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1. Introduction

The LS type equations
1St + Spx — LS =0,

Ly +18)3=0

were first derived by Djordjevic and Redekopp in [1], where S is the envelope of the short wave,
and L is the amplitude of long wave and is real. This system describes the resonance interaction

between the long wave and the short wave. Furthermore, Benney!?! (3]

, Kawahara and Sugimoto
derived the following system

iS; + Spx — aLS = v|S|?S,
Ly +I1LL, = m|S|?,

where o, v, m and [ are real constants. This system describes the general theory of water wave

23]

interaction in a nonlinear medium Guo obtained the existence of global solution for long-

short wave equations in [4]. Zhang and Guo have studied the longtime behavior of the solution

for generalized long-short wave equations!®).

Guo and Wang have studied the approximation
inertial manifolds for LS type equations!®).
In this paper, we consider the existence of a global attractor for the class of the generalized

LS type equations:
U + Upy —nu+iau+g(|u|2)u+h1(:c) = 1fUzs, (1)

ny + [ulZ 4 Inng + 0n+ f(|ul?) + ha(2) = Ynes, (2)
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with the initial conditions
uli=0 = uo(x), nli=o =no(z), z€Q=(-D,D),D>0 (3)
and the periodic boundary conditions
u(z +2D,t) = u(z,t), n(zx+2D,t)=n(x,t), (4)

where «, 3,7,0 and [ are positive constants. wu(x,t) is an unknown complex valued vector,
n(z,t) is an unknown real valued function, and hj(z)and ho(x) are given in L?(Q2), g(s) and

f(5)(0 < s < c0) are smooth real valued functions which satisfy
9(s)] < e15*77 + ez, 520, (5)

()] < eas? ™ 4ca, 520, (6)

where o, v and ¢;(i = 1,2,3,4) are positive constants. By means of a uniform a priori estimates
for time, and Temam’s!”) methods, we obtain the above results.

Throughout this paper, ¢ will be used to indicate generic constants and dependent of data
(o, B,7,8,1, f, g, h1, ha, R). We denote by || - || the norm of H = L?_.(Q) (real or complex space)

per

with the corresponding inner product (-, -), by ||-||, the norm of L () for all 1 < p < oo(||-||2 =

;cr(
-1, and by || - ||x the norm of any Banach space X.

2. The global smooth solution

In this section, we derive uniform a priori estimates for time which enable us to show the

existence of the global smooth solution.
Lemma 1 Ifug,hy € L?(Q), then for the solution (u,n) of problem (1)-(4) we have
[ull* < co, ¥Vt > to, (7)
where ¢y and to depend on the data (o, hi, R) and R when |lu|| < R.
Proof Taking the inner product of (1) with u in H, we obtain
(s + Uzz — nu + icu + g([u|*)u + h (x) — iBuge, u) = 0. (8)

Taking the imaginary part of (8), we find
1d
2dt

By Young inequality and Gronwall lemma we have Lemma 1. Furthermore,

[ull® + olull® + Blluz|* + Im(h1, u) = 0.

— 1
limy oo [[u()[* < |17 ]|* = Eo. 9)
Lemma 2 Suppose that (5) and (6) hold. Then we have

lua®I? + @Ol < ex, V>, (10)
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where ¢1 and t; depend on the data («,(,7,9, f,g,h1,he) and R when HuOHHéer < R and
[noll < R.

Proof Taking the inner product of (2) with n in H, we see that
d
L2 + 26|l + 2y na 2 = 2/ e Jul?dz — 2/ £ (jul?)nda - 2/ honde. (1)
de Q Q Q
Taking the imaginary part of the inner product of (1) with u,, in H, we obtain that
d
Enumn2 + 20|tz ||* 4 28] tis || = 2Im(gu, tpe) — 2Im(nu, Ugs) + 2Im(hy, Ugy).  (12)
In the following, Vp > 0, when t is large enough, we have

TE P P
I/QMIUFdII <l - ullFa < ellnallllual[lu]z < §||nac||2 + §||um||2 + c(p),

T ul T <

3 5 5—20 15—20
(g ([uf*)u, toa)| < clluasl|® - Jull#llg'llL2 < clluasll g

3,03 _ P P
m(nu, uzz)| < clnal||ues|| 7 lul|* < §||nm||2 + §||um||2 +c(p).

Combining (11) and (12), we get that

d
77 Ul + e 1) + 20l |* + 26z || + 26 ] nl]* + 27 ne ||

< 2p)n)* + plluall® + 2pllnal* + dplluwa|® + = (1ha]|* + [h2]|*) + c(p)-

1
p
Let E = ||n||? + |Juz||?. Assume that o < §, then we see that

d
T F + oF + 28]uae® + (20 — a)lln]* + 2v[lna1* + o |u|®

1
< 2p|[nl® + plluzll + 2pllnz |1 + 4plluce |1 + ;(llhlﬂ2 +[[h2]1) + c(p)-
Let p < min{c, 7, g, d — 5}, we find that
d 1 9 9
GETeEs ;(||h1|| + [[h2]l®) + c(p),  Vt = to. (13)

By Gronwall lemma we see that
—a(t—ty) | L —a(t—to)y/ L 2, 1 2
E(t) < E(to)e e+ —(l-e o )(;||h1|| +;||h2|| +c), Vt>to.

Note
|E(to)| = In(to)lI? + [lua(to)[|* < 2R?,

where R satisfies ||uo| g1 < R, ||no|| < R. Then, we infer that

21 1
E@t) < Z(=||hi)* + =||h2||* + ¢©), Vt>ty, 14
(t) a(pll 1l pll 2| ) 1 (14)
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L0 L
IMh P+ LlhalP e S

where t; = max{tg, to + éln
By (14) it follows that
ux (D)1 + [In()]* < e1,  VE>t,

which concludes Lemma 2. If o > J, we can also deduce the same result. Furthermore,
T e (ot ()2 4 [ DI2) < 2 a2 o + max ) = . (15)
’ ’ Tap P t>1
By Agmon inequality, Lemmas 1 and 2 imply that

lu@®llag,, + lu@)l[e <e, VE>t, (16)

per

Lemma 3 Suppose that Lemma 2 holds and that ho, hy € H}

per

(Q). Then we have
[tae (O + 2 ()] < c20 VE= 1o, (17)

where co and ts depend on the data (a, 3,7,0,1, f,g, h1,h2) and R when ||u0||H§Cr < R and

Inollay,, < .

Proof Taking the imaginary part of the inner product of (1) with wy.q. in H, we see that

d
&H“mw + 20| tge||? + 28| tprs]|® = —2Im(gu, uzs) + 2Im(nu, uge) — 2Im(hy, ugs).

Taking the inner product of (2) with ny, in H, we find that

1d
——Hnm||2+(5||n1||2+'y||’nm||2 = |u|92cnmd$+ f(|u|2)nmdx+l”nm|\%3 + [ hongeda.
2 dt
Q Q Q
Similar to the method of Lemma 2, we calculate and derive that
d
dt
< P””zHQ + 3/’”“901”2 + 4pHnrx”2 + 6p|\umm||2 +

(Hnr”2 + HurxHQ) + 20‘Humc”2 + 25”“9&1”2 + 25””1H2 + 27Hnmx|‘2

1
;(Ilhmll2 + lh2x|?) + c(p).
And we have

||uwm(t)||2 + Hn;p(t)H2 < e, Vt>ts.

Furthermore,

(

Sl
=

1

[h1al|® + =[lhze]|* + max c) = Bo. (18)
14 t>t2

The proof of Lemma 3 is completed.

Lemma 4 Suppose that Lemma 3 holds, and that hy € H2,,.(Q),hy € HL, (Q). Then we have

per per

c
[4aaa (I + 10 ()] < o V>0, (19)

where the constant ¢ depends on the data (o, 3,7,0,1, f,9), |kl a2, |kl 0, luoll a2, s Inoll a3,
and T.
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Proof Taking the imaginary part of the inner product of (1) with tQ% in H, we see that

1d

55”“%11”2 + a”tumw”2 + 5Hfumm||2

6 9%u 9%u

0°u
_ 2 2 2 2
= t||uze]|® + Im(gu, t —8:106) — Im(nu, t —6£C6) + Im(hq,t 526 ).
Taking the inner product of (2) with t21,,,, in H, we find that

1d
2dt
= tH”MCH2 - (|u|i, tznmcmc) - l(nnx,t2n$4) - (f(|u|2), tznmcmc) — (ha, tznmcmc) (21)

||tan2 + 5thmn2 + 'Y”tnzzznz

Similar to the method of Lemma 2, we calculate every term in (20) and (21) and note that

g

t”uzzz”2 < g”tummHQ +c, tHanQ < thmxH2 +c,

7
8
where the constant ¢ depends on data («, 3,7, 6,1, f, 9), ||wollm2, ||nol| g1 and T. We find that

d
E(”tnzzHQ =+ ”tuzzz”2) + 20‘Htumx|‘2 + 5||tuzzzz”2 + 25””‘%”2 + ”YthmxH2
< C(”t”zzH2 + ”tuzzz”2 + ”hlmcn2 + ||h2x||2)-
And then
c
||uwm(t)||2 + Hnww(t)HQ < e vt > 0.

By an induction argument, Galerkin method and the techniques used in [4], we can easily

obtain the main results:

Lemma 5 Suppose that (5) and (6) hold, hy € H3.,.(Q), hy € H,,(Q) and uo(x) € Hp..(2),no(z) €
H2,.(Q). Then we have

per
sup [Jun (- 1)) < ¢ (22)
0<t<T
sup [[nn (0132 0) < ¢ (23)
0<t<T

where uy(z,t), ny(x,t) is the approximate solution of the problems (1)-(4), and ¢ depends on

the data (a, 8,7,6,1, f,9), |1l a2, |h2|l 51, ||uol| g2 and ||no|| g2, and is independent of N.

Theorem 1 If the conditions in Lemma 5 are satisfied, then there exists a unique global

solution u(z,t),n(x,t) for the initial value problems (1)—(4):

u(z,t) € L=(0,T; H3(Q)), n(x,t) € L=(0,T; H*()). (24)

3. The global attractor

In order to prove the existence of global attractor of problems (1)—(4), we need the following

result.
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Lemma 671 Let E be a Banach Space. Let {S¢,t > 0} be a set of semi-group operators, i.e.
S; : E — F satisfies
SiSr = Si4r, S0 =1,

where I is the identity operator. We also assume the following.
(i) Operator S, is bounded, i.e. for each R > 0, there exists a constant c¢(R) such that
|ullz < R implies
[IStulle < c¢(R), t€]0,00);

(ii) There is a bounded absorbing set By C E, i.e. for any bounded set B C E, there exists
a constant T' such that
S:B C By, t>T,;

(iii) S is a completely continuous operator for T > 0.

Then the operator semi-group Sy has a compact global attractor.

Theorem 2 Suppose that problems (1)—(4) have a global smooth solution and that the condi-
tions in Lemma 4 are satisfied, then there exists a global attractor A of the periodic initial value
problem (1)—(4), i.e. there is a set A, such that

(i) S, A=A, te Rt;

(ii) lim;_,o dist(S, B, A) = 0, for any bounded set B C E,
where

dist(X,Y) = sup inf ||z —y|g,
zeX YE€Y
and S, is a semi-group operator generated by problems (1)—(4).

Proof On account of the result of Lemma 6, we shall prove this theorem by checking the
conditions in Lemma 6. Under the assumptions of the theorem, we know that there exists an

operator semi-group generated by problems (1)—(4). We set the Banach Space

B = Hyo,(Q) x Hpeo(Q), (u,n) € B, [[(w,n)l|E = ullF + [Inl7n

per per

and S; : E — E. Using the results of Lemmas 1-3, and assuming that B C E belongs to the
ball {||(u,n)||r < R}, we have

15 (w0, o) 175 = Il (s )T = l[ullzz= + lInllZn

SC(RQa“th?{l+Hh’2”§ﬂ)a tZOa (U‘Oano) € B.

This means that {S;} is uniformly bounded in E. Furthermore, from the results of the Lemmas
1-3 we see that

19¢ (w0, no) |2 = lulld + Inll7n < 2(Eo + Er + Ea), t > to(R, [|ha]lF + IlhallF1).

Hence,
"Zl = {(u('vt)an('at)) S Ev H(uan)||2E < 2(E0 + El + EQ)}
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is a bounded absorbing set of the operator semi-group S;. From Lemma 4 we know that
c
bz | + lInaal® < ¥ > 0, [|(uo, m0) |2 < R.

By the compact imbedding H> x H? — H? x H!, the operator semi-group S; : E — E for t > 0

is completely continuous. The proof of the theorem is now completed.

Remark Just as the remarks in [7], the attractor A obtained in Theorem 2 is the w-limit set
of the absorbing set A, i.e.
A= W(A) = ﬂ UtZTStA-

720
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