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ABSTRACT. We prove in an elementary way a new inequality for the average order of the Piltz
divisor function with application to class number of number fields.
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1. INTRODUCTION

It could be interesting to use tools from analytic number theory to solve problems of algebraic
number theory. For example, |18 be a number field of degree, signature(ry,rs), class
numberhg, regulatorRy, andwy is the number of roots of unity i, (x the Dedekind zeta
function, Ax = 2—7“27r—”/2d§§/2 wheredx is the absolute value of the discriminantldf The
following formula, valid for any real number > 1,
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whereg (a,y) is a certain function depending on a nonzero integral ideahd vectory :=
Y1y Y tr) € (R (herely|| := max |y;]), is the generalization of the well-known
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for the classical Riemann zeta function. Since the integrarilii) is positive, we get
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2 OLIVIER BORDELLES

for any real numbes > 1. The study of the function on the right-hand side(pf) provides
upper bounds fohx Rk (see 3] for example) .

In a more elementary way, one can connect the class nuimbeith the Piltz divisor function
T, by using the following result|(]1]):

Lemma 1.1. Let by > 0 be a real number such that every class of ideal&Kofontains a
nonzero integral ideal with norr b If 7, is the Piltz divisor function, then:

he <Y 7o (m).
meJK

Recall thatr,, is defined by the relations (m) = m andr, (m) = de Tn-1 (d) (n > 2).
This function has been studied by many authors (see [6] for a good survey of its properties). A
standard argument from analytic number theory givesf 4

Z Tn (m) =2Pna (log 35) + O, (:U%—i-a) ’
m<x

whereP,,_; is a polynomial of degree — 1 and leading coefficie nﬁl ;. For some improve-
ments of the error term and related results, see [4]. Note that the Lindelof Hypothesis is equiv-
alenttoa,, = (n — 1) / (2n) foranyn = 2,3, ... whereq,, is the least number such that

Z Tp (M) — 2Py (logx) = O. (xaws) _

m<x

If we are interested in finding upper bounds of the form

Y o (m) <q x(logz)"

m<z

one mostly uses arguments based upon induction and the following inequality:

Lemma 1.2. We setS,, (z) :== >, ., 7. (m). Then:

Suir (2) < Sy (2) + 2 /1 "2 (1) dt.

Proof. It suffices to use the definition above, interchange the summations and integrate by parts.
O

Using this lemma, it is easy to show by induction the following bound:

ZTn (m) < o f 0] (logz +n—1)"""

m<zx

which enables us to obtain Lenstra’s bound again (see [2]), namely:

b ne
(1.3) hx < (n—Kl)' (logbx +n — 1) 1

In what follows,n is a positive integer and we set

Sp () 1= Y 7 (m)

m<x

for any real number: > 1. bg is a positive real number always satisfying the hypothesis of
Lemmg 1.1 K is a number field of degree and class numbérk. dx is the absolute value of
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the discriminant oK. For some tables giving values if, see7]. The functiong and, are
defined by

1
v =t=[1-3,
! 1 2 (t
4o (1) :/ b dut g = L )
0
where[t] denotes the integral part efRecall that we have for all real numbers
1
< —
v @) < 3.
0<¢n(t) < é

We denote byy and~; the Euler-Mascheroni constant and the first Stieltjes constant, defined

respectively by:
= Ii -1 -1
T\ 2y e )
k=1

, " logk (logn)?
- (Yo o)

The following results are well-known (see€ [5] for example):

0.577215 < v < 0.577216,
—0.072816 < 13 < —0.072815,

and
1 > 1)y (t)
1.4 =—-—2 dt
(1.9) 1=3 / :
and
*2logt —3
(15) n=- [ EE @
1
2. REsuLTs

Theorem 2.1.Letn > 3 be an integer. For any real number> 13, we have:

Z T (M) < n f 0 (logz +n—2)""".

m<x
Applying this result with Lemmp 1] 1 allows us to improve upars) :

Theorem 2.2. LetK be a number field of degree> 3. If by > 13 satisfies the hypothesis of
Lemmd 1.1, then:

bk
(n—1)!

hx < (logbg +n — 2)”_1 )
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3. THE CASEn =3

The aim of this section is to show that the result of Thedrem 2.1 is true fo13. Hence we
will prove the following inequality forS; :

Lemma 3.1. For any real number > 13, we have:
oy 2
S () < 5 (logx +1)°.

We first check this result for3 < x < 670 with the PARI/GP system [8], and then suppose
x > 670. The lemma will be a direct consequence of the following estimation:

Lemma 3.2. For any real number: > 670, we have:

1 2
Sg(x):x{(0g2$> +(37—1)10gx+372—37—371+1}—i—R(x)

where:
IR (z)| < 2.362%%log .
The proof of this lemma needs some technical results:

Lemma 3.3. Letz,y > 1 be real numbers.

(i) If €32 < y < z, then we have:

1 logy)?
Z;log (%) = logzlogy — (Ong) +vlogz — v + Ry (2,y)
k<y

with:
log (z/y) logx
< .
Ra o) < £ 4 2K
(i)
Sy (y) =ylogy + (2y — 1)y + Rz (y)
with:
12, 1
R <+ 5
(i)
1 2
Z T(n) _ | Ong) + 2ylogy + % — 2y + R3 (v)
n<y "
with:

1 1
Rs(y)| < —5 + —.
’ 3( )‘ y1/2 y
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Proof. (i) By the Euler-MacLaurin summation formula, we get:

> s ()

k<y

= logx + /f%log (%) dt — #log (;)
_ wzgy) <log (5) + 1) —/1 %wz (t)dt

logy)® (1 o 4y (t
zlogxlogy—%+(§—2/ %t—:g)dt) log
1

[ ()50 o () )

by (t > 2logt —3
+210gx/y th()dt— y g a (t)dt

and using(L.4) and(l1.5) we get:

1 log y)*
ZElog (%) =logxlogy — % +ylogx — v + Ry (z,9)
k<y

and since?/? < y <z, we have:
log (x log(z/y)+1 logz logy —1
(z/y) n (z/y) n 4 gy

R <

| 1 (xay)| = 2y 8y2 8y2 8y2
_ log (x/y) N log
2 4y?

(i) This result is well-known (see [1] for example).
(iif) Using a result from|[5], we have for any real numhgep 1 :

_ 301\ o, y¥r oy _ 11\ _
—y 1/2—(—+@)y1— — <Ry <y P (S5 )y

4 8 64 2 8e?
which concludes the proof of Lemrpa B.3. O

Proof of Lemmajs 3|1 aid 3.Zhe Dirichlet hyperbola principle and the estimations of Lemma
give, for any real numbe?/? < T < a:

-2 (2) ¢ X -0 [2] - (2)

n<z/T
P GREE PRSI EED e A1 C)
_ ngTT (n) <%) — TS5, (%) + %‘92 (%) + 1 (T) S (%)
— Z (ﬁ log (—> +(2v—1) % + Ry (x,n))

po 3 T g, () + Bs (@.1)

n
n<z/T
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with
| Ry ( < |F 1
4(x,m)| < E+§
s X s X
< )< 2 = 1= Z 4
[Bs (2, 7)| < S (7) < Zlog (7) + (27— 1)+ /7 +
and hence:

log T)?
S3(x) == {logmlogT— % + vlog x

— 91+ Re (2,T) + (2= 1) (log T + 7 + B (T)) }

+ZR4 (x,n) —i—ﬂv{ijQ’ylog (%) +7% — 2y, + Ry (x,T)}

n<T
+ Rs (x,T) — xlog (%) —(2y—1)2—TRy(z,T)

with, if 32 < T < -
1 T log x
og (x/ ) 0g

<
|R6 (ZE,T)| = 2T AT?2
1
IRy (T)] <
T T
|Rs (2, T)] < \/—+ —
r T
r 1
N <,/=4+=
Ry (0, T)| < 1/ 7+ 5
and thus:
(log z)* 2
Sy (x) ==z 5 +By—1)logx +3y° =3y -3y +1
+ I'Rﬁ (Z’,T) + (2’}/ — 1) .Z'R7 (T) + RlO (.Z', T) + Z'Rg (LC, T)
+ R5 (37, T) — TRg (ZL’, T)
with
|Rip (2,T)| < Y |Ra (2,n)]
n<T
1 T
<SVIY —+=
n<T \/ﬁ 2

T
gmmT—vE+§

and therefore:

1 2
% (@) :x{(mng)+(3’Y—1)10g35+372—37—371+1} + R (2, T)
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with:
zlog (z/T) xlogx
By (2, 7)) < B2 4 DB 0T -
2z €T T €T 1
i (-) 22y —1) =+ =+ 2T + -
+Tog T +2(2y )T+ T+ +2
We choose:
T =z,
which gives:
1 2
Sg(x):x{(oix) +(37—1)10gx+372—37—371+1}—I—ng(x),
where:

|R12 (x)] < ng/glogx+ 2(2y+ 1) %3 — 21?2 4 ixl/g’logx—l—?)xl/?’ + %
< 2.36 22/3 log

sincez > 670. This concludes the proof of Lemra B.2, and then of Lefimia 3.1.

4. PROOF OF THEOREM [2.]
We first need the following simple bounds:

Lemma 4.1. For any integem > 3, we have:

13 3 n
—92 n 1 1

—_ << = — .

/1 £35S, (1) dt < < (n+2)

Proof. This follows from straightforward computations which give:

13
7 2281 90283 1
/ 728, (t) dt 4+ >+ +1-—
1

=—"n n n
624 9360 90090 13

n3

< J—
4
sincen > 3. The second inequality follows from studying the sequenge defined by
n3 x n!
Uy = —————————-
4(n+1/2)

We get:

U, :n3(2n+3) 2n+3

512 2 " 512e7!
< 1- < <1
243 2n+3 243

and hencéu,,) is decreasing, and thus:

Unsr  2(n+ 1) (2n—|— 1)”

UnSUSZ%Sl,

which concludes the proof of Lemma#.1.
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of of Theorerpi 2]1We use induction, the result being true for= 3 by Lemmg 3.]L. Now

suppose the inequality is true for some integer 3. By Lemmag 1.P] 4|1 and the induction
hypothesis, we get:

Sn—i-l (Z‘)

<

IN

<

xT

13
S, (x)+x/ t725, (t) dt+x/ t728, (t) dt
1 1

3

(logz +n—2""" 1 \" 1 /’” (logt +n—2)"""
— = dt
5"{ w0 a\"T2) T, i

(ogz+n-2"  (ogztn—2"" 1 ((n+l)" - (n+log(13e_2))n)}

n! (n—1)! n! 2
% {(logz+n—2)"+ (n—1)(logz +n—2)""}

T n
m(log:ern—l) :

The proof of Theorer 2]1 is now complete. O
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