AB 0
0 BA

)
− λ2

0I =
( (

0 A
B 0

)
− λI

)( (
0 A
B 0

)
+ λI

)
,

L�
dim N

( (
0 A
B 0

)
+ λ0I

)
< ∞ �G 0 < |λ − λ0| < ε H

(
0 A
B 0

)
+ λI

� Weyl 
:. [m]^f −λ0 /∈ σ1

(
0 A
B 0

)
, pI σ1

(
0 A
B 0

)
7LzJ@�.

xt, . σw

(
0 A
B 0

) ∪ ∂D WX� σ1

(
0 A
B 0

)
7LzJ@�. ��s8^J

σ

(
0 A
B 0

)
= σb

(
0 A
B 0

)
�G λ ∈ ρSF

(
0 A
B 0

)
H, ind

( (
0 A
B 0

)
− λI

)
≥ 0.

�E7
λ0 ∈ σ

(
0 A
B 0

) ∖
σb

(
0 A
B 0

)
,

K (
AB 0
0 BA

)
− λ2

0I

� Weyl 
:. 4L σ
(
0 A
B 0

)
=

√
σ(AB) ∪ σ(BA), O��~��9, ��k-√

isoσ

(
AB 0
0 BA

)
=

√
iso

(
σ

(
0 A
B 0

) )2

= isoσ
(

0 A
B 0

)
,
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K (
AB 0
0 BA

)
− λ0I

� Browder 
:. L� AB − λ2
0I � BA − λ2

0I [� Browder 
:. [mg[\ AB ∈ HC(H)
� BA ∈ HC(K) `X, K

σ

(
0 A
B 0

)
= σb

(
0 A
B 0

)
.

�E7 λ0 ∈ ρSF

(
0 A
B 0

)
, GF ind

((
0 A
B 0

) − λ0I
)

< 0, K λ0 /∈ σ1

(
0 A
B 0

)
. f} −λ0 /∈ σ1

(
0 A
B 0

)
. O�

~�d<�9� σ1(·)
��,E7 ε > 0,GFG 0 < |λ−λ0| < εH,
(
0 A
B 0

)−λI ∈ SF−
+ (H⊕K),

ind
( (

0 A
B 0

)
− λI

)
= ind

( (
0 A
B 0

)
− λ0I

)
,

(
0 A
B 0

)
+ λI ∈ SF−

+ (H ⊕ K),

K (
AB 0
0 BA

)
− λ2I ∈ SF−

+ (H ⊕ K).

4L AB ∈ HC(H) � BA ∈ HC(K), ���F(
AB 0
0 BA

)
− λ2I

� Weyl 
:. L� AB − λ2I � BA − λ2I [� Weyl 
:. fn
(
0 A
B 0

) − λI � Weyl 
:. [
m]^f ind

(
0 A
B 0

) − λ0I � Weyl 
:. [gW.
ind

( (
0 A
B 0

)
− λ0I

)
< 0

`X. 4qC
^Jk (
0 A
B 0

) ∈ HC(H ⊕ K).
4N9 3.5, ���I^J (1) � (3) 
pq�.
\` 3.7 . A ∈ B(K,H), B ∈ B(H,K). � AB ∈ SC(H) � BA ∈ SC(K), K�C
r

Epq:
(1)

(
0 A
B 0

) ∈ SC(H ⊕ K);
(2) E7 r1 ≥ 0, r2 ≥ 0, GF

σ

(
0 A
B 0

)
∪ ∂(r1D) � σw

(
0 A
B 0

)
∪ ∂(r2D)

[WX, � σ1

(
0 A
B 0

)
7LzJ@�.
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