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N%,&'-$�./%��, 0�(&')*�N+(, �)�N���,�*�-�./�.
�+, ,101�N+(-2.23��N34&'-/5	1�6
78�45. 1995–1996
�6�, Shor [1] 0 Steane [2] 1729		8�S9��N+(-234, 0:	�N+(-2
�:;. ;�, �N+(-2&'<Æ2�=<=. 1998 �, Calderbank 5� [3] 9		>67

? GF (2) 0 GF (4) 
>�?-@A�@8+(2=7?�N (B9N) 2�CD�,3
, E
+, :�N2�:;3T;F:>�?GHA�@82�:;. �
G3
, ��>6@82(
BCH 2<RM 20 AG 257?	1CB��N2. �=�I [4–6] �C Calderbank 5��
3
J=>?@��N2�DK. L+M�, AEU�,NO:�N+(-2FP	=B�:;,
CD>	Q�E�G& (H�I [7–14]). L@8-2&'1�, ��N-2&'-:2�5IA
:;O�?F78�, �+�I [3] 0�I [4] *9		�N2�5IAGJ. KH, LMFR�


3N��SO'�H, ��:+V	1G�T�:;. UNPQ�I [4] -

�N25I
AGJ�/
ER.

S GF (p) 
�VAT� Vn = (GF (p) × GF (p))n, Vn �1�NT�IF1�W2. �U
v ∈ Vn, CCVXJ

v = ((v(1)
1 , v

(2)
1 ), (v(1)

2 , v
(2)
2 ), . . . , (v(1)

n , v(2)
n )),

Y v �7�9ZF w(v) = |{i | v(1)
i , v

(2)
i 'WFX, 1 ≤ i ≤ n}|. :
�� v, v′ ∈ Vn, [�;��

YZ9ZF d(v, v′) = w(v − v′).
� C 0 D � Vn �8�W2, ϕ : C → D �1�VAM7, [ ϕ KL7�, M5I2, ϕ K

LYZ, YI ϕ F1�KYM7.
Vn 
�WEN9ZF

(v,w)s =
∑

1≤i≤n

(v(1)
i w

(2)
i − v

(2)
i w

(1)
i ).

� C � Vn �1� n − k \VANT�, ���� C⊥s O\ C �WEN�ZU�:]2.
(& C �WEN�ZU�W]^�, P C ⊆ C⊥s , H_ C⊥s \C -0���X^7�� d, `a
E C �QD1�R�F [[n, k, d]]p ��N2, V2SF n, \�F k, _b+ [(d − 1)/2] ��N
(_. (& C⊥s -?X���X^7�O� d, YI C FT�. `U
, � [[n, k, d]] =O\@�
�N2.

� Sn � nÆ:Ic, SP2(p)� GF (p)
�@ÆWc ([L GF (p)
�@aVAc SL2(p)
M7), Gn � Sn 0 SP2(p)n WK7J�VbN. cK, Gn � Vn 
�1�WK�Æ� (SP2(p)n

Æ��2Y�/dZW
, H Sn �:2Y�ZWFP/d�eX). Gn -�1���IF1�

5Ifd. � C 0 D � Vn �8�W2, (&$�5Ifd g ∈ Gn, eD g(C) = D, YI C 0

D �5I�. cK, 1�5Ifd g KL7�0WEN, H_ g(C⊥s) = D⊥s . Y C 0 D *��

N2 (C 0 D *�W2, H_�WEN�ZU�W]^�) �, [�;��5I3IF�N2�
5I.

� C 0 D �8� GF (q) 
� [n, k] VA2. gd ϕ : C → D IFZ�5I, (&[��
E1�Z�fh M i[	=, P M �1�eXfhL1��g:4fh;N, eD:��2Y
c = (c1, c2, . . . , cn) ∈ C, *� ϕ(c) = cM . cK, (&8�VA2 C 0 D �Z�5I�, Y[�
O�KYM7�. MacWilliams�1�S99&�j8�VA2�Z�5I�Y_hY[��K
YM7�. :

178G&, Bogart 5���I [15] -�		1�\5ki, Ward 0 Wood
@���I [16] -j�@lW&'�		k1�ki. F1]2�=@lW3
�, Wood ��
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I [17] -d
�G&J=>	�� Frobenius e
�VA2. Xsf\5���I [18] -�d
�G&J=>	=Z Hamming 7��DK. ��:;	�N+(2�5IA0KYM7, J=
	 Bogart 5��1GGJ, C�	[%g�9&, 
G9&:F1]:;�N2�5IA0K
YM7�?F���. �+gh
7?	1�it, ki	��NDKU, MacWilliams �
�
9&�'J7�, P�N2�KYM7'19�5Ifd.

1 ]^_`abc
de 1 � W1 0 W2 � GF (p)k �8�VANT�, [, W1 0 W2 -�j�Uo� u1

0 u2, *� (u1, u2) = 0, YI W1 0 W2 �/k]^�, SF W1 ⊥ W2, 
� (u1, u2) � u1 0

u2 �WfEN.
� L1, L2, . . . , Lμ(k) 0 P1, P2, . . . , Pν(k) �j� GF (p)k �0�1\VANT�0@\VA

NT�. cK

μ(k) = (pk − 1)/(p − 1), ν(k) = (pk − 1)(pk − p)/(p2 − 1)(p2 − p).

� S = (sij) 0 T = (tij) �j��&�	
� μ(k) × μ(k) Æ0 μ(k) × ν(k) Æfh, V-

sij =
{

0, Li ⊥ Lj ,

1, V[,
tij =

{
0, Li ⊥ Pj ,

1, V[.

E S, T �D�&�	
�fh R = (S T ).
cK, 
N9Z�fh R ��I [15] -fh T �WKJ=.
� C � Vn �1� k \W2, X = (α1β1α2β2 · · ·αnβn) � C �1�uJfh, 
� αi, βi

� k \Bo�, 1 ≤ i ≤ n, �UPo� u ∈ GF (p)k, v σ(u) = uX, Y�D>1�VAM7fd
σ : GF (p)k → C.

� α1, α2, . . . , αm ∈ GF k(p), � 〈α1, α2, . . . , αm〉 O\E α1, α2, . . . , αm uJ�VANT�.
�I [15] -�Bo� r �WKJ=FUN�Bo� rX .
de 2 9ZBo� sX = (sX

1 , sX
2 , . . . , sX

μ(k))
t, tX = (tX1 , tX2 , . . . , tXν(k))

t 0 rX =
(
sX

tX

)
, V

- sX
i = |{(αjβj) | 〈αj , βj〉 = Li, 1 ≤ j ≤ n}|, 1 ≤ i ≤ μ(k), tXi = |{(αjβj) | 〈αj , βj〉 = Pi, 1 ≤

j ≤ n}|, 1 ≤ i ≤ ν(k).
�I [15] -�p& 2 :
 Bogart 5��ki�6
78�, �CVJ=FUN�p& 1.
gh 1 RrX �l i��� (RrX)i = w(σ(Li)), 1 ≤ i ≤ μ(k),
�� w(σ(Li)) = w(σ(ui)),

V- 0 	= ui ∈ Li.
ij

(RrX)i =
(

(S T )
(

sX

tX

))
i

= (SsX + TtX)i

=
μ(k)∑
j=1

sijs
X
j +

ν(k)∑
j=1

tijt
X
j =

∑
Lj �⊥Li

sX
j +

∑
Pj �⊥Li

tXj

=
∑

Lj �⊥Li

|{(αj′βj′) | 〈αj′ , βj′〉 = Lj , 1 ≤ j′ ≤ n}|

+
∑

Pj �⊥Li

|{(αj′βj′) | 〈αj′ , βj′〉 = Pj , 1 ≤ j′ ≤ n}|

= w(uiX) = w(σ(ui)) = w(σ(Li)).
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� D � Vn -�k1�W2, ϕ : C → D �1�VAM7, C ϕ LwN� σ mJ�DVA

M7 τ : GF (p)k → D. v Y = ϕ(X), Y Y � D �1�uJfh.
dh 1 ϕ �KYM7�n�Æ8HA� RrX = RrY , P rX − rY �VA3ok Rx = 0

�1k
.
ij ϕ �KYM7�Y_hY:
���Po� u ∈ GF (p)k, *� w(ϕ(uX)) = w(uX),

P w(τ(u)) = w(σ(u)), qP

w(τ(ui)) = w(σ(ui)), 1 ≤ i ≤ μ(k),


�� ui ∈ GF (p)k, _ 〈ui〉 = Li, 1 ≤ i ≤ μ(k). 0�, Ep& 1, ϕ �KYM7�Y_hY:

��� 1 ≤ i ≤ μ(k), *� (RrX)i = (RrY )i, P RrX = RrY , O3�j rX − rY �VA3ok
Rx = 0 �1k
.

E9& 1 �r, fh R :
:;W2�KYM7�6
78�, �+�Æ8:VVF1]
:;. UN�	8�/
9&.

dh 2 S ��&�	
��g�. [S S−1 = (aij)μ(k)×μ(k), Y

aij =

⎧⎪⎪⎨
⎪⎪⎩

−p − 1
pk−1

, Li ⊥ Lj ,

1
pk−1

, V[.

ij E


μ(k)∑
l=1

silslj =

⎧⎪⎪⎨
⎪⎪⎩

pk − pk−1

p − 1
= pk−1, i = j,

pk − 2pk−1 + pk−2

p − 1
= pk−2(p − 1), i 	= j,

0�

S2 =

⎛
⎜⎜⎜⎝

pk−1 pk−2(p − 1) · · · pk−2(p − 1)
pk−2(p − 1) pk−1 · · · pk−2(p − 1)

...
... · · · ...

pk−2(p − 1) pk−2(p − 1) · · · pk−1

⎞
⎟⎟⎟⎠ .

sr S2 ��&�	
��g�, _

(S2)−1 =
1

p2k−2

⎛
⎜⎜⎜⎝

pk − (p − 1) −(p − 1) · · · −(p − 1)
−(p − 1) pk − (p − 1) · · · −(p − 1)

...
... · · · ...

−(p − 1) −(p − 1) · · · pk − (p − 1)

⎞
⎟⎟⎟⎠ .

l�> S−1 = (S2)−1S, 0�

aij =

⎧⎪⎪⎨
⎪⎪⎩

− p − 1
p2k−2

· pk − pk−1

p − 1
= −p − 1

pk−1
, Li ⊥ Lj ,

pk − (p − 1)
p2k−2

− p − 1
p2k−2

·
(pk − pk−1

p − 1
− 1

)
=

1
pk−1

, V[.

Bogart 5���I [15] -�L��'M�3
ki	 S ��g�.
dh 3 S S−1T = (aij)μ(k)×ν(k), Y

aij =

{ 1
p
, Li ⊆ Pj ,

0, V[.
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ij S S−1 = (bij)μ(k)×ν(k).
(1) Li ⊆ Pj ,

aij =
μ(k)∑
l=1

biltlj =
∑

Ll⊥Li, Ll �⊥Pj

biltlj +
∑

Ll �⊥Li, Ll �⊥Pj

biltlj

= −p − 1
pk−1

· pk−1 − pk−2

p − 1
+

1
pk−1

· pk − pk−1

p − 1
=

1
p
.

(2) Li 	⊆ Pj ,

aij =
μ(k)∑
l=1

biltlj =
∑

Ll⊥Li, Ll �⊥Pj

biltlj +
∑

Ll �⊥Li, Ll �⊥Pj

biltlj

= −p − 1
pk−1

· pk−1 − pk−3

p − 1
+

1
pk−1

· pk − pk−1 − pk−2 + pk−3

p − 1
= 0.

2 mn^_`abc
gh 2 � C �1� [[n, 0, d]]p 2, O3�j C �WEN�ZU�W:]�, P C⊥s = C,

X = (α1β1 · · ·αm1βm1αm1+1βm1+1 · · ·αm1+m2βm1+m2αm1+m2+1βm1+m2+1 · · ·αnβn)

� C �1�uJfh, 
�� αi = (a1i, . . . , ani)t, βi = (b1i, . . . , bni)t, 1 ≤ i ≤ n, _

dim〈αi, βi〉 =

⎧⎨
⎩

2, 1 ≤ i ≤ m1,
1, m1 + 1 ≤ i ≤ m1 + m2,
0, m1 + m2 + 1 ≤ i ≤ n

(���� dimW O\VANT� W �\�), Y
(1) fh (α1β1 · · ·αm1βm1) uJ�W2 C1 �WEN�ZUO�W:]�;
(2) m1 + m2 = n;
(3) 〈αi, βi〉 	⊆〈α1, β1, . . . , αi−1, βi−1, αi+1, βi+1, . . . , αn, βn〉, m1 + 1 ≤ i ≤ n.
ij S γi = ((ai1, bi1), . . . , (ain, bin)), γ′

i = ((ai1, bi1), . . . , (aim1 , bim1)), 1 ≤ i ≤ n.
E
:
��� 1 ≤ i, j ≤ n, (γ′

i, γ
′
j)s =

∑m1
l=1(ailbjl − ajlbil) =

∑n
l=1(ailbjl − ajlbil) =

(γi, γj)s = 0, 0� C1 �WEN�ZU�W]^�. p dim〈α1, β1, . . . , αm1 , βm1〉 ≤ m1. �

ξ1, . . . , ξm � α1, β1, . . . , αm1 , βm1 �1�VAq�t
k, cK m ≤ m1. :��� m1 + 1 ≤
i ≤ n, U ξi, eD 〈αi, βi〉 = 〈ξi〉, Y 〈ξ1, . . . , ξm, ξm1+1, . . . , ξn〉 = 〈α1, β1, . . . , αn, βn〉, 0�

dim〈ξ1, . . . , ξm, ξm1+1, . . . , ξn〉 = dim〈α1, β1, . . . , αn, βn〉 = n.

�+, m = m1, M� ξ1, . . . , ξn �VAt
�. 0�
(1) fh (α1β1 · · ·αm1βm1) uJ�2 C1 �WEN�ZUO�W:]�;
(2) m1 + m2 = n;
(3) 〈αi, βi〉 	⊆〈α1, β1, . . . , αi−1, βi−1, αi+1, βi+1, . . . , αn, βn〉, m1 + 1 ≤ i ≤ n.
dh 4 � C �1� [[n, k, d]]p 2

X = (α1β1 · · ·αmβmαm+1βm+1 · · ·αnβn)

� C⊥s �1�uJfh, 
� αi, βi ∈ GF (p)n+k, 1 ≤ i ≤ n, _xoHA
dim〈αi, βi〉 =

{
2, 1 ≤ i ≤ m,
≤ 1, m + 1 ≤ i ≤ n.
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Y 〈αi, βi〉 	⊆ 〈α1, β1, . . . , αi−1, βi−1, αi+1, βi+1, . . . , αn, βn〉, m + 1 ≤ i ≤ n.
ij rY, $� m + 1 ≤ i0 ≤ n, eD

〈αi0 , βi0〉 ⊆ 〈α1, β1, . . . , αi0−1, βi0−1, αi0+1, βi0+1, . . . , αn, βn〉.
0�, $� GF (p) 
� (2n − 2) × 2 fh B, eD

(αi0βi0) = (α1β1 · · ·αi0−1βi0−1αi0+1βi0+1 · · ·αnβn)B.

E
 C ⊆ C⊥s , 0�$�WEN�ZU�W:]2 D, eD C ⊆ D = D⊥s ⊆ C⊥s . � X ′ =
(α′

1β
′
1 · · ·α′

nβ′
n)� D⊥s �1�uJfh,Y$� GF (p)
� n×(n+k)fh A,eD X ′ = AX.

�+:��� 1 ≤ i ≤ n, *� (α′
iβ

′
i) = A(αiβi). E
Y m + 1 ≤ i ≤ n �, dim〈αi, βi〉 ≤ 1, p

Y m + 1 ≤ i ≤ n �, dim〈α′
i, β

′
i〉 ≤ 1. 0�

(α′
i0β

′
i0) = A(αi0βi0) = A(α1β1 · · ·αi0−1βi0−1αi0+1βi0+1 · · ·αnβn)B

= (A(α1β1) · · ·A(αi0−1βi0−1)A(αi0+1βi0+1) · · ·A(αnβn))B

= (α′
1β

′
1 · · ·α′

i0−1β
′
i0−1α

′
i0+1β

′
i0+1 · · ·α′

nβ′
n)B.


Lp& 2 ys.
gh 3 U p = 2. � C 0 D �j� [[n, k, d]] 20 [[n, k, d′]] 2, H

X = (αX
1 βX

1 αX
2 βX

2 · · ·αX
n βX

n ) 0 Y = (αY
1 βY

1 αY
2 βY

2 · · ·αY
n βY

n )

�j� C⊥s 0D⊥s �uJfh, ϕ : C⊥s → D⊥s �1�KYM7. S S−1T=(aij)μ(n+k)×ν(n+k),
[$� 1 ≤ i0 ≤ μ(n + k), eD

ν(n+k)∑
j=1

ai0j(tXj − tYj ) 	= 0,

Y:��� 1 ≤ l, m ≤ ν(n + k), *� ai0l(tXl − tYl )ai0m(tXm − tYm) ≥ 0.

ij rY, $� 1 ≤ l0, m0 ≤ ν(n + k), eD

ai0l0(t
X
l0 − tYl0)ai0m0(t

X
m0

− tYm0
) < 0.

�+, ai0l0(t
X
l0

− tYl0), ai0m0(t
X
m0

− tYm0
) -�1�L sX

i0
− sY

i0
= −∑ν(n+k)

j=1 ai0j(tXj − tYj ) (9&
1) 	= 0 Mt. 'u� ai0l0(t

X
l0
− tYl0) L sX

i0
− sY

i0
Mt, `a Li0 , Pl0 �vm {〈αX

i , βX
i 〉 | 1 ≤ i ≤ n}

M�vm {〈αY
i , βY

i 〉 | 1 ≤ i ≤ n} -M�	�. E
 ai0l0 	= 0, 0�E9& 3 �D Li0 ⊆ Pl0 . 
L
9& 4 ys.

dh 5 U p = 2. � C 0 D �j� [[n, k, d]] 20 [[n, k, d′]] 2

X = (αX
1 βX

1 αX
2 βX

2 · · ·αX
n βX

n ) 0 Y = (αY
1 βY

1 αY
2 βY

2 · · ·αY
n βY

n )

�j� C⊥s 0 D⊥s �uJfh, ϕ : C⊥s → D⊥s �1�KYM7, Y sX = sY .
ij S S−1T = (aij)μ(n+k)×ν(n+k).
(['K, Y$� 1 ≤ i0 ≤ μ(n + k), eD sX

i0
	= sY

i0
. �HE9& 1 �D

ν(n+k)∑
j=1

ai0j(tXj − tYj ) = −(sX
i0 − sY

i0) 	= 0.

Ep& 3, 8a:��� 1 ≤ j ≤ ν(n + k), ai0j(tXj − tYj ) ≥ 0; 8a:��� 1 ≤ j ≤ ν(n + k),
ai0j(tXj − tYj ) ≤ 0.

'u�:��� 1 ≤ j ≤ ν(n + k), ai0j(tXj − tYj ) ≥ 0.
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E

∑ν(n+k)

j=1 ai0j(tXj −tYj ) 	= 0,0�6z$�1� 1 ≤ j0 ≤ ν(n+k),eD ai0j0(t
X
j0
−tYj0) >

0. E
 ai0j0 	= 0, 0�E9& 3 �D Li0 ⊆ Pj0 . l�> Pj0 wx� 3 �1\NT�, 0�$�
'M� 1 ≤ i′0, i′′0 ≤ μ(n + k), eD Pj0 = Li0 ∪ Li′0 ∪ Li′′0 . � Li0 = 〈α〉, Li′0 = 〈β〉, Li′′0 = 〈γ〉.

UN�u�DKv'y

(1)
∑ν(n+k)

j=1 ai′0j(tXj − tYj ) 	= 0,
∑ν(n+k)

j=1 ai′′0 j(tXj − tYj ) 	= 0.
E


aij =

⎧⎨
⎩

1
p
, Li ⊆ Pj ,

0, V[,
(9& 3),

0�E9& 1�r sX
i0
−sY

i0
= −∑ν(n+k)

j=1 ai0j(tXj −tYj ), sX
i′0
−sY

i′0
= −∑ν(n+k)

j=1 ai′0j(tXj −tYj ), sX
i′′0
−

sY
i′′0

= −∑ν(n+k)
j=1 ai′′0 j(tXj − tYj ) < 0. �+, Li0 , Li′0 , Li′′0 M��vm {〈αY

i , βY
i 〉 | 1 ≤ i ≤ n} -	

�. � Li0 = 〈αY
i1

, βY
i1
〉, Li′0 = 〈αY

i′1
, βY

i′1
〉, Li′′0 = 〈αY

i′′1
, βY

i′′1
〉, Y 〈αY

i1
, βY

i1
〉⊆〈αY

i′1
, βY

i′1
, αY

i′′1
, βY

i′′1
〉. 
L

9& 4 ys.
(2)

∑ν(n+k)
j=1 ai′0j(tXj − tYj ) 	= 0,

∑ν(n+k)
j=1 ai′′0 j(tXj − tYj ) = 0.

E

∑ν(n+k)

j=1 ai′′0 j(tXj − tYj ) = 0, _ ai′′0 j0(t
X
j0
− tYj0) > 0 (Li′′0 ⊆ Pj0 z tXi0 − tYjo

> 0), 0�$
� 1 ≤ j′0 ≤ ν(n + k), eD ai′′0 j′

0
(tXj′

0
− tYj′

0
) < 0, p tXj′

0
− tYj′

0
< 0 _ ai′′0 j′

0
	= 0. wE9& 1, �D

sX
i0 − sY

i0 = −
ν(n+k)∑

j=1

ai0j(tXj − tYj ), sX
i′0
− sY

i′0
= −

ν(n+k)∑
j=1

ai′0j(tXj − tYj ) < 0,

0� Li0 , Li′0 , Pj′
0
M��vm {〈αY

i , βY
i 〉 | 1 ≤ i ≤ n}-	�.� Li0 = 〈αY

i1
, βY

i1
〉, Li′0 = 〈αY

i′1
, βY

i′1
〉,

Pj′
0

= 〈αY
j′
1
, βY

j′
1
〉. E
 ai′′0 j′

0
	= 0, 0�E9& 3 �r Li′′0 ⊆ Pj′

0
. �+ γ ∈ Pj′

0
, �� α = β + γ,

0� 〈αY
i1

, βY
i1
〉 ⊆ 〈αY

i′1
, βY

i′1
, αY

j′
1
, βY

j′
1
〉. 
L9& 4 ys.

(3)
∑ν(n+k)

j=1 ai′0j(tXj − tYj ) = 0,
∑ν(n+k)

j=1 ai′′0 j(tXj − tYj ) 	= 0.
kiL (2) {x.
(4)

∑ν(n+k)
j=1 ai′0j(tXj − tYj ) = 0,

∑ν(n+k)
j=1 ai′′0 j(tXj − tYj ) = 0.

E
 ai0j0(t
X
j0
− tYj0) > 0, 0� ai′0j0(t

X
j0
− tYj0) > 0, ai′′0 j0(t

X
j0
− tYj0) > 0, �+$� 1 ≤ j′0, j′′0 ≤

ν(n+k), eD ai′0j′
0
(tXj′

0
− tYj′

0
), ai′′0 j′′

0
(tXj′′

0
− tYj′′

0
) < 0. �� sX

i0
−sY

i0
= −∑ν(n+k)

j=1 ai0j(tXj − tYj ) < 0,

0� Li0 , Pj′
0
, Pj′′

0
M��vm {〈αY

i , βY
i 〉 | 1 ≤ i ≤ n}-	�.� Li0 = 〈αY

i1
, βY

i1
〉, Pj′

0
= 〈αY

j′
1
, βY

j′
1
〉,

Pj′′
0

= 〈αY
j′′
1
, βY

j′′
1
〉. E
 ai′0j′

0
	= 0, ai′′0 j′′

0
	= 0, 0�E9& 3 �D

Li′0 ⊆ Pj′
0
, Li′′0 ⊆ Pj′′

0
,

p β ∈ Pj′
0
, γ ∈ Pj′′

0
. l�> α = β + γ, 0� 〈αY

i1
, βY

i1
〉⊆〈αY

j′
1
, βY

j′
1
, αY

j′′
1
, βY

j′′
1
〉. 
L9& 4 ys.

3 pq
3.1 rstu

y�	8�

5Ifd�9&.
dh 6 � C 0 D � Vn �8� k \W2, X = (αX

1 βX
1 αX

2 βX
2 · · ·αX

n βX
n ) 0 Y =

(αY
1 βY

1 αY
2 βY

2 · · ·αY
n βY

n ) �j� C 0 D �uJfh, g ∈ Gn �1�5Ifd, _ Y = gX,Y
μ(k)∑
i=1

sX
i =

μ(k)∑
i=1

sY
i , tXi = tYi , 1 ≤ i ≤ ν(k).
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ij �U A ∈ SP2(p), Bo� α, β ∈ GF (p)k, S (α′β′) = (αβ)A, Y dim〈α′, β′〉 =
dim〈α, β〉, _Y dim〈α, β〉 = 2 �, 〈α′, β′〉 = 〈α, β〉. E
 g ∈ Gn, 0�$� Ai ∈ SP2(p), 1 ≤
i ≤ n, eD gX = ((αX

i1
βX

i1
)A1(αX

i2
βX

i2
)A2 · · · (αX

in
βX

in
)An). wE Y = gX �r9&J7.

dh 7 � p = 2, C 0 D � Vn -�8� k \W2, X = (αX
1 βX

1 αX
2 βX

2 · · ·αX
n βX

n ) 0
Y = (αY

1 βY
1 αY

2 βY
2 · · ·αY

n βY
n ) �j� C 0 D �uJfh. Y C 0 D �5I�, P$� g ∈ Gn,

eD Y = gX �n�Æ8HA�
μ(k)∑
i=1

sX
i =

μ(k)∑
i=1

sY
i 0 tXi = tYi , 1 ≤ i ≤ ν(k).

ij E
 SP2(2)L GF (2)
�1{VAc GL2(2)M7, 0�:
���Bo� α, β, ξ,
η ∈ GF (2)k, (& 〈α, β〉 = 〈ξ, η〉, `a$� A ∈ SP2(2), eD (ξη) = (αβ)A. �+(&∑μ(k)

i=1 sX
i =

∑μ(k)
i=1 sY

i 0 tXi = tYi , 1 ≤ i ≤ ν(k), Y$� g ∈ Gn, eD Y = gX. wE9&
6 �r9&J7.

� p = 2, k = 4, Y μ(k) = 15, ν(k) = 35. S

γ1 = (1, 0, 0, 0)t, γ2 = (0, 1, 0, 0)t, γ3 = (1, 1, 0, 0)t, γ4 = (0, 0, 1, 0)t, γ5 = (1, 0, 1, 0)t,

γ6 = (0, 1, 1, 0)t, γ7 = (1, 1, 1, 0)t, γ8 = (0, 0, 0, 1)t, γ9 = (1, 0, 0, 1)t, γ10 = (0, 1, 0, 1)t,

γ11 = (1, 1, 0, 1)t, γ12 = (0, 0, 1, 1)t, γ13 = (1, 0, 1, 1)t, γ14 = (0, 1, 1, 1)t, γ15 = (1, 1, 1, 1)t;

L1 = 〈γ1〉, L2 = 〈γ2〉, L3 = 〈γ3〉, L4 = 〈γ4〉, L5 = 〈γ5〉, L6 = 〈γ6〉, L7 = 〈γ7〉, L8 = 〈γ8〉,
L9 = 〈γ9〉, L10 = 〈γ10〉, L11 = 〈γ11〉, L12 = 〈γ12〉, L13 = 〈γ13〉, L14 = 〈γ14〉, L15 = 〈γ15〉;
P1 = 〈γ1, γ2〉, P2 = 〈γ1, γ4〉, P3 = 〈γ1, γ6〉, P4 = 〈γ1, γ8〉, P5 = 〈γ1, γ10〉,
P6 = 〈γ1, γ12〉, P7 = 〈γ1, γ14〉, P8 = 〈γ2, γ4〉, P9 = 〈γ2, γ5〉, P10 = 〈γ2, γ8〉,
P11 = 〈γ2, γ9〉, P12 = 〈γ2, γ12〉, P13 = 〈γ2, γ13〉, P14 = 〈γ3, γ4〉, P15 = 〈γ3, γ5〉,
P16 = 〈γ3, γ8〉, P17 = 〈γ3, γ9〉, P18 = 〈γ3, γ12〉, P19 = 〈γ3, γ13〉, P20 = 〈γ4, γ8〉,
P21 = 〈γ4, γ9〉, P22 = 〈γ4, γ10〉, P23 = 〈γ4, γ11〉, P24 = 〈γ5, γ8〉, P25 = 〈γ5, γ9〉,
P26 = 〈γ5, γ10〉, P27 = 〈γ5, γ11〉, P28 = 〈γ6, γ8〉, P29 = 〈γ6, γ9〉, P30 = 〈γ6, γ10〉,
P31 = 〈γ6, γ11〉, P32 = 〈γ7, γ8〉, P33 = 〈γ7, γ9〉, P34 = 〈γ7, γ10〉, P35 = 〈γ7, γ11〉.
||9& 5 09& 7, F	D>1�'�5Ifd�@��N2�KYM7, z8{VA3

ok S−1Tx = 0 �1k?X|�
. E9& 3 �D

S−1T =
1
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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E+}9VA3ok S−1Tx = 0�1k?X|�
 x0 = (0, 1, 1,−1,−1, 0, 0,−1,−1, 1, 1, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)t .

E+�7? GF (2) 
8�fh

X =

⎛
⎜⎜⎝

10 10 00 01
00 01 10 10
01 01 00 00
00 00 01 01

⎞
⎟⎟⎠ 0 Y =

⎛
⎜⎜⎝

10 10 00 01
00 01 10 10
00 00 01 01
01 01 00 00

⎞
⎟⎟⎠ .

cK, X 0 Y uJM1� [[4, 0, 2]]2 C,:d� tX = (0, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)t , tY = (0, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)t , _ x0 = tX − tY . v ϕ : C → C, eD Y = ϕ(X). E9& 1, ϕ �

1�KYM7, �E9& 6, ϕ 	∈ G4, P ϕ '�1�5Ifd. �+, ��NDKU, MacWilliams
9&'J7.

E
�N2�1�5Ifd�KLWEN�, 0�1�WK����y�N2�KLWEN
�KYM7�'�5Ifd~}:

���, UN�9& 8 �		1�r9�~�.

dh 8 � p = 2, C 0 D � Vn -�8�W2, ϕ : C → D �1�VAM7, [ ϕ �KY

M7, Y ϕ KLWEN.

ij �U α, β ∈ C, α 	= β, � α = ((a1, b1), . . . , (an, bn)), β = ((c1, d1), . . . , (cn, dn)). S
ϕ(α) = ((a′

1, b
′
1), . . . , (a

′
n, b′n)), ϕ(β) = ((c′1, d

′
1), . . . , (c

′
n, d′n)). v n1 Fvm{(

ai bi

ci di

) ∣∣∣ 1 ≤ i ≤ n

}

-�gfh���, n2, n3 0 n4 �jFvm{ (
ai bi

ci di

) ∣∣∣ 1 ≤ i ≤ n

}
-K(

(
x y
x y

)
,

(
x y
0 0

)
0

(
0 0
x y

)

�fh���, 
�� (x, y) 	= 0. {x2, v n′
1 Fvm {(a′

i b′i
c′i d′

i

) | 1 ≤ i ≤ n} -�gfh���,

n′
2, n

′
3 0 n′

4 �jFvm{ (
a′

i b′i
c′i d′i

) ∣∣∣ 1 ≤ i ≤ n

}
-K(

(
x y
x y

)
,

(
x y
0 0

)
0

(
0 0
x y

)

�fh���, 
�� (x, y) 	= 0. E
 w(ϕ(α)) = w(α), w(ϕ(β)) = w(β), w(ϕ(α) + ϕ(β)) =
w(ϕ(α + β)) = w(α + β), 0�{

n1 + n2 + n3 = n′
1 + n′

2 + n′
3,

n1 + n2 + n4 = n′
1 + n′

2 + n′
4,

n1 + n3 + n4 = n′
1 + n′

3 + n′
4,

P

{ (n1 − n′
1) + (n2 − n′

2) + (n3 − n′
3) = 0,

(n1 − n′
1) + (n2 − n′

2) + (n4 − n′
4) = 0,

(n1 − n′
1) + (n3 − n′

3) + (n4 − n′
4) = 0.

�+ (n1 − n′
1, n2 − n′

2, n3 − n′
3, n4 − n′

4)
t �VA3ok{
x1 + x2 + x3 = 0,
x1 + x2 + x4 = 0,
x1 + x3 + x4 = 0

�1�
. l�>
�VA3ok�>
F a(−2, 1, 1, 1)t, p n1 − n′
1 ��]�. E
 (ϕ(α),

ϕ(β))s = n′
1 = n1 =

∑n
i=1(aidi − bici) = (α, β)s, 0� ϕ KLWEN.

3.2 Vn vwxyz{
dh 9 � ϕ � Vn 
�1�KYM7, `a ϕ O�1�5Ifd.
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ij � X = (αX
1 βX

1 αX
2 βX

2 · · ·αX
n βX

n ) 0 Y = (αY
1 βY

1 αY
2 βY

2 · · ·αY
n βY

n ) � Vn �8�uJ

fh, _ Y = ϕX. E
 X 0 Y �}*� 2n, 0�

sX
i = sY

i = 0, 1 ≤ i ≤ μ(2n).

�+~z8ki tXj = tYj , 1 ≤ j ≤ ν(2n) P�.
rY, $� 1 ≤ j0 ≤ ν(2n), eD tXj0 	= tYj0 , 'u� tXj0 − tYj0 > 0.
� Pj0 ���'M1\NT�F Li1 = 〈α〉, Li2 = 〈β〉, Li3 = 〈γ〉. cK α, β, γ -6z�1

�o��Ek�8�o�VAO	, 'u� α �E β, γ VAO	.
E
 ϕ �1�KYM7, 0�E9& 1 09& 2 �r tX − tY �VA3ok S−1Tx = 0 �

1�?X
. E S−1T (tX − tY ) = 0 �l i1, i2, i3 �5��r, $�'M� j1, j2, j3, eD

Li1 ⊆ Pj1 , Li2 ⊆ Pj2 , Li3 ⊆ Pj3 _ tXj1 − tYj1 , tXj2 − tYj2 , tXj3 − tYj3 < 0,

P Pj1 , Pj2 , Pj3 �vm {〈αY
j , βY

j 〉 | 1 ≤ j ≤ n} -M�	�, 'u� Pj1 = 〈αY
j′
1
, βY

j′
1
〉, Pj2 =

〈αY
j′
2
, βY

j′
2
〉, Pj3 = 〈αY

j′
3
, βY

j′
3
〉. E
 α ∈ Pj1 , β ∈ Pj2 , γ ∈ Pj3 , 0�

〈αY
j′
1
, βY

j′
1
〉 ∩ 〈αY

j′
2
, βY

j′
2
, αY

j′
3
, βY

j′
3
〉 	= {0},


L Y �}� 2n /ys.
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