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ABSTRACT. In this paper, we study the problem of geometric inequalities for the inscribed
simplex of ann-dimensional simplex. An inequality for the inscribed simplex of a simplex
is established. Applying it we get a generalization ofn-dimensional Euler inequality and an
inequality for the pedal simplex of a simplex.
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1. M AIN RESULTS

Let σn be ann-dimensional simplex in then-dimensional Euclidean spaceEn, V denote the
volume ofσn, R andr the circumradius and inradius ofσn, respectively. LetA0, A1, . . . , An

be the vertices ofσn, aij = |AiAj| (0 ≤ i < j ≤ n), Fi denote the area of theith facefi =
A0 · · ·Ai−1Ai+1 · · ·An ((n−1)-dimensional simplex) ofσn, pointsO andG be the circumcenter
and barycenter ofσn, respectively. Fori = 0, 1, . . ., n, letA′

i be an arbitrary interior point of the
ith facefi of σn. Then-dimensional simplexσ′n = A′

0A
′
1 · · ·A′

n is called the inscribed simplex
of the simplexσn. Let a′ij = |A′

iA
′
j| (0 ≤ i < j ≤ n), R′ denote the circumradius ofσ′n, P be

an arbitrary interior point ofσn, Pi be the orthogonal projection of the pointP on theith facefi

of σn. Then-dimensional simplexσ′′n = P0P1 · · ·Pn is called the pedal simplex of the pointP
with respect to the simplexσn [1] – [2], let V ′′ denote the volume ofσ′′n, R′′ andr′′ denote the
circumradius and inradius ofσ′′n, respectively. We note that the pedal simplexσ′′n is an inscribed
simplex of the simplexσn. Our main results are following theorems.

Theorem 1.1.Letσ′n be an inscribed simplex of the simplexσn, then we have

(1.1) (R′)
2
(R2 −OG

2
)n−1 ≥ n2(n−1)r2n,
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with equality if the simplexσn is regular andσ′n is the tangent point simplex ofσn.

Let Ti be the tangent point where the inscribed sphere of the simplexσn touches theith face
fi of σn. The simplexσn = T0T1 · · ·Tn is called the tangent point simplex ofσn [3]. If we take
A′

i ≡ Ti (i = 0, 1, . . ., n) in Theorem 1.1, thenσ′n andσn are the same andR′ = r, we get a
generalization of then-dimensional Euler inequality [4] as follows.

Corollary 1.2. For ann-dimensional simplexσn, we have

(1.2) R2 ≥ n2r2 + OG
2
,

with equality if the simplexσn is regular.

Inequality (1.2) improves then-dimensional Euler inequality [5] as follows.

(1.3) R ≥ nr.

Theorem 1.3. Let P be an interior point of the simplexσn, andσ′n the pedal simplex of the
pointP with respect toσn, then

(1.4) R′′Rn−1 ≥ n2n−1 (r′′)
n
,

with equality if the simplexσn is regular andσ′′n is the tangent point simplex ofσn.

2. SOME L EMMA AND PROOFS OF THEOREMS

To prove the theorems stated above, we need some lemmas as follows.

Lemma 2.1. Letσ′n be an inscribed simplex of then-dimensional simplexσn, then we have

(2.1)

( ∑
0≤i<j≤n

(
a′ij
)2)( n∑

i=0

F 2
i

)
≥ n2(n + 1)V 2,

with equality if the simplexσn is regular andσ′n is the tangent point simplex ofσn.

Proof. Let B be an interior point of the simplexσn, and(λ0, λ1, . . ., λn) the barycentric co-
ordinates of the pointB with respect to coordinate simplexσn. Here λi = ViV

−1 (i =
0, 1, . . ., n), Vi is the volume of the simplexσn(i) = BA0 · · ·Ai−1Ai+1 · · ·An and

∑n
i=0 λi = 1.

Let Q be an arbitrary point inEn, then

−−→
QB =

n∑
i=0

λi

−−→
QAi.

From this we have
n∑

i=0

λi

−−→
BAi =

n∑
i=0

λi

(−→
QAi −

−−→
QB
)

=
−→
0 ,

n∑
i=0

λi

(−−→
QAi

)2

=
n∑

i=0

λi

(−−→
QB +

−−→
BAi

)2

(2.2)

=
n∑

i=0

λi
−−→
QB2 + 2

−−→
QB ·

n∑
i=0

λi
−−→
BAi +

n∑
i=0

λi

(−−→
BAi

)2

=
−−→
QB2 +

n∑
i=0

λi

(−−→
BAi

)2

.

J. Inequal. Pure and Appl. Math., 7(5) Art. 165, 2006 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


INEQUALITIES FOR INSCRIBEDSIMPLEX AND APPLICATIONS 3

For j = 0, 1, . . ., n, takingQ ≡ Aj in (2.2) we get

(2.3)
n∑

i=0

λiλj

(−−−→
AiAj

)2

= λj

(−−→
BAj

)2

+ λj

n∑
i=0

λi

(−−→
BAi

)2

(j = 0, 1, . . ., n).

Adding up these equalities in (2.3) and noting that
∑n

j=0 λj = 1, we get

(2.4)
∑

0≤i<j≤n

λiλj

(−−−→
AiAj

)2

=
n∑

i=0

λi

(−−→
BAi

)2

.

For any real numbersxi > 0 (i = 0, 1, . . ., n) and an inscribed simplexσ′n = A′
0A

′
1 · · ·A′

n of
σn, we take an interior pointB′ of σ′n such that(λ′0, λ

′
1, . . ., λ

′
n) is the barycentric coordinates

of the pointB′ with respect to coordinate simplexσ′n, hereλ′i = xi

/∑n
j=0 xj (i = 0, 1, . . ., n).

Using equality (2.4) we have∑
0≤i<j≤n

λ′iλ
′
j

(
a′ij
)2

=
n∑

i=0

λ′i

(−−→
B′A′

i

)2

,

i.e.

(2.5)
∑

0≤i<j≤n

xixj

(
a′ij
)2

=

(
n∑

i=0

xi

)(
n∑

i=0

xi

(−−→
B′A′

i

)2
)

.

SinceB′ is an interior point ofσ′n andσ′n is an inscribed simplex ofσn, soB′ is an interior point
of σn. Let the pointQi be the orthogonal projection of the pointB′ on theith facefi of σn, then

(2.6)
n∑

i=0

xi

(−−→
B′A′

i

)2

≥
n∑

i=0

xi

(−−→
B′Qi

)2

.

Equality in (2.6) holds if and only ifQi ≡ A′
i (i = 0, 1, . . ., n). In addition, we have

(2.7)
n∑

i=0

∣∣∣−−→B′Qi

∣∣∣Fi = nV.

By the Cauchy’s inequality and (2.7) we have

(2.8)

(
n∑

i=0

xi

−−→
B′Qi

2

)(
n∑

i=0

x−1
i F 2

i

)
≥

(
n∑

i=0

∣∣∣−−→B′Qi

∣∣∣ · Fi

)2

= (nV )2.

Using (2.5), (2.6) and (2.8), we get

(2.9)

( ∑
0≤i<j≤n

xixj

(
a′ij
)2)( n∑

i=0

x−1F 2
i

)
≥ n2

(
n∑

i=0

xi

)
V 2.

Takingx0 = x1 = · · · = xn = 1 in (2.9), we get inequality (2.1). It is easy to prove that equality
in (2.1) holds if the simplexσn is regular andσ′n is the tangent point simplex ofσn. �

Lemma 2.2([1, 6]). For then-dimensional simplexσn, we have

(2.10)
n∑

i=0

F 2
i ≤ [nn−4(n!)2(n + 1)n−2]−1

( ∑
0≤i<j≤n

a2
ij

)
,

with equality if the simplexσn is regular.
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Lemma 2.3([2]). LetP be an interior point of the simplexσ, σ′′n the pedal simplex of the point
P with respect toσn, then

(2.11) V ≥ nnV ′′,

with equality if the simplexσn is regular.

Lemma 2.4([1]). For then-dimensional simplexσn, we have

(2.12) V ≥ nn/2(n + 1)(n+1)/2

n!
rn,

with equality if the simplexσn is regular.

Lemma 2.5([4]). For then-dimensional simplexσn, we have

(2.13)
∑

0≤i<j≤n

a2
ij = (n + 1)2

(
R2 −OG

2
)

.

HereO andG are the circumcenter and barycenter of the simplexσn, respectively.

Proof of Theorem 1.1.Using inequalities (2.1) and (2.10), we get

(2.14)

( ∑
0≤i<j≤n

(
a′ij
)2)( ∑

0≤i<j≤n

a2
ij

)n−1

≥ nn−2(n!)2(n + 1)n−1V 2.

By Lemma 2.5 we have

(2.15)
∑

0≤i<j≤n

(
a′ij
)2 ≤ (n + 1)2 (R′)

2
.

From (2.13), (2.14) and (2.15) we get

(2.16) (R′)
2
(
R2 −OG

2
)n−1

≥ nn−1(n!)2

(n + 1)n+1
V 2.

Using inequalities (2.16) and (2.12), we get inequality (1.1). It is easy to prove that equality in
(1.1) holds if the simplexσn is regular andσ′n is the tangent point simplex ofσn. �

Proof of Theorem 1.3.Since the pedal simplexσ′′n is an inscribed simplex of the simplexσn,
thus inequality (2.16) holds for the pedal simplexσ′′n, i.e.

(2.17) (R′′)
2
(
R2 −OG

2
)n−1

≥ nn−2(n!)2

(n + 1)n+1
V 2.

Using inequalities (2.17) and (2.11), we get

(2.18) (R′′)
2
R2(n−1) ≥ (R′′)

2
(
R2 −OG

2
)n−1

≥ n3n−2(n!)2

(n + 1)n+1
(V ′′)

2

By Lemma 2.4 we have

(2.19) V ′′ ≥ nn/2(n + 1)(n+1)/2

n!
(r′′)

n
.

From (2.18) and (2.19) we obtain inequality (1.4). It is easy to prove that equality in (1.4) holds
if the simplexσn is regular andσ′′n is the tangent point simplex ofσn. �
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