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5+8$%9� LS %9,?.6���(). %�D-, ��.7E8/	����<���
F�GH9I, 0JG%�:�12;K3>'4<���()�%9.

51���	=>&?�.@�.�AL, B6CDE<789F:G/HI;��. D=
J9K<�=-�89L�<M [1] FN�/5I'>5F�51���M?$, N�/5I'
>5F�51���	M?��, 0O Fraise @P<QF��. AM+<DF=-�89F�5
I'>5F�51��".#$.

<AMF, LA = {λ0, λ1, . . . , λm} �.B@�5I'>5, �5�N�C< LA F"., 7
1L�DEHO/D�. FG.

R L 	.���(), S 	.FGH, T1, T2 	L (S)F��PP�. #I T1 �SE��J
	 T2 ���, QK;� T1 |=L T2. %L!, # T2 = {ϕ}λ, Q+ T1 |=L {ϕ}λ MK� T1 |=λ

L ϕ.
#I�SE�PP� T , C5 T |=L T2, QK;� |=L T2.

R L 	.���(), S 	.FGH, A ,B 	 S- NO, # A � B < L (S) F�:��
PP��, QP A � B Q? L R��S. K� A ≡L B, L�D ThS

L (A ) �T A Q? L

< L (S) F��PP�. #I ThS
L (A )λ = ThS

L (B)λ, QP A � B Q? L λ R��S, K�
A ≡λ

L B. <�8RUTV����, E+DF= KGF� S WX, 
� L 	.��� L1

�, E+ L1 WX.
�FGH S, L�D F r

n(S) �T L1(S) F�5D x1, x2 . . . , xn �STUUOYVZ2 ≤ r

�W[P��HX, 0Æ Fn(S) =
⋃

r∈ω F
r
n(s).

R L ,L ′ �J��(), P L ′ �\? L (K;� L ≤ L ′) �OY��SE S �SE
ϕ ∈ L (S),CZ< ψ ∈ L ′(S),][�SE λ ∈ LA,5ModS

L (ϕ)λ = ModS
L ′(ψ)λ. #I L ≤ L ′

O L ′ ≤ L , QP L � L ′ �S, K;� L ∼ L ′.
^1, L�\HDE:�:GJ�_3 L ≤ L ′ ���() L ,L ′, 7�, #I ϕ ∈ L (S),

QL�D ϕ* �T L ′(S) F_3 ModS
L (ϕ) = ModS

L ′(ψ) �.�V] ψ. #I T 	 L (S) F.
��PP��, QD T* �T L ′(S) F��PP� {{ϕ*}λ, ϕ ∈ Tλ, λ ∈ LA}.

^DFKG1, AM�]O��5Q`FGC	_W�, '`aM [1–7].

1 XYZ[\XY]^
a?, L�bH+M [1] Fb�@_�RP".��c.
`a 1.1 R S 	.FGH, A ,B 	 S- NO, λ ∈ LA, p 	 A / B F�cd, #I�ef

d_3, QP p 	% A / B � λ- :Obd.
p �5 λ- :g$7. e
(a) � L (S) FSE n UQ(FG R �SE a1, . . . , an ∈ A, A |=λ

L R[a1, . . . , an] �OY�
B |=λ

L R[p(a1), . . . , p(an)].
(b) � L (S) FSE n UfhFG f �SE a1, . . . , an, an+1 ∈ A, f(a1, . . . , an) = an+1 �

OY� f(p(a1), . . . , p(an)) = p(an+1).
(c) � L (S) FSEEYFG c �SE a ∈ A, cA = a �OY� cB = p(a).
#IZ<.%% A / B � λ- :Obd, QP A c B λ- :O, K� A ∼=λ B.
`a 1.2 R L 	.���(), S 	.FGH, A ,B 	 S- NO, λ ∈ LA, p 	 A / B

�b�bd, #I�efd_3, QP p 	% A / B �.� λ- b�:O.
(1) p 	gd.
(2) p �5 λ- :g$7, e
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(a) � L (S) FSE n UQ(FG R �SE a1, . . . , an ∈ dom(p), A |=λ
L R[a1, . . . , an] �

OY� B |=λ
L R[p(a1), . . . , p(an)].

(b)�L (S)FSE nUfhFG f �SE a1, . . . , an, an+1 ∈ dom(p), f(a1, . . . , an) = an+1

�OY� f(p(a1), . . . , p(an)) = p(an+1).
(c) � L (S) FSEEYFG c �SE a ∈ dom(p), cA = a �OY� cB = p(a).
L�D part(A ,B)λ �T�5% A / B � λ- b�:OP��HX.
`a 1.3 #IZ<.�_3�e%9�ne (In)n<ω, QP A � B λ- 5I:O, K�

A ∼=λ
f B:
(a) In ∈ part(A ,B)λ, n < ω.
(b) (λ-forth %9) �o. p ∈ In+1 �S. a ∈ A, Z< q ∈ In, ][ p ⊆ q O a ∈ dom(q).
(c) (λ-back %9) �o. p ∈ In+1 �S. b ∈ B, Z< q ∈ In, ][ p ⊆ q O b ∈ rg(q).
`a 1.4 #I5._3�efd�HX I, QP A c B λ- b�:O.
(a) I ⊆ part(A ,B)λ.
(b) I �5 λ-forth %9� λ-back %9.
`a 1.5 R L 	.���(), #I�SEFGH S �SE L (S) F�PP� T , T 5

���OY� T �SE5IhH5��, QP L �5�8$%9, K;� Comp(L ); #I�S
EFGH S �SE ϕ ∈ L (S), ϕ 5���OY� ϕ 5'h��, QP L �5 LS %9, K;�
LS(L ).

TM [2] L�5:
ij 1.1 .�51�� L1 �5�8$%9� LS %9, e5 Comp(L1) � LS(L1).
ij 1.2 R λ ∈ LA, S 	FGH, A ,B 	 S- NO, #I A ∼=λ

p B, O A ,B C'h, Q
A ∼=λ B.

ij 1.3 R S 	5IFGH, λ ∈ LA, A ,B 	 S- NO, #I A ≡λ B, Q A ∼=λ
f B.

RP 1.2, RP 1.3 �N�'`:M [1] F�kNI�N�.
ij 1.4 R L 	&? L1 �M?��(), O L _3 Comp(L ), Ψ ∈ L (S), QZ< S

�5IhH S0, ][�SE S- NO A ,B, # A � S0
∼= B � S0, Q�SE λ ∈ LA, A |=λ

L Ψ �
OY� B |=λ

L Ψ.
lm < S FpnJ�'�.UQ(FG U, V �.�'�.UfhFG f , 0Æ S′ =

S ∪ {U, V, f}. D Σ �TT�e.� S- V]P�� λ1- V]H:
(a) ∃x(Δ(U(x), cλ1)), ∃ y(Δ(V (y), cλ1)).
(b) ∀x(Δ(U(x), cλ1) ∨ Δ(U(x), cλ0)), ∀x(Δ(V (x), cλ1) ∨ Δ(V (x), cλ0)).
(c) ∀x(Δ(U(x), cλ1) → Δ(V (f(x)), cλ1)), ∀x(Δ(U(x), cλ1) → ∃ y(Δ(V (y), cλ1)∧f(x) ≡ y)).
(d) ∀xy(Δ(U(x), cλ1) ∧ Δ(V (y), cλ1) → (f(x) ≡ f(y) → x ≡ y)).
(e) �S. λ ∈ LA �S. S F� n UQ(FG R, 5 ∀x1 · · ·xn(

∧
i≤n Δ(U(xi),

cλ1) → (Δ(R(x1, . . . , xn), cλ) ↔ Δ(R(f(x1), . . . , f(xn)), cλ))).
(f) �S. S F� n UfhFG g, 5 ∀x1 · · ·xnxn+1(

∧
i≤n+1 Δ(U(xi), cλ1) → (g(x1, . . .,

xn) ≡ xn+1 ↔ g(f(x1), . . . , f(xn)) ≡ f(xn+1))).

∀x1 · · ·xn

( ∧
i≤n

Δ(U(xi), cλ1

)
→ (U(g(x1, . . . , xn)), cλ1)).

∀x1 · · ·xn

( ∧
i≤n

Δ(V (xi), cλ1

)
→ (V (g(x1, . . . , xn)), cλ1)).
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�qN��S. λ ∈ LA,

Σ* |=λ1
L Δ(ΨU , λ) ↔ Δ(ΨV , λ). (1)

Sr Σ* �.��� (A , UA, V A, fA), Q (A , UA, V A, fA) |=λ1
L1

Σ, T Σ �O�no,
UA, V A os, O f � UA 	% UA / V A �.�:Obd, %
T:O%95�SE λ ∈ LA,
[UA]A |=λ

L Ψ �OY� [V A]A |=λ
L Ψ, ?	T Rel(L ) 5: �SE λ ∈ LA, (A , UA) |=λ

L ΨU

�OY� (A , V A) |=λ
L ΨV , %
T L �pp%9�Æq%95

(A , UA, V A, fA) |=λ1
L1

Δ(ΨU , λ) ↔ Δ(ΨV , λ).

q7, L�N�/ (1).
T L ��8$%9, Z< Σ �5IhH Σ0, ][�SE λ ∈ LA,

Σ*0 |=λ1
L Δ(ΨU , λ) ↔ Δ(ΨV , λ). (2)

T? Σ0 	.�V]H, %
Z< S �5IhH S0, ][ Σ0 ⊆ L1(S0).
�qN� S0 _3RP�Ht. SrJ� S- NO A ,B, ];_3 π : A � S0

∼= B � S0 O

A ∪B = ∅, QL�'D�k!@_.� S1- NO (C , UC , V C , fC) #�:
(i) C ��L� C = A ∪B.
(ii) �o. λ ∈ LA �o.Q(FG R ∈ S, 5 RC

λ = RA
λ ∪RB

λ .
(iii) UC

λ1
= A, V C

λ1
= B, fC _3 fC � UC = π.

(iv) � S FS. n UfhFG g �SE c1, . . . , cn ∈ C, @_ gA (c1 · · · cn) �:

gA (c1 · · · cn) =

⎧⎪⎨
⎪⎩

gA (c1 · · · cn), # c1, . . . , cn ∈ A,

gB(c1 · · · cn), # c1, . . . , cn ∈ B,

C FS.Uu, Q`��,
Qna (C , UC , V C , fC) 	 Σ0 �.���, %
 (C , UC , V C , fC) |=λ1

L Σ*0 , ?	T (2), 5
(C , UC , V C , fC) |=λ1

L Δ(ΨU , λ) ↔ Δ(ΨV , λ).

JE/ [UC ]C = A , [V C ]C = B, T Rel(L ) o, �SE λ ∈ LA, A |=λ
L Ψ �OY�

B |=λ
L Ψ.
ij 1.5 R L 	&? L1 �M?��(), O L _3 Comp(L ), #I�SE λ ∈ LA

SE S �SE S- NO A ,B, 5 A ≡λ
L1

B ⇒ A ≡λ
L B, Q L ∼ L1.

lm Sr ϕ ∈ L (S), λ ∈ LA, A ∈ ModS
L (ϕ)λ, �qN�, Z< ϕA ∈ L1(S), ][

A |=λ
L1

ϕAOϕ*A |=λ
L ϕ. (3)

�7, a?N�, Th(A )*λ |=λ
L ϕ. Sr Th(A )*λ �.��� B, Q B |=L1 Th(A )λ, %


A ≡λ
L1

B,?	TRP�fdo, A ≡λ
L B,Æ
B |=λ

L ϕ. TB�SE$eo Th(A )*λ |=λ
L ϕ.

T Comp(L ) o, Z< Th(A )λ �5IhH Σλ, ][ Σλ |=λ
L ϕ. Æ ϕA = ∧Σ, Qna ϕA

_3 (3) �Ht.
T (3) 5

ModS
L (ϕ)λ =

⋃
A ∈ModS

L (ϕ)λ

ModS
L (ϕ*A )λ. (4)

'DN�, Z< Mod S
L (ϕ)λ �5IhH M , ][

ModS
L (ϕ)λ =

⋃
A ∈M

ModS
L (ϕ*A )λ. (5)

#v�w, Q�SE ModS
L (ϕ)λ �5IhH N , C5

ModS
L (ϕ)λ �=

⋃
A ∈N

ModS
L (ϕ*A )λ,
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e Σ1 = {ϕ}λ ∪ {¬ϕ*A ,A ∈ ModS
L (ϕ)λ} �SE5IhH'_3, %
T Comp(L ), Σ1 S6r

'_3, =c (4) xr.
T (5) 'Æ Ψ =

∨
A ∈M ϕA , Qna ModS

L (ϕ)λ = ModS
L1

(ψ)λ.

2 stZ^uvwx
`j 2.1 R L 	&? L1 �M?��(),O L _3 LS(L )� Comp(L ),Q L ∼ L1.
lm TRP 1.5, L�ybN, �SE λ ∈ LA �SE S �SE S- NO A ,B, 5

A ≡λ
L1

B ⇒ A ≡λ
L B. (6)

^.sq, #I�SEQ(FGH S, (6) ��, Q�SE S L�r'DN� (6) ��. =	
Æ�, �SE S �SE S- NO A ,B, #I< Sr F, 5 A r ≡λ

L1
Br, Q (TM [1] y� 2.2) 5

A ≡λ
L1

B ⇔ A r ≡λ
L1

Br ⇒ A r ≡λ
L Br ⇔ A ≡λ

L B.

tL�yb�Q(FGHzN� (6).
uRZ<Q(FGH S, ][< S F (6) ���, eZ< λ ∈ LA, S- NO A ,B � Ψ ∈

L (S), ][

A ≡λ
L1

B, A |=λ
L Ψ O B �|=λ

L Ψ. (7)

T@P�fd, Z<5I� S0 ⊆ S, ][�SE S- NO M ,N , 5
M � S0

∼= N � S0 ⇒ M |=λ
L Ψ �OY� N |=λ

L Ψ. (8)

TRP 1.3, 5
(In)n∈N : A ∼=λ

f B. (9)

<< S Fpn. 'FG: f (.UfhFG), P,U, V (.UQ(FG), <, I (
UQ(F
G), G ({UQ(FG), =z[/.'FGH S′, w-<vH����wU B FUu�KG, ]
[ A ∩B = ∅.

�qL�@_. S′- NO C #�:
(a) C ��L C = A ∪B ∪N ∪ (

⋃
n∈N In) (N 	SwhH).

(b) UC
λ1

= A, UC
λ0

= C −A, O [UC ]C = A .
(c) V C

λ1
= B, V C

λ0
= C −B, O [V C ]C = B.

(d) <C
λ1
	 C F�!n, <C

λ0
= C × C− <C

λ1
, O (n, n+ 1) ∈<C

λ1
(n ∈ N).

(e) fC _3: �SE n ∈ N, fC(n+ 1) = n O fC(0) = 0.
(f) PC

λ1
=

⋃
n∈N In, P

C
λ0

= C − PC
λ1

.
(g) [I(np)]C = λ1 �OY� n ∈ N O p ∈ In. IC

λ0
= C × C − IC

λ1
.

(h) [G(pab)]C = λ1 �OY� PC(p), a ∈ dom(p), O p(a) = b, GC
λ0

= C × C × C −GC
λ1

,
Q�L�D r �T�e5I λ1- V]�Xr[�, |n{N C 	 r ���.

(i) ∀x(Δ(U(x), cλ1) ∨ Δ(U(x), cλ0)), ∀x(Δ(V (x), cλ1) ∨ Δ(V (x), cλ0)).
(ii) ∀x(Δ(P (x), cλ1) ∨ Δ(P (x), cλ0)), ∀xy(Δ(< (xy), cλ1) ∨ Δ(< (xy), cλ0))
(iii) ∀xy(Δ(I(xy), cλ1) ∨ Δ(I(xy), cλ0)), ∀xyz(Δ(G(xyz), cλ1) ∨ Δ(G(xyz), cλ0))
(iv) ∀ p(Δ(P (p), cλ1) → ∀xy(Δ(G(pxy), cλ1) → (Δ(U(x), cλ1) ∧ Δ(V (y), cλ1)))).
(v) ∀ p(Δ(P (p), cλ1) → ∀xx′ ∀ yy′(Δ(G(pxx′), cλ1)∧Δ(G0(pyy′), cλ1)) → (Δ(x ≡ x′, cλ1) ↔

Δ(y ≡ y′, cλ1))).
(vi) �o. S0 F n UQ(FG R:
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∀ p(Δ(P (p), cλ1) → ∀x1 · · · xn ∀ y1 · · · yn(
∧

i≤n Δ(G(pxiyi), cλ1) → (Δ(R(x1, . . . , xn), λ) ↔
Δ(R(y1, . . . , yn), λ)))).

(vii) ∀xy(Δ(< (yx), cλ1) → (Δ(< (f(x)x), cλ1)∧¬∃ z(Δ(< (f(x)z), cλ1)∧Δ(< (zx), cλ1)))).
(viii) ∀x(∃ y(Δ(< (xy), cλ1) ∨ Δ(< (yx), cλ1)) → ∃ p(Δ(P (p), cλ1) ∧ Δ(I(xp), cλ1))).
(ix) ∀x∀ p∀u(Δ(< (f(x)x), cλ1)∧Δ(I(xp), cλ1)∧Δ(U(u), cλ1) → ∃ q ∃ v(Δ(I(f(x)q), cλ1)∧

Δ(G(quv), cλ1) ∧ ∀x′y′(Δ(G(px′y′), cλ1) → Δ(G(qx′y′), cλ1)))).
(x) ∀x ∀ p∀ v(Δ(< (f(x)x), cλ1)∧Δ(I(xp), cλ1)∧Δ(U(u), cλ1) → ∃ q ∃u(Δ(I(f(x)q), cλ1)∧

Δ(G(quv), cλ1) ∧ ∀x′y′(Δ(G(px′y′), cλ1) → Δ(G(qx′y′), cλ1)))).
(xi) ∃uΔ(U(u), cλ1) ∧ ∃ vΔ(V (v), cλ1) ∧ Δ(ΨU , cλ1) ∧ Δ((¬Ψ)V , cλ1).
T7, � L (S0) F�V] r*, C 	 r* ���.
<< S′ Fn.'EY c O� S′′, w-:G L (S′′) F�V]H
Σ = r* ∪ {Δ(< (fn(c)fn−1(c)), cλ1)

*, n ∈ N} (QF fn 	 f · · · f(c)︸ ︷︷ ︸
n

�M}).

'DN� Σ '_3, =yHJE/� Σ �SE5IhH Σ0, C'�k!rx�y� n ∈ N

-� c �z~
] (C , cC) �� Σ0 ���.
T? L _3 LS(L ), %
naZ< Σ �'h�� (E , CE). T? (vi) < (E , CE) F��,

O S 	Q(FGH, %
 UE �= ∅, V E �= ∅, O UE , V E �LO� E �h����L. Æ7,
A |= [UE ]E �S , B |= [V E ]E �S C	 S- NO, O�w	'h�.

:T (xi) 5 E |=λ
L ΨU , E �|=λ

L ΨV , %
T Rel(L ), 5
A ′ |=λ

L Ψ O B′ �|=λ
L Ψ. (10)

T (vi)–(vi) o, �S. p ∈ PE, J�k!Z<% A � S0 / B � S0 �.�b�:O, �{
K;� P .

:T (E , CE) |=L Σ 'o, 〈fn(c)〉n∈N O�.H�|}ne, e5 · · · <E
λ1

f2(c) <E
λ1

f(c) <E
λ1
c.

Æ I = {PE :Z< n ∈ N, ][ IE(fn(c)p)}, QT (ii) � (viii) o I os, OT (vi)–(vi) o
~ I 5 λ-Forth %9� λ-Back, %
5 I : A ′ � S0

∼=λ
p B � S0. ?	T A ′,B′ 'h, RP 1.2 D

� (9) ['o, A ′ |=λ
L Ψ�OY� B′ |=λ

L Ψ, =c (10) [xr.
xr��, (6) [��.

| } ~ �
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