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ABSTRACT. In this paper, we study the problem of geometric inequalities for the inscribed
simplex of ann-dimensional simplex. An inequality for the inscribed simplex of a simplex
is established. Applying it we get a generalizationneflimensional Euler inequality and an
inequality for the pedal simplex of a simplex.
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1. MAIN RESULTS

Let o, be ann-dimensional simplex in the-dimensional Euclidean spaé¢#', V denote the
volume ofo,,, R andr the circumradius and inradius of,, respectively. Letdy, Aq,..., A,
be the vertices of,,, a;; = |4;4,| (0 < i < j < n), F; denote the area of thi¢h face f; =
Ao - Ai1A;11 - A, ((n—1)-dimensional simplex) of,,, pointsO andG be the circumcenter
and barycenter af,,, respectively. Foi = 0,1, ..., n, let A, be an arbitrary interior point of the
ith facef; of 0,,. Then-dimensional simplex/ = A, A} --- A/ is called the inscribed simplex
of the simplexo,,. Leta;; = [A;A}| (0 <i < j <n), R' denote the circumradius of,, P be
an arbitrary interior point of,,, P, be the orthogonal projection of the poiton theith facef;
of 0,,. Then-dimensional simplex,! = PP, - - - P, is called the pedal simplex of the poift
with respect to the simplex, [1] —[2], let V" denote the volume of, R” andr” denote the
circumradius and inradius of!, respectively. We note that the pedal simp#éxs an inscribed
simplex of the simplex,,. Our main results are following theorems.

Theorem 1.1. Leto/, be an inscribed simplex of the simplex then we have
(1.2) (R)* (R* —OG" )"t > n*=Dy2n,
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with equality if the simplex,, is regular ando;, is the tangent point simplex of,.

Let 7; be the tangent point where the inscribed sphere of the sinaplésuches théth face
fi of o,,. The simplexs,, = TyT} - - - T,, is called the tangent point simplex @f [3]. If we take
A} =T, (i =0,1,...,n) in Theoren 111, then/, andg, are the same anf’ = r, we get a
generalization of the-dimensional Euler inequality [4] as follows.

Corollary 1.2. For ann-dimensional simplex,,, we have
(1.2) R > n%? 4+ 0G,
with equality if the simplex,, is regular.
Inequality [1.2) improves the-dimensional Euler inequality [5] as follows.
(1.3) R > nr.

Theorem 1.3.Let P be an interior point of the simplex,, and ¢/, the pedal simplex of the
point P with respect tar,,, then

(14) R//Rn—l Z n2n71 (T//>n ’
with equality if the simplex,, is regular ands! is the tangent point simplex of,.

2. SOME LEMMA AND PROOFS OF THEOREMS
To prove the theorems stated above, we need some lemmas as follows.
Lemma 2.1. Leto/, be an inscribed simplex of thedimensional simplex,,, then we have
(2.1) ( > (a;j)2> <2n: Ff) >n*(n+1)V?
0<i<j<n i=0
with equality if the simplex,, is regular ando’, is the tangent point simplex of,.

Proof. Let B be an interior point of the simplex,, and (X, A1, ..., A,) the barycentric co-
ordinates of the poinfB with respect to coordinate simplex,. Here \; = V;V-1(i =
0,1,...,n), V;isthe volume of the simplex, (i) = BAy--- A;_1 A1 --- A, and)y_" A\ = 1.
Let @ be an arbitrary point ix”, then

3

OB =S \OA,.
From this we have . . -
NBA =S (711- . _B’> -0,
=0 =0
n 2 n NS

(2.2) ; A (QAZ) - A ( B+ BAZ>

_ i)\z—B>2+2—£§ S ABA LS (BAZ)Q

=0 =0 =0
o S (BT
— OB+ > A (BAZ)
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Forj =0,1,...,n,takingQ = 4; in (2.2) we get

(2.3) iﬁ;AiAj <,TA;>2 Yy (B_A;->2 + zn;)\ (ﬂi)Q (G=0,1,....,n).

Adding up these equalities i.3) and noting thaf_, \; = 1, we get

(2.4) > o (A8) = ou (5
=0

0<i<j<n
For any real numbers;, > 0 (: = 0,1,...,n) and an inscribed simplex, = AjA} --- A}, of
on, We take an interior poinB’ of ¢/, such that A, A}, ..., \!)) is the barycentric coordinates
of the pointB’ with respect to coordinate simpleX, here)\; = z; /Z;;O z; (1=0,1,...,n).
Using equality[(2.4) we have

S ) 3o (7
=0

0<i<y<n
ie.
(2.5) Z ziw; ( (le> (Z 1<B/—AZ>2>
0<i<j<n i=0

SinceB'’ is an interior point o/, ando, is an inscribed simplex af,,, SoB’ is an interior point
of o,,. Let the pointQ); be the orthogonal projection of the poifit on theith facef; of o,,, then

2. Su(FA) > Y w0 (50)

1=0 i=0
Equality in {2.6) holds if and only i); = A (: = 0,1,...,n). In addition, we have
2.7) 3 ‘B’Qi F,=nV.
=0

By the Cauchy’s inequality anfl (2.7) we have

(28) (Z xﬁ) (Z xF) > (Z BQ|-F,
Using (2.5), @{;):;nq—(_ZI.S), we igzt -

0o (X ) (S ()

0<i<j<n i=0 i=0

Takingzy =z, = --- =z, = 1in (2.9), we get inequality (2] 1). Itis easy to prove that equality
in (2.1) holds if the simplex,, is regular andr;, is the tangent point simplex of,. O

Lemma 2.2([1,16]). For then-dimensional simplex,,, we have

(2.10) ZF2 " )2(n—|—1)"2]1< > a?j>,

0<i<j<n

with equality if the simplex,, is regular.
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Lemma 2.3([2]). Let P be an interior point of the simplex ¢ the pedal simplex of the point
P with respect tar,,, then

(2.11) V>n"V"
with equality if the simplex,, is regular.
Lemma 2.4([1]). For then-dimensional simplex,,, we have

n/2 (n+1)/2
(2.12) y s M DT

n!
with equality if the simplex,, is regular.

Lemma 2.5([4]). For then-dimensional simplex,,, we have

(2.13) Y &= (n+1) (Rth).

0<i<j<n

HereO and G are the circumcenter and barycenter of the simpigxrespectively.
Proof of Theorem 1]1Using inequalities(2]1) an@l (2.]10), we get

(2.14) ( > (aéj)2>< 2. a%) > 02 (nl)?(n + 1)" V2,

0<i<j<n 0<i<yj<n

By Lemmg 2.5 we have
(2.15) ST (@) < (n+1)*(R).

0<i<j<n

From (2.138),[(2.174) and (2.15) we get

(2.16) (R)’ (32 . mQ)”_l >

nnfl(n!)2 )
(n+ 1)n+1

Using inequalities| (2.16) anf (2]12), we get inequality|(1.1). It is easy to prove that equality in
(1.1) holds if the simplex, is regular and’, is the tangent point simplex of,. O

Proof of Theorer 1]3Since the pedal simplex’, is an inscribed simplex of the simplex,,
thus inequality[(2.1)6) holds for the pedal simpte i.e.

nan(n!)Z )

11\2 2 =2\ "1
(2.17) ('Y (R - 0G") 2 Ty

Using inequalities (2.17) anfl (2]11), we get

n3n—2(n!)2

CESEAS

_ onn—1
(2.18) (R")? RAn=1 > (R")? (R2—0G2> >

By Lemmg 2.4 we have

nn/2(n + 1)(n+1)/2 o
ey,

From (2.18) and (2.19) we obtain inequality (1.4). Itis easy to prove that equality |n (1.4) holds
if the simplexo,, is regular and’’ is the tangent point simplex of,. O

(2.19) V">
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