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In this paper I consider proportionality as a topic that is highly familiar from life experience, plays a central role in questions of social justice (particularly those relating to fairness), and is pervasive throughout most branches of mathematics. As such, it is a topic that fits perfectly within the framework of the three integrated components for mathematics curriculum proposed by Gutstein (2006, p. 200), namely community knowledge, critical knowledge, and classical knowledge.

Simplism and unreality in the teaching of proportionality

Proportionality is a fundamental concept in mathematics, a leitmotif that extends from informal knowledge before schooling through the highest levels of mathematics, and across most branches of mathematics. 

A considerable amount of research in the 1980s and 1990s dealt with the teaching of proportional reasoning and extensions of this line of research continue to this day. More recently, however, attention has been drawn to the fact that students typically do not discriminate between situations for which proportionality provides a reasonable model (at least to an acceptable approximation) and those for which it does not. 

Such uncritical application of proportional procedures has a long history. For example the following problem:

Seven men make 8 bows in 9 days. In how many days do 225 men make 10,000 bows?

is from a 13th century Chinese text (Libbrecht, 1973, p. 94). Comparable examples can be found in textbooks spanning millennia and many cultures. Säljö (1991) analysed the following problem, which appeared in the Treviso arithmetic of 1478 (see Swetz, 1987, p. 163):

If 17 men build 2 houses in 9 days, how many days will it take 20 men to build 5 houses?

The solution is given as 19 days and 3 hours. Säljö comments (p. 262):

It is clearly presumed for the task to function as a suitable exercise that the outcome in productivity from one man, whether working in a group of 17 or in a group of 20, is not affected. Similarly, it is tacitly assumed that whether one is building 2 or 5 houses it makes no difference in terms of efficiency. The meaning has to be established within the context of a paper version of the world and important aspects of what would be the appropriate way of specifying meaning in a different setting have to be bracketed when dealing with these statements as exercises in arithmetic.

Moreover, the answer given implies that "day" is interpreted as 24 hours, leading to this comment (p. 263):

Arguments rooted in an external reality, in which people do not work for 24 h[ours] a day can – and have to – be temporarily  disregarded; if they are not the problem becomes difficult to handle.

Freudenthal (1991, p. 32) reflected that:

Mathematics has always been applied in nature and society, but for a long time it was too tightly entangled with its applications for it to stimulate thinking on the way it is applied and the reason why this works ... money changers, merchants and ointment mixers behaved as if proportionality were a self-evident feature of nature and society...

... Modelling is a modern feature. Until modern times the application of rigorous mathematics to fuzzy nature and environment boiled down to more or less consciously ignoring all of what had appeared to be inessential perturbations spoiling the ideal case.
Thorndike (1926, p. 100) listed problems which he characterized as exemplifying "ambiguities and false reasoning", including the following:

6. If a horse trots 10 miles in one hour how far will he travel in 9 hours?

7. If a girl can pick 3 quarts of berries in 1 hour how many quarts can she pick in 3 hours?

and added this very significant comment:

These last two, with a teacher insisting on the 90 and 9, might well deprive a matter-of-fact boy [sic] of respect for arithmetic for weeks thereafter.

Since 1992, I have been working with Lieven Verschaffel and his group at the University of Leuven, Belgium, on the suspension of sense-making so prevalent in students world-wide when faced with stereotypical word problems in mathematics classes. Our earlier work is summarized in Verschaffel, Greer, and De Corte (2000) and closely aligned work from scholars all over the world will be presented in Verschaffel, Greer, Van Dooren, and Mukhopadhyay (in preparation). As an extension, colleagues at Leuven have focused on cases where students inappropriately give responses consistent with proportionality in cases where such responses are not reasonable (e.g. De Bock, 2002; Van Dooren, 2005; De Bock, Van Dooren, Janssens, & Verschaffel, 2007). Such research has addressed several branches of mathematics, notably geometry and probability, as well as arithmetic. A particularly striking finding is that the tendency towards "the illusion of proportionality" increases in students from second to fifth grade before declining thereafter (Van Dooren, De Bock, Hessels Janssens, & Verschaffel, 2005). 

To summarize:

(a) As normally carried out in schools, teaching about proportionality inculcates simplistic thinking (I am working on a paper that will argue the more general case that mathematics education, as currently done, provides training in simplistic thinking, with negative consequences for society). In short, students typically are taught – or perhaps it would be more accurate to say (following Thorndike) that they learn inductively from their experience – that any situation that has a flavor of proportionality should unquestioningly be mapped directly onto a proportional model.

(b) Arguably, the problem stems from failure to address the modeling issues. It is essential to be able to discriminate among situations for which proportionality provides the basis of a more or less precise model and those where it is inappropriate. Moreover, many authentic applications of proportionality are based on proposing proportionality as a kind of null hypothesis, the aim being to analyse deviations from that situation of balance (the logic that lies at the basis of the chi-squared test in statistics). This comment applies in particular to issues of fairness, to which I now turn.

Fairness

The comparison of ratios is very often a key step in considerations of fairness. The concept of fairness is particularly interesting in that it has an ethical basis, while mathematics can be used as an analytical tool to probe for it. Here is an example:

The 20 percent of California families with the lowest annual earnings pay an average of 14.1 percent in state and local taxes, and the middle 20 percent pay only 8.8 percent. What does that difference mean? Do you think it is fair? What additional questions do you have?
This problem is from the California Mathematics Framework of 1992. It is criticized in a more recent California Mathematics Framework (California Department of Education, 2000, p. 157) in the following terms:

… a proper understanding of the difference in the two figures of 14.1 percent and 8.8 percent would require a strong background in politics, economics, and sociology… Moreover, the idea of "fairness" is a difficult one even for professional political scientists and sociologists. Formulating a mathematical transcription of this elusive concept in this context is therefore beyond the grasp of the best professionals, much less that of school students. Since it is impossible to transcribe the problem into mathematics … this is therefore not a mathematical problem.

Milgram (2007) comments further on this example. He states (p. 49) that, from this starting-point, it is possible "to create any number of well-posed questions, but it will be very difficult to find any that are relevant". Having reiterated the difficulty of defining "fair", he suggests that:

… when one attempts to see what the 14.1% and 8.8% might actually mean, further questions arise, including questions about the amounts spent by these two groups in other areas, and what the impact of these amounts might be. In fact, applying rigorous analysis of the type being discussed here with the objective of creating proper questions in mathematics shows just how poorly the question was actually phrased and prevents an educated person from taking such a question at face value. 

Milgram then describes how he worked with engineers to create algorithms to enable a robot to navigate on terrain with obstacles. The differences between the two modeling exercises, I suppose, are that in the latter case, reality can decide if the algorithms work while in the former it is a question of values and judgments about economic justice. Yet I would argue for the inclusion of the question about taxes even on his terms, on the grounds that students (and the citizens they will become) need to know the limitations of mathematical modeling (Davis and Hersh, 1986; Greer & Verschaffel, 2007). Given that the tax system of California is neither the outcome of natural laws nor an act of God, but was created by humans, I do not see why such a question cannot be used as the basis for a discussion about alternative models for taxation (the same amount for everyone, proportional, progressive, etc.).  

From Milgram's statements (p. 33) that "well-posed problems are problems where all the terms are precisely defined and refer to a single universe where mathematics can be done" and that "virtually all of mathematics is problem solving in precisely defined environments" it seems that he does not include as part of (applied) mathematics, the processes whereby the real-world problem is converted into the problem within the mathematical universe (and back out again).

On the question of whether children can understand fairness, I tend to agree with Anderson, the J. S. Mill Professor of Ethics at the University of Cambridge when he states (Stoppard, 1978, p. 117): "A small child who cries "that's not fair" when punished for something done by his brother or sister is apparently appealing to an idea of justice which is, for want of a better word, natural".

On the question of natural justice, it is depressing that mathematics educators who propose using mathematics as a tool for illuminating economic issues such as unequal distribution of wealth (e.g. Frankenstein, 2007; Gutstein, 2006) are vigorously marginalized. A simple example is the index (for the US):

average CEO pay

________________

average worker pay

In 1990 this ratio was 107 to 1, in 2003 it had risen to 301 to 1, and in 2004 to 431 to 1 (Anderson, Cavanagh, Klinger, & Stanton, 2007). The figures for CEOs of military contractors are much more extreme. It isn't fair.

Reframing data to make them more comprehensible

Proportionality can be used for recasting data, since "changing the form can help us make sense of quantities whose significance we cannot grasp" (Frankenstein, 2007). A very simple yet powerful example starts from the question "What if the world was a village of 100 people?" with the implications, for example, that:

• there would be 57 Asians, 21 Europeans, 14 from the Western Hemisphere, (North and South America), and 8 Africans

• 6 would possess 59% of the entire world’s wealth; all 6 would be from the United States.

• 80 would live in substandard housing 

• 70 would be unable to read

• 50 would suffer from malnutrition 

• 1 would have a college education 

• 1 would own a computer 

The cost of the war in Iraq may be stated in terms of billions of dollars, currently greater than $452,000,000,000 (see costofwar.com). (It is extremely important to consider how this, and related figures are calculated, or rather estimated, but that will not be attempted here). Few citizens have any idea of the significance of such large numbers, but straightforward use of proportionality may help. For example, I can learn from the website that the cost of the Iraq war for my state, Oregon, is greater than three billion dollars, which equates to more than 63,000 additional public school teachers for 1 year, or greater than 176,000 4-year scholarships at public universities.

Another example is cited in Mukhopadyay and Greer (2007), starting from the poster that Yoko Ono displayed in US cities in 2000 with the single statistic that "over 676,000 people have been killed by guns in the U.S.A. since John Lennon was shot and killed on December 8, 1980" which equates to about 93 gun deaths per day, on average. Likewise, the Children's Defense Fund (2006, p. 2) in reporting gun deaths among children, conveys the extent of the problem through comparisons such as that "the number of children and teens in America killed by guns in 2003 would fill 113 public school classrooms of 25 students each".

Geometrical proportions and graphical representations

Proportional relationships are, of course, of fundamental importance in the geometrical representation of statistical data, beginning with such pioneers as Florence Nightingale and Charles Joseph Minard (Mukhopadhyay & Greer, 2007). (Extensive information on Minard can be found on Edward Tufte's website, www.edwardtufte.com). In 1862, Minard wrote a paper on his work from which the following quotations are taken (using the translation by Dawn Finley on the website just referenced):

The great growth of statistical research in our times has made felt the need to record the results in forms less dry, more useful, and able to be explored more rapidly than numbers alone; thus, diverse representations have been imagined, among others my graphic tables and my figurative maps.

The dominant principle which characterizes my graphic tables and my figurative maps is to make immediately appreciable to the eye, as much as possible, the proportions of numeric results.

Minard's most famous diagram represents the march of Napoleon's army from the French/Russian border to Moscow and back. The thickness of the line marking the route of the army varies with the size of the army at that point. In his obituary (Chevallier, 1871; translation by Dawn Finley on Tufte's website), we read that:

… in one of his last maps, at the end of 1869, as by a premonition of the appalling catastrophes which were going to shatter France, he emphasized the losses of men which had been caused by two great captains, Hannibal and Napoleon 1st, the one in his expedition across Spain, Gaul and Italy, the other in the fatal Russian campaign. The armies in their march are represented as flows which, broad initially, become successively thinner. The army of Hannibal was reduced in this way from 96,000 men to 26,000, and our great army from 422,000 combatants to only 10,000. The image is gripping; and, especially today, it inspires bitter reflections on the cost to humanity of the madnesses of conquerors and the merciless thirst of military glory.

Another example making striking use of visual comparison has been developed by Mukhopadhyay (2007) and begins with a simple question about an icon of American culture, Barbie, namely: "What would Barbie look lie if she was the height of an average woman?". The investigation begins as an exercise in proportional reasoning. In order to dramatize the contrast between the doll that is often idealised as having a "perfect" human body, and the individual chosen for comparison, the contour of that individual is sketched. The projected Barbie, using the computed measures of her relevant body-parts is then superposed on the full-size contour drawing. The obvious differences in body shape (for example, Barbie's waist is so narrow she could not bear children) lead into discussions of issues of body-image and eating disorders.

The three elements suggested by Gutstein -- community knowledge, critical knowledge, and classical knowledge -- are integrated in this activity. The dolls are generally very familiar to students, especially females (but also to males, and similar exercises are done with male action figures). Many are, often at a personal level, familiar with issues about body-image and related matters. In the course of making the calculations, complex calculations involving real numbers are carried out using a calculator, with the context providing a framework that guides the computations.

Interpreting complex situations is not easy

There is an interesting paradox when interpreting data, illustrated by the following fictitious data. It is reported that a certain university is discriminating against female applicants, since 66% of male applicants were successful, but only 49% of female applicants. Since the university is divided into Colleges of Arts and Science the data are broken down for further analysis, whereupon it is discovered that, in both colleges, the acceptance rate is higher for female applicants than for male. The reader who is disinclined to believe that this paradox is possible should study the data in Table 1:

Table 1. Fictional data illustrating a paradox in acceptance rates (Y = accepted, N = rejected)

[image: image1.wmf]Female     28     45     38%        17      2     89%       45     47     49%

Male         8      18     31%        40      7     85%       48     25     66%

        Arts                         Science                   Total

Y      N      %            Y      N     %          Y      N      %


Essentially the same paradox can show up in the following circumstances. It is possible that a higher incidence of some kind of behaviour might be reported for some identifiable Group A than for another Group B, yet when the data are broken down by socio-economic status (SES), it could turn out that at each level of SES, the incidence of that behaviour is higher for Group B. This paradox is, I would confidently predict, understood by few in the population, yet it involves the complexity of relationships between only three variables, whereas most authentic social problems can only be understood by taking into account many variables. Such a situation exemplifies the claim that mathematics education does not prepare people to think well about complex issues.

As part of Gutstein's work, he teaches middle school mathematics in a public school situated in a low-income, Mexican immigrant community. For one project, he used an article from the Chicago Tribune as the basis for a three-week investigation on whether there is racial discrimination in the allocation of mortgage loans. The resulting discussion was intense and open. One student wrote as follows (Gutstein, 2006, p. 60):

[It would seem that racism] is a factor because white applicants no matter what their income was, they were always denied less times than African Americans and Latinos. And it is also a factor because the ratio of applicants denied between African Americans and whites is 5:1 and between Latinos and whites is 3:1. That data shows that racism is a factor.

There are always two sides to a story. Racism is not a factor because we do not know whether or not those people had bad credit or were unemployed. It could be possible that a lot of those people could have been in debt. Even though the banks want to make loans they also want to make sure that they get paid.

So with the data provided it is very hard to conclude whether or not racism is a factor when it comes to obtaining a mortgage loan in the Chicago area.

This is a sophisticated response that acknowledges the complexity of the situation.

Yet another area of mathematics in which proportionality plays a key role is statistics, in particular estimating a population parameter from a sample. The number of people who lack a basic understanding of the nature of such estimation may be considered one of the major shortcomings of mathematics education. The degree of misunderstanding of the fundamental principles behind this process was very clearly illustrated in reactions of politicians, journalists, and others (Mukhopadhyay & Greer, 2007) to an estimate of Iraqi civilian deaths published in The Lancet (Burnham, Lafta, Doocy, & Roberts, 2006). 

Final comments

• Teaching for routine expertise in stereotyped exercises assuming a clean mapping onto proportional structures creates a great deal of illusory expertise and constitutes part of a training in simplism.

• Instead, and from an early age, the teaching of proportionality should be suffused with the modeling perspective.

• As part of the modeling perspective, students should gain some appreciation of complexity in modeling social phenomena.

• It is part of the ethical responsibility of mathematicians and mathematics educators to use mathematical tools to critique unfairness and to foster in students the disposition to do so (Mukhopadhyay & Greer, 2001).
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