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ABSTRACT. Inthis paper we give some combinatorial applications according to a new extension
of the classical Hermite-Hadamard inequality proved in [1].
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1. INTRODUCTION

In the paper([1l], we have proved the following generalization of the classical Hermite-
Hadamard inequality for convex functions, extended ik toodes: Suppose thatco < a <
b < oo, f:(a,b) — Ris a strict convex functiony; € (a,b), i =1,...,n such that:; # x; if
1 <4 < j < n. Then the following inequality holds:

" FOD(gy) 1 «

_— <= i)

Zﬂi(xl,...,xn) n|Zf(x)

i=1 1=1

In the concave case sign is changed to-. Herell;(zy, . .., x,) = [[i=1 (v;—z;) andFO)(s),
ki

FO(s),..., F"1(s),...is a sequence of functions defined recursivelyf¥y) (s) = f(s) and

LFm(s) = F"U(s), n = 1,2,.... These sequences of functions pfre known as the

iterated integrals off. As an application of this main result we have proved the following
identities:

a:.n
1.1 k —
(1.1) ;Hk(:ﬁl,...,xn) ;xk’
n Iz_l
1.2 =1,
(1.2) ;Hk(ml,...,xn)
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1 T 1
(1.3) 20~ (-1) H:pk ) T E—— (1, # 0)
and
(L.4) | R p— (0 # 0).
= Th — Il (2, ... )

In this paper we apply the formulae above to obtain closed combinatorial formulae and to inves-
tigate the asymptotic behaviours of these sums. For the sake of the convenience of the reader we
collect the transformational regulations for the quankly( x4, . .., z,) which plays a signifi-

cant role in all of the formulae. Note that all of them are simple consequences of the definition
of ITy(x1, ..., 2,).

a) If a € R, then

(a4 x1, ... a+x,) = Hi(z, ..., x0),

that is,II; is shift invariant.

b)

O (axy,. .., ax,) = " (g, ..., 2,).
c)

(o — a1, ..., —2) = (=1)" (2, ..., 2,).
d) Ifx, #420,k=1,...,n,then
1 1 (2. ... 2,

’ n—2
1 T Ty szlxj

2. ASYMPTOTICAL FORMULAE

a)letl < z; < --- < x, bevariablesand, = =1, so =21 + 29, ..., S, = 11 + - + T,.
Thens; # s; if 1 <14 < j <n, hence formulg (I]1) can be appliedstg. . ., s,, consequently
we have

(2.1) ZSJ Zﬂj(sl,...,sn)'
7j=1 7j=1
For the left-hand side of (2.1)

ZS]‘:fﬁ+($1+$2)+“'+<5L‘1—|—"'+$n):Zj-$n,j+1.
j=1 J=1

The definition oflI; implies

IT;(s1,...,5n)

= (85— s1) -+ (85— 8j-1)(85 = Sj1) =+ (85 — $n)

= (w4 Aay) - (@ xy) 2 (=1) e (T @) (@ e T).
Using the above expressions we have the following identities fdrallz; < --- < z,,:

22) D waja=
j=1

n

3 (=) (@ + - )"
(ot tmy) (@i a)ee s (@ e+ a)
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Now, if z, — 1,k = 1,...,nthen [2.2) gives
n n J]

(RH) Z Z n—J)

Multiplying both sides by(n — 1)! leads us to
& (n—l)_(n—l—l)!

PG
= 7—1 2
b) Apply now formula[(1.B) tay =1+ £, k=1,...,n. Hence
;H% kl:[l n) &+ ERIm 1+ 1, 14 2)
1 n n 2
= ()" [(n+k) m
nng kZ;(n—i_k)QHk(n’n’ 7ﬁ>
— _1 n—1_— —f-k’
( ) nn g(n ) — (n T k)gnnl_lnk(l ’n)
= (=1)*! k n
S | KD B e e T
(20 (D) n—1
. <n>;(n+k)2 )
From this equality chain we conclude that
2\ w— (—1)*' /n—1 I~ 1 "1
(2.3) ( )Z = - - = .
n k:l(n+k)2 kE—1 ne= 1+ - k:1n+k
Since
n 1
im ! —/ ! du = log 2,
o 1+u

. k
n—oo 1 =
T 14 -

hence the left-hand side ¢f (2.3) is convergent and
20\ = (=DM n =1\
hm( );(nqu)? P = log 2.

n—oo n
(n — o0), consequently we have the following

Pursuant to the Stirling formulg”) ~ -
asymptotic expression for the sum on the left

n () (n - 1) \/—10g2£ (n — 00).

; (n+ k)2 \k
c) This example follows along the lines above but choosipg= 1 + ( ) (k=1,...,n).
Without the detailed computation we have
o Lt (7 +#2) S~ (D182 (5)
— (n + k2 (7R

(2.4) - Z G Tk
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From this equality the limit of the right-hand side exists and

i 20 T2 ) SR D ) Lgh
- & (R () e 2 1 (B

1
1
:/ du
0 1+U2

T
—arctanl = —

Combining these observations we have

SRR () ()
(02 + k22 ("FF) 80 T (n? + k2)

k=1

Moreover(n!)? ~ 27n(2)*" and

On the other hand

11 ﬁ 1+ AN _12":1
nogkzl " _nkzl e

hence
- E\? 1 2
H N ~ enfo log(1+x )dx'
n
k=1

Using integration by parts to evaluate the integral in the exponent gives

1
/ 10g(1+x2)da::log2—|—g—2:a>0.
0

Putting together these results gives the following asymptotical expression:

- (_1)k_1k2 (Z) T —n(log2+72)
(n? + k2)?2 (n;ﬁ;k) ~ g 2

k=1
3. FORMULAE FOR POWER SUMS

Letuy,...,u, € Rsuchthat,; # 0, |u;| < 1, u; # u;if 1 <i < j <nandz
(i =1,...,n). Then applying[(1]3) gives

n

1 n n n 1
Z,le—ul lkl_[ll_ukz1—uz)2H(1—u1,...,1—un)

n n 1
]. — U )
IH ZZI (1 — ;)1 (ug,y ooy uy)

Under the above condltlonl-s— S oo ué, hence

(3.2) Zl—u ZZuf:Z uf:ZP(ﬂ)
i=1 v =1 (=0 (=0 i=1 £=0
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where we use the denotatidt(¢) := u{ + --- + v’ for (¢ = 0,1,2,...), and thus we have the
following identities foru, . . ., w,:

(3.2) Sro=T[t-uw)Y (1—u)2H1(u =
/=0 k=1 i=1 7 1y--+,Up

Apply now (3.2) tou;, = A5 (k=1,... n). For the left-hand side:

=0
nt (¢ =0,1,2,...). Onthe other hand

k n!
1-— = and
paie n+1 (n+1)»
1 n (=) (e — 1)(n —i)!
I1; e = :
n+1 n+1 (n+ 1)1
Putting these expressions into the right-hand sidg of (3.2) we obtain

> P{ (=1 n—1
53 Z(ni% LRSI (j—l)'

£=0 j=1

whereP(() = 1¢ +2¢ + ...

A simple rearrangemant . 3) and usm(f D= (’]‘) gives
)

) %ZZ( 1]J 1(])’

=0 j=1

and since it is known that

L) [

J=1 k=1

consequently we have the following identity for all fixed

= Pl &1
Z (n+ 1)1 ZE'
Let us start now W|th.l) substituting, = L, v, > 1 (k = 1,...,n) andz; # x; if

1 <i < j < n. Using the same technique applled above and the transformatlonal rule d) we
get the following |dent|ty forry, ..., x,:

n n

(3.4) Z Z H(xk - 1) 21 (zi — 1)2ﬂfth B

ZOk;l k=1

S Tp)

Puttingz, = k + 1 (k; = 1,...,n) in (3.4) and simplifying the right-hand side we have the
following equality:

(3.5) g [% te +1 W] = (—12_)2'_1(@' +1)" (:L)

=1

Observe that; + - + gy = ¢"*1(¢) — 1, where¢"*1(¢) denotes thén + 1)th partial
sum of the serieg(¢) = 7, &, if £ > 2. Moreover letH,, denote theth partial sum of
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the harmonic series, thati§,, = >, _, % Using this quantity and separating the summands
corresponding té = 0 and/ = 1 gives

@8 ntHa- 1 0 -0 =3 S (7).
£=2

- 1 2
1=1

Rearranging (3]6) and taking the limitas— oo yields that:

@7 SKO-1=1+ lim [Z D™ G gy (”) e Hn+1] |

n—oo /3 (3
=2 1=1

This relation prompted us to investigate the quantities arising in both sides of the equality.
On one hand the sum of the series is equal to 1 as an easy computation shows below:

(=2 =2 2 k=2 7=0
.1 1
- Z k211
k=2 k
> 1
Y
ps k(k—1)

Hence

ggli:“?F%m+U%?)—n—th]=0

=1
In fact we prove more in the following lemma.
Lemma 3.1. For all n > 1 the identity below holds
n -1 i—1
§:£—1—4r+nncv::n+hm
] 7
i=1

Proof. In the paper([1] we proved thatif;,...,z, € Rsuchthat; # z;if 1 <i < j <n
then

Y oy Tk if j=n

x] .
_n )y it j=n—1
ZHi(xi,...,xn) J=n
0 if 0<j<n-—2

Applying this result tar; = 1 (i = 1,...,n) gives that

H, if j=n

§:§:%Xj4wv(?>:: 1 if j=n-—1

= 0 if 0<j<n-—2
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Moreover

Il
=
I 3 |l
(e
1
I M:
— ~.
—~
|
==
|
~
1
>
VR
=03

as we stated.
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