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Much can be leaned abou theories in mathematics educaion and elsewhere by examining their
underlying metaphas. Elsewhere | have compared the underlying metaphas of mind d various
learning theories (Ernest, 1993. For example, | have agued that the metaphar of mind for information
processng constructivism is that of a cmputer, an urfeding thinking macdine; that of radicd
constructivism is an evolving and adapting but isolated organism, a agnitive dien in an unknavn o
haostile environment; and that of socia constructivism is that of persons-in-conversation. It is this last
metapha that | wish to pursue (and extend) here.

For some yeas | have been developing a socia constructivist theory of mathematics and leaning
(Ernest 19919), and persons-in-conversation days the part of the centra metapha in this theory in a
number of ways. In this paper | wish to indicae how this metapha can be developed to describe
mathematics itself, mind and the teading and leaning of mathematics.

The term 'social constructivism' is used in avariety of ways by different people (and indeed, by mysdlf,
over time). My view of the problematique of socia constructivism is twofold. It comprises, first, an
attempt to answer the question: How to acourt for the nature of mathematicd knowledge & cialy
constructed? Seaond, How to give asocia acourt of the individua's leaning and construction o
mathematics? This acount must acommodate bath the personal remnstruction d knowledge, and
personal contributions to acceted mathematicad knowledge. Below | sketch the contribution the
metapha of conversation makes to bah of these problem areas. However | shoud indicate that in the
seand areamy views have developed and shifted significantly. In Ernest (1991a) | attempted to bring
together views of sociali sation through language aquisition (drawing on Wittgenstein and Vygotsky)
and a neo-Piagetion a radicd constructivist accourt of the individua's construction d meaning.
Although | offered criticisms of the radicd constructivist position (e.g. Ernest 19911 it is only
gradually that | have amme to redise how incompatible the neo-Piagetian/radica constructivist position
is with a view of mind thoroughly based on the metapha of conversation. So here by socid
constructivism | mean social constructivism, and nd socia constructivism.

CONVERSATION: AN EMERGENT METAPHOR

Conwersation in the form of written dialogue has been used in phlosophy from the time of the Ancient
Greeks. It has also been explicitly adopted as a cantral epistemologicd concept by many phil osophers
and theorists. But | neal to dstinguish between three different meanings of the term. Conversation
originates at the interpersona level, where persons in ore or more shared 'forms of life' engage in
dired conversations, based in common 'language games (Wittgenstein). This living, adual
conversation with ahers in red-time is based on shared experiences, understandings, vaues, and



mutual resped. At thislevel conversationis one of the basic modes of interpersonal human interadion,
perhaps even the most basic one, if understoodinclusively enowgh.

Mediated forms of conwersation involving written texts (understood broadly to include dl forms of
notation, inscription and sign systems) represent an important extension d the nation (Gadamer).
However, the transition from spoken to written textual forms of conversationisa aucia one. It creaes
adifferent relationship between the aithor and what is uttered, and all ows the text to be objedified and
preserved beyond the moment of utterance It allows mathematicd texts, proofs in particular, to be
construed as mondogicd, with al answers anticipated and incorporated in the text. However, the
reading of any text remains dialogicd, with readers interrogating the text and creaing answers from it.
Thus the semnd form of conwversation is at the ailtural level, the ‘conversation d humankind
(Oakeshatt). This is the dired sum of interpersonal conversations in ara cultures. However the rich,
complex, symbadlic aulture of the history of mathematics as we know it is only possble through
extended conversation, besed onthe production and wse of texts in permanent form (but not limited to
just that).

Third, there isinternalized private cmnversation. Many theorists including Plato, Gergen, Harré, Med,
Shatter, and Vygotsky argue that thought itself is internalized conversation, and that socially situated
conversation between persons plays a aucial role in the formation d mind. Consequently it is also a
central underlying feaure of the subsequent use of mind. Even the private and individual functions of
mind are socially constructed, although orce formed they can take on alife of their own and operate a
long way removed from any colledive or pudic conwersation. Mathematicians for example, can
operate in isolation for extended periods of time, having internalised some of the cnwversational roles
and procedures they leant through conversation d the first and second knds. These include, most
notably, the role of proporent, in which aline of thinking or thought experiment is foll owed through
sympatheticdly, for understanding, and the role of critic, in which it is examined for we&nesss and
flaws.

All three forms of conversation are social, be they interpersonal, cultura or intrapersonal, for they
involve an alternation d human vaices: present or removed, red or imagined. Conversation is aso a
construction, as are dl li nguistic and aher cultura entities and prenomena. My proposal, therefore, is
to adop conwersation (understood broadly to acommodate its three a@peds) as a basic
epistemologicd notionfor asocia constructivist phil osophy and theory of mathematics.

The agument for accepting conversation as epistemologicdly basic is that language and dscourse
play an esentia role in the genesis, acqquisition, communicaion, formulation and justificaion d all
knowledge, mathematicd knowledge in particular. Conversation is the dialogicd deployment of
language, with its social exchange dimension, and its dialedics, with ebb and flow, assertion and
courter assertion, is esential for communicaion and feedbadk, in the form of acceptance elaboration,
readion, criticism and corredion. This underpins the justificaion d objedive mathematicd
knowledge, andthe ratification d personal knowledge, as | describe below.

In general epistemologicd terms, Colli ngwood, for example, similarly propacses a didedicd 'logic of
question and answer' in placeof the (mono) logic of propasitions. Again, Rorty adopts conversation
explicitly as his philosophicd basis for epistemology and mathematicd knowledge.

If, howvever, we think of "rational certainty” as a matter of victory in argument rather
than of relation to an ojed known, we shall ook toward ou interlocutors rather than
to ou faaulties for the explanation d the phenomenon. If we think of our certainty
abou the Pythagorean Theorem as our confidence based on experience with
arguments on such matters, that nobod/ will find an oljedion to the premises from



which we infer it, then we shall not seek to explain it by the relation of reason to
triangularity. Our certainty will be a matter of conversation between persons, rather
than an interaction with nonhuman reality.

Rorty (1979: 156-157)

CONVERSATION IN MATHEMATICS

Currently, there is a move in some quarters to reconceptualise mathematics and the philosophy of
mathematics in falibilist, human-centred and even socia terms (Davis and Hersh, Kitcher, Lakatos,
Tymoczko, Ernest 1991a).

This reconceptualisation represents a break from the traditional absolutist views of mathematical
knowledge which see it as monological in character. Monologicality is a central assumption of
Cartesian rationalism and the modernist outlook based on it. Mathematical knowledge is presented as
if it is God-given, not uttered by human voice, let alone by a one of several voices (albeit a dominant
one) in a dialogue or conversation. Monologic thus produces perfectly ordered and structured texts
with no trace of author/listener, with an implied single meaning, which is the utterance of Authority. It
can be viewed as either a perfect polished achievement of dialogue; or a degenerate form employed by
Authority to impose power (in mathematics, society or the classroom).

Instead, my argument is that mathematics is dialogical, and that conversation permeates mathematics
in deep and multiple ways. The underpinning metaphor of conversation stresses dialogic, comprising
aternating voices in a shared quest for understanding, based on the logic of question and answer, and
on uncertainty. This resonates with the fallibilist turn in the philosophy of mathematics. However, the
claim that mathematics is conversational, dialogical or dialectical can be understood in multiple ways
(I do not distinguish these three notions here, but use them as loosely equivalent.). These include: its
linguistic/textual basis; its concepts and content; the foundations of proof; and the underlying
epistemol ogy and methodology of mathematics.

Mathematical Language

Mathematica activity is primarily a symbolic activity, which uses written inscription and language to
create, record and justify its knowledge (Rotman, 1993). Viewed semiotically as comprising texts,
mathematics is inescapably conversational and dialogical, for by its very nature it addresses a reader
(Volosinov, Bakhtin). Beyond this general feature, an analysis of mathematical texts, proofs and
algorithms, reveals the verb forms employed to be both in indicative and imperative moods. The
declarative case of the indicative mood is used by the writer to make statements, claims and assertions,
which are claims about the outcomes of certain processes. The imperative mood is used for both
inclusive and direct imperatives, which are shared injunctions, or orders and instructions issued by the
writer to the reader. Thus mathematical texts comprise specific assertions and imperatives directed by
the writer to the reader, i.e. they are one-sided segments of dialogue (Rotman, 1993).

Mathematical proof is a special form of text, which since the time of the ancient Greeks, has been
presented in monological form. This reflects the absolutist idea that total precision, rigour and
perfection are attainable in mathematics. Thus the monologicality of the concealed voice uttering a
proof itself belies and denies the presence of the silent listener. But as it is an argument intended to
convince, a listener is presupposed. The monologicality of proof tries to forestall the listener by
anticipating all of her possible objections. So the dialectical response is condensed into the ideal
perfection of a monologic argument, in which no sign of speaker or listener remain.



Mathematical Concepts and Content

A substantial classof modern mathematicd concepts and content have an underlying conversational or
diaedicd basis. These include, for example, aspeds of analysis (€-6 limit definitions: "Y ou give mee,
and I'll give you 9"), statistics (hypothesis testing: Hy versus Hy), probability (analysis of wagers,
betting games), game theory (aternation d moves by opporents), constructivist logic (the
interpretation d quantifiers OxCy: "You choose X, and | show how to construct y*), number theory
(John Conway's game theoretic foundations of number), set theory (game theoretic version of Axiom
of Choice Cantor's dialogicd diagonal arguments), reaursion theory (interpretation d quantifiers in
arithmeticd hierarchy). Thus it can be said that conversational and daedicd interpretations can be
given to a significant range of concepts from some of the main branches of mathematics, andform an a
necessry charaderistic of some others. Thus the diaogicdity of mathematicd content is widespread
and ceep.

Originsand Basis of Proof

Diaedics and conversation provides the origins of mathematicd proof andlogic, and a founcation for
ceatain modern conceptions of logic and poof.. Mathematicd proof, certainly in its axiomatic form,
developed in Clasgcd Greece probably due to the widespread pradices of disputation and daledicd
reasoning, which were central to the puldic democratic institutions and cultural pradices of the day.
(Theword 'dialedic' is derived from the verb meaning to dscuss.). Szabo and ahers locae the source
of deductive mathematics and logic in daledicd argument, disputation and conversation. Thus it
seans that Rorty's conversational reading of persuasionin proof refledsits very origins, andis not just
apost-modern reading of it.

In proof theory, some of the main developments also trea mathematical proofs asif they are offered in
adialogue. In them a proporent attempts to convince an opporent of her clams, whilst the opporent
challenges what is asserted, bu accets a number of agreed basic rules of reasoning and fads). Thus
these developments are evidently dialogicd. They can be foundin Heyting's intuiti onistic proof theory,
Natural Deduction, the method d Semantic Tableaux, and in Lorenzen's constructive logic (used by
Habermas as a basis for his conversational Theory of Communicative Action). Hintikka dso proposes
asystem of Game Theoretic Semantics for tableaux.

Thus baoth the beginnings of logic and mathematicd proof and many of their modern developments
suggest that mathematicd proof is at root dialedicd, based in human daogue and onconwversational
exchange.

Epistemology and M ethodology

The eistemology and methoddogy of mathematics, including the nature and medianisms of
mathematicd knowledge genesis and warranting can be acourted for in an explicitly and
constitutively dialedicd way. The social constructivist acourt of the @nwversational basis of
mathematics is based on pimarily on the work of Wittgenstein and Lakatos (Ernest 1991,
forthcoming). Wittgenstein dffers the basis of a socia theory of meaning, knowvledge and mathematics
resting on dalogicd 'language games embedded in 'forms of life. This basis makes it clea that
conversation rests on shared experiences, habits, understandings, assumptions and participation in
communa adivities. Wittgenstein thus $hows the situated, contextual basis of al knowledge. He dso
provides an acount of mathematicd proof and recessty, based on socialy acceted ndions of
‘following a rule' as oppased to the objedivity of mathematica knowledge understoodin an absol utist
or transcendent way.



Lakatos offers a multifaded if incompletely formulated theory which crucialy reintroduces history
into the philosophy of mathematics. At the heat of this is his heuristic or Logic of Mathematicd
Discovery (LMD), which is a diaedicd theory of the history, methoddogy and phlosophy of
mathematics. Lakatos LMD can be eplicaed as a gyclic process in which a onjedure axd an
informal proof are put forward (in the context of a problem and an assumed informal theory). In reply,
an informal refutation o the cnjedure or proof are given. Given work, this leads to an improved
conjedure or proof, with a passble dange of the assumed problem and informal theory. This pattern
isevidently conversational and daledicd.

The proof procedure seems to me to be aremarkable example of the dialedic triad of
thesis, antithesis and synthesis. The progress of mathematicd thought - in this case -
starts with the primitive @njedure. This is the thesis. This thesis produces its
antithesis which consists of the tension and struggle of the proof and refutations.
...Now the synthesis is the theorem which embodes the respedive values of both
poles of the atithesis - proof and refutations - on a higher level, withou the
limitations of both.

Lakatos (1961 51)

To owercome some of the aiticisms direded at Lakatos, this <heme can be generdised to
acommodate a broader range of changes, oucomes and resporses including theory growth and
'mathematica revolutions' (Ernest forthcoming). Foll owing this <heme, mathematica proofs or other
proposals are offered to the gpropriate mathematicd community as part of a @ntinuing dial ogue.
They are aldressed to an audience and they are tendered in the expedation d reply, be it accetance
or critique. Such replies may play a part in the development and formulation d new mathematicd
knowledge. However, such replies, when given by the gatekegoers of institutionalised mathematicd
knowledge (e.g. journal editors) play the esential warranting role in the accetance (or rejedion) of
candidates for new mathematicd knowledge. The social acceptance of mathematicd knowledge (and
henceits datus as knowledge) is constituted by this conversation.

Within the contexts of profesgonal reseach mathematics, individuals use their personal knowledge
bath to construct mathematicd knowledge daims (possbly jointly with athers), and to participate in
the dialedicd processof criticism and warranting of others mathematicd knowledge daims. In eadh
case, the individual mathematician's symbalic productions are (or are part of) one of the voicesin the
warranting conversation.

Thus mathematicd proof has not only evolved from a dialogicd form, bu its very function in the
mathematica community as an epistemologicd warrant for items of mathematicd knowledge requires
the employment of that form. The underlying logic is dialedicd.

CONVERSATION IN LEARNING MATHEMATICSAND MIND
conversation and mind

A number of theorists, including Mead and Vygotsky, argue that thought itself is internalized
conversation. They claim that thowght is constituted and formed by intrapersonal conversation, and
that thinking: is internalised conversation with an imagined ather. On this basis, mind can be viewed
as cial and conversational because first of al, individual thinking of any complexity originates with
andisformed by internalised conversation; second, all subsequent individual thinking is gructured and
natured by this origin; and third, some mental functioning is coll edive (e.g. group poblem solving).



Harré has developed a theory of Vygotskian space based ontwo pdarities of thinking or speed,
comprising: manifestation a display (pulic or private) and socia locaion (coll edive or individua).
He combines these in a Cartesian product to make four quadrants which have a gclic relationship in
the development (and locaion d mind), and which aso defines the g/cle of the gpropriation and
testing of knowledge. Harré uses the terms 'appropriation, ‘'transformation, ‘'pubication,
‘conventionalisation’ to describe the successve passage of thought and knowvledge (and even the
construction d personal identity) from one quadrant to the next. This closely resembles the social
constructivist theory of the g/clic passage of mathematica knowledge from ‘objedive (i.e. pulic) to
subjedive and then badk to ojedive knowledge again, shown in Ernest (1991a: 85, forthcoming). It
aso fits with theories of sociali sation.

society is understoodin terms of an orgoing dialedicd processcomposed o the three
moments of externalization, ohedivation and internalization. ..In the life of every
individual, therefore, there is a tempora sequence, in the ourse of which he is
inducted into the societal dialedic. The beginning point of this process is
internali zation...

Berger and Luckmann (1966 149

Thus the dialedicd process of the formation d mind and d individudity is understood to be
didogicd and conwversational. This is the modd of mindworld relations adoped by socia
constructivism in the aurrent version (Ernest forthcoming).

Conversation in the Teaching and L earning of Mathematics

Mathematics, like any other areaof knowledge, is leaned through individuals (leaners) participating
in language games embedded in forms of life. Personal knowledge or competence in mathematics is
aquired through prolonged participation in many socialy situated conversations in dfferent contexts
with dfferent persons. Initialy, the forms of life ae domestic and ou of schod, and these provide an
esential set of capabiliti es for young persons to enter into the novel, formalised leaning settings in
schods and aher educaional institutions. Schods, of course, only represent one duster of contexts
and socia pradices into which young leaners enter into and lean from. These ae planned teading
and leaning situations in which the teating of mathematics is deliberate. In the @ntext of such
intentional forms of mathematics educaion (in o out of formal institutional settings) certain
individuals (teaders) structure mathematica conversations on the basis of their own knowledge, and
texts, in order to ofer mathematicd experiences to leaners, with the am of developing ther
mathematica competences. They dired, structure and control mathematics leaning conversation bah
to present mathematicd knowledgeto leanersdiredly or indiredly (i.e. teading), andto participatein
the dialedica process of criticism and warranting of others mathematicd knowledge daims (i.e.
asesanent). These two functions are irrevocably intertwined, except in their extreme forms where
they are temporarily and conventionally separated (e.g. expaository leduring and marking external
asesanents).

The leaning conversation extends beyond the immediate teader-pupl i nteradion. In schod contexts,
there ae dtenuated conversations including learner-textually presented answer interadions, leaner-
computer presented answer interadions, leaner-pea interadions. In ou-of-schod contexts there ae
in additionto the dowe, leaner-parent and leaner-significant other interadions.

The puldic representation o mathematicd knowledge within a teading-leaning conversation
(including its textual variants) is necessary but not sufficient for such knowledge to become the
personaly appropriated mathematicd knowledge of an individua leaner. Sustained two-way
participation in such conversations is aso necessry to generate, test, corred and \alidate



mathematica performances. Teader-pupl dialogue (usualy asymmetric in clasgoom forms) typicdly
takes place atwo levels: spoken and written. In written 'dialogue’ pupls submit texts (written work on
set tasks) to the teader, who responds in a stylised way to its content and form (ticks and crosses,
marks awarded represented as fradions, crossngs out, brief written comments, etc.). The primary aim
of such conwersation is that of ensuring that the leaner is appropriating colledive mathematicd
knowledge and competences, and nd some partial or distorted version. Appropriated mathematicd
knowledge is potentially unique and idiosyncratic, becaise of human credivity in sense-making. This
posshility also arises becaise schod mathematicd knowledge is not something that emerges out of
the shared meaning and pupose of a pre-given form of life. Insteal it is a set of artificially contrived
symbadlic pradices whose meaning is not already given, bu is deferred urtil the future, or at least a
significant part of it is.

What must not be overlooked is that conversation is fundamentally a moral form, na just abou
exchanging information. For it entail s engaging with a spedker or listener as another human being, na
just as a source or end-user of information. Thus in education the use of the cmnwversational metaphar
in the teating and learning of mathematicsidedly shoud entail s a number of things. For a start:

. Mutual resped and trust between teater and leaner;
. Listening to learners; showing (and feding) an interest in their views, in their conceptions, and
in their sense-making;
. Making teading into real conwversation, into a real dialogue where there is resped for the
leaner'sintelligence and where there is gacefor leaner initiative too;
. Treding red subjeds and content of mutual interest and d mutual benefit.
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