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Abstract Let Wp(z) = exp(—%|:c|ﬁ) be the Freud weight and p,(x) € II, be the sequence of
orthogonal polynomials with respect to Wg (z), that is,

0, n#m,

1, n=m.

/ ) P (@)pm (2) WS (z)dz = {

J =00

It is known that all the zeros of p,(z) are distributed on the whole real line. The present
paper investigates the convergence of Griinwald interpolatory operators based on the zeros of
orthogonal polynomials for the Freud weights. We prove that, if we take the zeros of Freud
polynomials as the interpolation nodes, then

Gn(fix) = f(z), n— o0

holds for every = € (—o0,00), where f(x) is any continous function on the real line satisfying
|f(2)] = O(exp(52|?)).
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1. Introduction

The convergence of interpolation operators based on the zeros of orthogonal polynomials has
been extensively studied and explored. In recent years, orthogonal polynomials with exponential
weights have been investigated by many researchers (for example, see [1], [3], [4]). Lubinsky!"
gave a deliberate discussion on the properties of the orthogonal polynomials and their zeros. The
present paper will apply these useful properties in proving convergence of Griinwald interpolation
operators based on the zeros of orthogonal polynomials with exponential weights. In this paper

we will deal with one type of exponential weights, the so-called Freud weight.
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Let Wg(z) = exp(—Q(x)) = exp(—3|z|?), 3 > 7/6, be the Freud weight, p,(z) = 2" +
- y¥n > 0, denote the nth Freud orthogonal polynomial with respect to Ws(z), so that
e 0, n #m,
/ pn(:b)pm(x)Wg(:C)dx = {
—oo 1, n=m,
and {zx}7_, be the zeros of p, () satisfying

— 0 < Ty < Tp—1 << T1 <O0.

Then, taking zeros of p,(z) as the interpolation nodes, we define the Griinwald operators as

follows:

~ . pn(x) 2
;f k)l (@ ;f(iﬂk)(m) - (1)

The main result of this paper is the following

Theorem Let f € C(_o o0 satisty |f(z)| = O (exp(3]x|®)) and {xx}}_, denote the zeros of
the nth Freud polynomial. Then for any given point x € R, we have

lim G,(f,x) = f(z).

n—oo

2. Lemmas

In the following lemmas, and elsewhere in the paper, C' always denotes a positive constant,

which may differ at each different occurrence.

Lemma 1 Let p,(x) be the nth Freud orthogonal polynomial, and {xy}}_, its zeros. Then we
have the following properties of p,(z) and its zeros:

(1) supseq [pa(@)] - Wi () ~ an'*n!/%;

(2) “2[py(an)| - Wa(ax) ~ '/ (max{n=2/%,1 - 2ely)1/a;

(3) 125) < 001+ 1Q () ):

(4) x; —zj41 ~ 22 max{n~¥31— %}_1/2;

(5) an = Cn'/P |xy| < Cay,
where a,, is the Mhskar-Rahmanov-Saff number defined as follows: Suppose Q(z) : R — R,
is even and continuous in R, Q" is continuous in (0,00) and Q' > 0. Then a, Is the Mhskar-
Rahmanov-Saff number, i.e., the positive root of the equation

1
p= —/0 aut@Q (a,t)(1 — )" 2dt.

™

Proof Readers could find (1)—(4) in [1], and (5) in [3].

Lemma 2 Forn >1 and |z| < day,d € (0,1), we have
_1
(1) |pn(2)[Wp(z) < Can®;
(2) |pa(@)|Ws(2) < Cnan ?,
while for an arbitrary x € R,
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(3) |pn(@)[W(2) < OnT/o=H 00,12,
Proof Readers could find (1), (2) in [4]. Here we give the proof of (3). By [1], we have
| Pu(@Ws (@) ey < Con(D) | a(@)Wa () iy

pnl@) = /Cn _ds
" Q(max{1,]z}) @TU(s)

where

It is easy to find p, (1) = Cn'~ 5. Now by Lemma 1, we obtain that

12 (@)W () <[l Pr(@)W5 (@) | Loe )< Coa(1) || (@) Wa (@) || Loy
< Cnl—l/ﬁa;1/2n1/6 < Cn7/6—1/6a51/2'

In the sequel, without loss of generality, we suppose that € [xj41, ;) for some 1 < j <n-—1,

while the case x € (—o00,x,) or x € (z1,+00) can be treated similarly.

Lemma 3 Let {x;}}_, be the zeros of nth Freud orthogonal polynomial and write E = {k :
k # 4,7+ 1}. We have the following

>

keE
Proof By the definition of set FE, we obtain that

< C— logn.
|a:—3:k|

Jj—1 n n
1 1
_|_ EEE— .
,;Ekv—wkl ,;|I—$k| k:zj;r2| Z|$J—$k| WS 1T — ]
It is easily deduced from Lemma 1 (4) that
|zj = 2j4a] = —
Thus
1 n =1
<C— —<C—1
Z|:v—xk|_ anzk_ an ogn
kEE k=1
Lemma 3 is proved. O

Lemma 4 Let l(x) be the interpolating fundamental polynomials. Then for any given point

x € (—o0,00), we have
Zl,%(x) —1, n— oo
k=1

Proof Suppose without loss of generality that « € [z;41,z;). By the definition of Hermite-Fejér

operators, we have

\/

J1; ().

H,( ;ka 1—(1:—3:@225 0

Let f(z) =1, whence H,(f,z) = 1. We have

i (x — xg) p"(xk)]l%(ac)

Pt P (k)
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Thus

Dl ()]
B(2)] < %) \Pr
Zk ) Zmnxmx—m

By Lemma 1(3) and the above inequality, noting that Q(z) = %|x|5 in this paper, we have

|1_Zl2 |<Czpn 1+|Q (;Ck)l)

)2 |x — x|
pn(iv)(l + 5ﬁ|wk|ﬁ Y op(@)(1+ 58z
< C 7 7
S D e . P R o e e
P2 (z)(1 + 5Bz |P )

[Py (j41) 2|2 — 241
=C{I+I; +Ij1).

Write

(Y 4 Y pn W3 (@) (1 + 5Bk~ )W ()

2
(),
kEFLNE keEaNE [P (% )|2W§(:vk)|x — @] ’

where

By ={k: |zx| < n®0Y}, By = {k: |ag| > nT0-1}.

Applying Lemma 1(1),(2),(5) and Lemmas 2-3 yields that

1<c

keELINE (ian
1/2 nl/6 aﬁ 1W2 z

C Z n o 1/2 )_1/6 )
k€E;NE (a_n )22 —

<Cnos ! logn - exp(|z|?) + Cn2/3 exp (—nﬁwlfl)) logn - exp(|z|?) — 0, n — oc.

(a;1/2)2 1/(6Q)Wg(xk)
1/2)

Wgz(x)+
|2 — x|

Wy ?(x)

Next we estimate I; and I;11:
(@) (1 + 5B)x;|°)
P () Pl — ]
_ [P @)Ws(@)|(pn () = Palz;))I( + 38125 ) W (@)W ()
[P () PWE ()2 — =]

If j € Eq, by Lemma 1(2), Lemma 2(1) and the mean value theorem, we have
a0 |, (&) W5 (&)
(2q, /?)2
8 ' _ _
< Cn 2 (|p, () Wa(&)) ) Wi (€)W () Wa(@) W5 (),

where & € (z,z;). Applying Lemma 2(2) again gives

I =

Wy 2(z).

I;<C W (&)W ()W (2)W5 2 (2)

I; < Cnss " na, S2W5 ()W (25) W (2) W52 (x)

< Cnw texp(lr]?) — 0, n— oo,
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where the last inequality comes from W L&) - Wa(x))Wa(z) <1, &

= ) i € (I5IJ)
For j € E5, by Lemma 1(1),(2), Lemma 2(3) and the mean value theorem, we obtain that
1< Ca;1/2n1/6a571n171/5a;1/2 1/6

(%a;mn,

1 1 1

. —_psE-D Zlzl8
e el eyl
1 1 1 Ié;
< Cns3 exp{—inﬁ(ﬁflJ}eXp(§|x| ) — 0, n— oo.

Proceeding in a similar argument to ;41 and noticing W51(§J+1) Wa(xj41)Ws(z) <1, we
also have I;; 1 — 0 as n — oo.

Combining all the above estimates, we complete the proof of Lemma 4

It is easy to deduce from Lemma 4 that, for any given point x € (—o0,00), >_p_, l3(z) < C.
Lemma 5 For large enough n, we have

n

Z lv — zp|l3(z) < Cns~t log n exp(|z|?).
k=1

Proof Let x € [r;41,x;) without loss of generality. We proceed similarly as in Lemma 4

Z|x—xk|lk Z|x—xk|lk

+le =253 (2) + |2 — 2yl (@).
kEE
By Lemmas 1,2 and 3 , for large enough n, we obtain that
D |z =zl ()
keE

)W (2)W5 (k)
Z Z B B\LE
keE1NE

W7 (x
rermon Pl Wﬁ(wk))2|w—$k| s ()
(an'/?)? exp(—|ax]?)
< C(i =yo —

exp(|z|”)+
)2 heEinE | — x|
—1/2 1/6\2 . 8
(an ""n'/%) Z exp(—|zx|”)
(" PPn=1/0)2

PP g
kEE2NE k

2 n
<Cns?

logn - exp(|z|?) + Cn# s L logn - exp(—nﬁw1 ) exp(|z|?)
Qn
<Cnv! log n exp(|z|?).

For j € Ey, by Lemmas 1, 2 and the mean value theorem, we get
| — ;13 (x)
|pn ()W (x) |27 5
pn¢ Ws(o ¢ )W, Wg(x;)| exp(———) exp(|x
|pn($g)|2W2( )| ( J)| ﬁ( J)[ ( ]) B( ) ﬁ( J)] ( 2 ) (| | )
< Cntlexp([af®) (where ¢ € (z,;)),
for j € E5, for sufficiently large n, by Lemmas 1 and 2, we have the following inequality

1
|z — 2|13 < Cn? ™3 exp{—5n6<51*1>}exp(|:1:|5) < Cn»s

Fexp(|z”).
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Similarly, |z — :Ej+1|lJ2»+1 < Cns~! exp(|z|?).

Combining all the above estimates, we have proved Lemma 5.

Lemma 6 Let f(z) satisfy conditions of the Theorem. Then for any given point x € (—00, 00),

we have

D If@) = flaw)] - B (@) = 0, n = oo,
k=1
Proof Let w(f,t) be the modulus of continuity of f(z). Then

|f(x) = fxn)] - (@)

NE

k=1
< D wllr—al) B@)+ D f@) = flan)] - R)
|zr|<2|z)| |zg|>2]z|
<w(f,1/logn) el apey Y (1 +lognle —zxl) - 17 (z)+
|zp|<2]z|
|f(x) — fla)| - B(x)
|zx|>2]|z|
=51+ 5

Applying Lemmas 4 and 5 yields that S; — 0 as n — co. Now we estimate Ss:

So= Y 1f(@) — Fle)] - Blw)

le|>2]z|
1 (Pn ()W (2))* W (k)
< C( > + Y ep(5lnl?) 5 5 exp(|z|”)
Slz|<|on|<x2nl/6F)  |z|>uZnl/(66) 2 (P (z1)Wp(2k))? (z — z1)
=: 521 + Soo.

Zeros of Freud orthogonal polynomials in Lemma 1 satisfy that for 1 <k <n —1,

Tk — Tha1 ~ a—n(ltnaux{n_g ,1— @})_%.
n G,

When 2|z| < |zx| < 220!/ 65 we get

A

11
Ik—Ik+1N—NnB
n

for sufficiently large n. Thus

x
( > 1) <C—F——
2|z|<|zk|<a?nl/(6F)

Therefore, it follows from Lemma 2 that

—1/2y2 2,,1/(603)
an 1 x°n

sn<otin ) L T n(al®)

R

< Cnos ! exp(|z]?) = 0, n — oo.
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Applying Lemma 1(1)(2) together with Lemma 3 yields that

—~1/2,1/6y2 exp(—L|z.|8
Saa < C ianil/zn 1)6 . exp(|z|?) Z (| k2| )
(Fran n=t/0) || >22n1/ (68) (= )

<Cnf s % exp(—%anl/ﬁ) — 0, n— oo.
x

Combining all the above estimates, we thus have proved Lemma 6.
3. Proof of the Theorem
Write

Gn(f,2) = f@)] =D Fan)ii(z) — f(x)]

k=1
=D [f(an) = f@)E (@) = f@)[L =Y G ()]
k=1 k=1
< D) = f@E@) + 1 @)l =Y i)l
k=1 k=1

Applying Lemmas 4 and 6 implies that
|Go(f 2) = f(z)| =0, n— o0

for any given point x. This completes the proof of the Theorem. O
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