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ABSTRACT

In Stommel’s simple two-box model, which has provided an insight on the thermohaline circulation and climate
instability mechanisms, a linear mass transport was used. However, a scaling law based on geostrophy and
advective–diffusive heat balance suggests a nonlinear mass transport relation for the oceans. By including this
nonlinear mass transport relation to Stommel’s box model, it is possible to study the effects of the thermocline,
which was not considered before, on the stability of the thermohaline circulation while keeping the simplicity
of Stommel’s box model. The results were compared with those obtained with the traditional model using a
linear mass transport relation. The thermal mode circulation of the nonlinear model is significantly more stable
than that of the linear model, suggesting the thermohaline catastrophe is less likely to occur in the present North
Atlantic if the thermocline is considered. In the nonlinear model, the circulation removes density anomalies
rapidly so that significantly higher haline forcing is needed to initiate the thermohaline catastrophe. A linear
stability analysis shows that negative feedback from the mass transport law has the strongest effect on the
stability within a parameter range relevant for the present North Atlantic. The analysis also shows that freshwater
flux parameterization does not have significant effect on the stability excluding artificial stability due to the
details of the salinity restoring boundary condition.

1. Introduction

The sea surface thermal forcing, which acts in the
direction of the present thermohaline circulation in the
North Atlantic, is opposite to the haline forcing from
the freshwater flux. The strong negative feedback be-
tween the sea surface temperature and the surface heat
flux removes changes in the sea surface temperature
rapidly. However, the freshwater flux, which arises from
the local imbalance between precipitation and evapo-
ration, is independent of the sea surface salinity. The
difference in the boundary conditions for temperature
and salinity may give rise to multiple equilibria of the
thermohaline circulation under identical boundary con-
ditions (see Weaver and Hughes 1992; Marotzke 1994;
Whitehead 1995 for reviews). Therefore, the thermo-
haline circulation can switch from one equilibrium to
another rapidly (thermohaline catastrophe) if the ther-
mal or haline forcing is perturbed. Studies ranging from
simple box models to fully developed primitive-equa-
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tion numerical models have demonstrated the thermo-
haline catastrophe.

It has been suggested that the mechanism behind the
thermohaline catastrophe is a large-scale advective pro-
cess (Walin 1985), but the effect this advective process
has on stability of the thermohaline circulation has been
neglected. Instead, many studies have been focused on
boundary conditions for salinity, that is, the parameter-
ization of the air–sea freshwater exchanges and their
effects. In Stommel’s (1961) two-box model, a linear
mass transport relation was assumed, and the strength
of the circulation C through a capillary pipe connecting
two boxes,

C ; Dr,

where Dr is the density difference between the two
adjacent boxes. This linear relation has been used in
most box models, which suggest that if freshwater flux
to the Northern North Atlantic increases by a small
amount, the present thermohaline circulation of North
Atlantic would be reversed (Huang et al. 1992).

A simple scaling analysis based on geostrophy and
advective–diffusive buoyancy balance in the thermo-
cline (Bryan and Cox 1967; Welander 1971) suggests
a nonlinear mass transport relation,

C ; Dr1/3,

for the oceanic thermohaline circulation. The details of
the scaling law and studies supporting the scaling law
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FIG. 1. Configuration of a two-box model. The temperature of each
box Ti, where i 5 P and E, are restored to T̂i. The salinity of each
box is Si and HS represents virtual salt flux from the freshwater flux
parameterization. Volume transport C is positive for counterclock-
wise circulation (thermal mode or high latitude sinking) and negative
for clockwise circulation (haline mode circulation or low latitude
sinking).

and the difference between the linear and nonlinear re-
lations are described in section 2.

This scaling law does not add any real complexity to
Stommel’s classical two-box thermohaline circulation
model, but it does change some of the model prediction
in an interesting way. In order to compare the effect of
mass transport on the stability with that of salinity
boundary conditions, both a restoring condition and an
interactive condition by Nakamura et al. (1994) are con-
sidered in the freshwater flux parameterization. In the
interactive case, evaporation (E ) minus precipitation (P )
depend on the meridional temperature gradient, and a
fixed value of water flux is a special case.

The configuration of a two-box model and the scaling
law due to Bryan and Cox (1967) are described in sec-
tion 2. In section 3, the results of the box model are
compared to those of a box model using Stommel’s
linear mass transport relation. Discussions and sum-
maries are given in section 4.

2. A two-box model
The classical model, based on Stommel (1961), con-

sists of a polar box and an equatorial box as shown in
Fig. 1. The equations of temperature and salinity in each
box, using the notation of Thual and McWilliams
(1992), are

˙ ˆV T 5 C (T 2 T ) 1 |C|(T 2 T )P P TP P P E P

˙V S 5 V H 1 |C|(S 2 S )P P P SP E P

˙ ˆV T 5 C (T 2 T ) 1 |C|(T 2 T )E E TE E E P E

˙V S 5 V H 1 |C|(S 2 S ). (1)E E E SE P E

The subscripts P and E denote quantities for the polar
and equatorial boxes, respectively. The restoring con-
dition is used for temperature boundary condition and
the quantities with a caret (T̂i) denotes reference tem-
perature. The restoring timescale for temperature t T 5
Vi/CTi, where the volume of a box is Vi. Virtual salt flux
HSi, where i 5 E or P, is from the commonly used
restoring condition or the interactive condition by Nak-
amura et al. (1994). Since the parameterization of fresh-
water flux is not the goal of this study, each method is
described in appendix A.

A scaling law

A scaling law describing meridional mass and heat
transports due to thermohaline circulation is proposed
by Bryan and Cox (1967) and is equivalent to the clas-
sical thermocline theory by Robinson and Stommel
(1959). The thermal wind relation fy z ø 2grx/ro within
the thermocline yields

gDrdTV ; (2)
r f Lo

if we assume a linear relation between meridional and
zonal density gradient. Here V is meridional velocity scale,
dT is the thickness scale of the thermocline, L is the width
scale of the ocean. In Hughes and Weaver (1994), the
meridional difference of the depth-integrated pressure DP
is compared to the strength of meridional mass transport
C. The scale of pressure variation due to buoyancy forcing
is gdTDr, so DP ; Dr. If there is a linear relation2gdT

between the zonal and the meridional pressure gradients
and if geostrophy is valid, we would get a linear relation
between DP and C, the depth-integrated meridional ve-
locity, as Hughes and Weaver (1994) found.

The advective–diffusive buoyancy balance wrz ø krzz

(Munk 1966) gives

k
W ; , (3)

dT

where W is the vertical velocity scale and k is the ver-
tical diffusivity. From the continuity equation y y ø wz,

VdTW ; . (4)
L

The meridional mass transport C and buoyancy trans-
port B are

1/32 4gk L
1/3C ø Vd ; DrT 1 2r fo

and

1/32 4gk L
4/3B ø CDr ; Dr . (5)1 2r fo

Bryan (1987) and Colin de Verdière (1988) studied
the dependence of the scaling law on the vertical dif-
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FIG. 2. Comparison of the vertical diffusivity k and max(C(r))
using results from a depth level coordinate model (GFDL MOM 2)
and an isopycnal layer model designed by Hallberg (1996). The re-
sults excerpted from Park and Bryan (2000).

FIG. 3. Meridional mass transport C vs Dr. The solid curve is for
the nonlinear model CG, and the dashed line is for the linear model
CF. The value of the present North Atlantic is shown as Drp.

fusivity k, using three-dimensional numerical models.
They found that the meridional heat transports follow
the scaling law reasonably well, but the maximum of
the meridional mass transport (Bryan 1987) or velocity
scale from total kinetic energy over the entire basin
(Colin de Verdière 1988) does not. Through a series of
numerical experiments, Park and Bryan (2000) found
that there is a significant amount of recirculation oc-
curring on slanted isopycnal surfaces in the northern
region of weak stratification. The meridional overturn-
ing circulation defined along depth level surfaces [C(z)
[ y dz dx] contains recirculation that cannotE top# #W botom

contribute to the meridional buoyancy transport. The
contribution of the recirculation becomes stronger to-
ward the polar wall where the strength of the overturning
circulation was estimated in Bryan (1987).

Using two numerical models Park and Bryan (2000)
show that meridional overturning circulation defined
along isopycnal surfaces [C(r) 5 (]z/]r9)W r# #E r bottom(x,u)

y(u, r9) dr9 dx] follows the scaling law closely as shown
in Fig. 2, in which max(C(r)) and k are compared. In
their study, the power dependence of max(C(z)) on k,
which is estimated from the same results used in the
figure, is 0.45 and does not follow the scaling law. In
Winton (1996), the strength of the meridional overturn-
ing circulation is estimated away from the northern re-
gion of weak stratification and the effect of the recir-
culation on the scaling was avoided; he obtained results
consistent with the scaling law. Park and Bryan (2000)
also show that the discrepancy in Colin de Verdière
(1988) is due to fact that the thickness of the thermocline
is not considered in his scaling analysis of the kinetic

energy. The good agreement between the scaling law
and the numerical experiment in Park and Bryan (2000)
supports the assumptions used in derivation of the scal-
ing law. The results of a laboratory experiment, in which
Dr is varied, performed by Park and Whitehead (1999)
further verify the heat transport relation based on the
scaling law as in Eq. (5).

The volume transport in this study is either from the
scaling law [Eq. (5)] or from Stommel’s linear relation,
so C is one of the following:

1/3C 5 C [a(T 2 T ) 2 b(S 2 S )] nonlinearG G E P E PC [ 5C 5 C [a(T 2 T ) 2 b(S 2 S )] linear,F F E P E P

(6)

where a is the thermal expansion coefficient, b is the
salt expansion coefficient, and CG and CF are constants
whose values are set to yield C 5 10 Sv (Sv [ 106 m3

s21) when Dr 5 Drp (DT 5 208C and DS 5 2 ppt),
which represents the meridional sea surface density gra-
dient of the present North Atlantic. If we neglect the
advective–diffusive buoyancy balance in the scaling
law, there would be no thermocline and the thickness
scale of thermocline dT becomes irrelevant. In Eq. (2)
dT can be ignored and C ; V ; Dr. If thermodynamics
is ignored, the scaling law yields a linear mass transport
relation as in Stommel (1959).

In Fig. 3, the two mass transport laws are compared.
Both scaling laws give the same mass transport, by def-
inition, when Dr 5 Drp. When the haline forcing be-
comes larger than the present value so that Dr , Drp,
we find that CG/CF . 1. Thus, the meridional heat and
salt transports become relatively greater in a model with
the nonlinear mass transport law. The main result is that
the nonlinear relation makes the model less sensitive to
the forcing than the classical model except at very low
values of Dr , Drc.
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FIG. 4. Mass transport C vs haline forcing h, with z 5 0.005 77 and t 5 1. The solid curves
are for the nonlinear model and the dotted curves are for the linear model. The lower branches
(C , 0) are for the haline modes and the upper branches are for the stable thermal mode in each
case. The middle branches in each case are for the unstable thermal modes. Thick curves represent
stable solutions in each case. The arrows indicate the direction of change in each case. Here, V
5 VE 1 VP 5 5000 km 3 5000 km 3 4 km, VP 5 0.1V, VE 5 0.9V, a 5 2 3 1024 8C21, b 5
8 3 1024 ppt21, t 5 1 (t T 5 100 days).

Following Thual and McWilliams (1992), the scaling
factors for the variables are

time: t 5 100 daysTo

21mass transport: (1/V 1 1/V ) /tP E To

21temperature: (1/V 1 1/V ) /at CP E To F

21salinity: (1/V 1 1/V ) /bt C .P E To F

The mass transport C is determined by Dr 5 a(TE 2
TP) 2 b(SE 2 SP), so Q 5 TE 2 TP and S 5 SE 2 SP

are more convenient variables than T and S. The di-
mensionless equations are then

21Q̇ 5 z 2 Q(t 1 |C|),

Ṡ 5 H 2 S|C|, (7)S

1/3 1/3l(Q 2 S) 5 lDr nonlinear model
C 5 (8)5Q 2 S 5 Dr linear model

21h 2 t j S restoring condition
H 5 (9)S n5F Q interactive condition,n

where l 5 CG [(1/VP 1 1/VE)t T]2/3. The thermal1/3C F

forcing z 5 T̂E 2 T̂P, and the haline forcing h 5 j (ŜE

2 ŜP) (or Fn and n); j 5 t T/t S and t 5 t T/ are thet To

control parameters of the model. The multiple equilibria
occur when j , 1. Thual and McWilliams (1992)
showed that when j 5 0.002 a linear two-box model
and a two-dimensional model show similar bifurcation
structures. In this study, we fix j 5 0.002, and the effect
of varying j was not studied.

3. Results

a. Restoring salinity boundary condition

In Fig. 4, hysteresis diagrams from models with the
restoring salinity boundary condition are presented. In
the linear model, the present thermal-model circulation
(point P) becomes unstable and switches to a haline
model circulation if the haline forcing increases by 20%.
This is similar to earlier box models using the linear
mass transport relation such as Huang et al. (1992), in
which HS is from (E 2 P ). In contrast, in the nonlinear
model 60% increase in the haline forcing is required for
the instability of the present thermal-model circulation.
In this model it is less likely that a small increase in
the haline forcing (or freshwater flux) would cause the
catastrophic transition. Results with different thermal
forcing show the same tendency.
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FIG. 5. Mass transport C vs F1 with t 5 1. See Fig. 4 for the explanation.

Joyce (1991) used a two-hemisphere model with the
linear mass transport law. When an asymmetric sinu-
soidal perturbation was applied to the haline forcing,
oscillation between a thermal mode and a haline mode
with a frequency different from that of the perturbation
occurred. He suggested that this oscillation might be
related to the glacial oscillation. Thual and McWilliams
(1992) showed that, when j K 1, the circulation in a
complicated box model can be treated as a linear su-
perposition of a two-box model, so Joyce’s (1991) cal-
culation can be compared to that of the present study.
The oscillations suggest that the amplitude of the per-
turbation in the boundary condition is comparable to
the width of the multiple equilibria region of his model.
Since a nonlinear model shows a significantly wider
multiple equilibria region than that of a linear model, a
version of Joyce’s model with the nonlinear scaling law
is less likely to show oscillations between a thermal
mode and a haline mode under the same perturbation.

b. Interactive salinity boundary condition

In Fig. 5, hysteresis diagrams from models with the
interactive boundary condition are presented with n 5
1 as in Marotzke and Stone (1995) and considering F1

to be an external parameter. The results are qualitatively
similar to those with the restoring salinity boundary
condition. The former apparently, however, shows much
wider multiple equilibria regions because the lower
bound of the multiple equilibria regions is at the van-

ishing haline forcing. When t S → ` so j → 0, the lower
bound of the multiple equilibria region h0 5 jz in Fig.
4 approaches h 5 0 (where haline forcing vanishes). If
the salinity restoring boundary condition is used prop-
erly as suggested by Welander (1986), salinity boundary
conditions do not affect the lower catastrophic transition
point.

The effect of the positive feedback due to the inter-
active condition is prominent in the linear model, so a
5% increase in haline forcing makes the present thermal
mode circulation (point P in Fig. 5) unstable. In the
nonlinear model the positive feedback is less important
so that the present state is still quite far away from the
transition point. We can clearly see that the mass trans-
port relation has a stronger effect on the stability of a
thermal mode circulation than the parameterization of
the air–sea freshwater exchange. This comparison is,
however, qualitative, so a linear stability analysis is per-
formed in the next section. Since we are more interested
in the transition from a thermal mode to a haline mode,
the stability analysis was done with a thermal mode
circulation.

c. Linear stability analysis

Apply a small perturbation (Q9, S9) to an equilibrium
thermal mode equilibrium circulation (Q , S) without
changing forcing. In the nonlinear model with the re-
storing salinity boundary condition, Q and S satisfy
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z 2 Q(t21 1 C) 5 0 and h 2 S(t21j 1 C) 5 0.

The equations for the perturbation variables from Eq.
(7) in matrix form are

Q̇9 Q9
5 A . (10)˙1 2 1 2S9 S9

Here

a b
A [ 1 2c d

with

1 22 1 22
21 3 3a 5 2 t 1 C 1 l QC , b 5 l QC ,1 23 3

1 22
3c 5 2 l SC ,

3

1 22
21 3d 5 2 t j 1 C 2 l SC ,1 23 (11)

where

1 22
1/3 3C 5 l(Q 2 S) and C9 5 l C (Q9 2 S9).

3

In appendix B, A is given for models with a different
mass transport law or salinity boundary condition.

In all models considered here, the sum of the two
eigenvalues of a model satisfies trace(A) , 0. Therefore,
if the product of the two eigenvalues is positive, that
is, det(A) 5 ad 2 bc . 0, then the eigenvalues are
negative and the equilibrium solution of the model is
stable. If not, one of the eigenvalues is positive and the
equilibrium solution is unstable.

When t , 10 (or t T , 1000 days), a ø 2t21 k b,
c, d in all cases considered here. Thus, a thermal mode
circulation is stable if

det(A) ø 2t21d . 0, so d , 0. (12)

As in Walin (1985), assume for a moment that the effect
of the salinity restoring boundary condition 2t21j is
negligible. The stability condition becomes independent
of the salinity boundary conditions and is completely
determined by the advection related properties. The
equilibrium circulation (2C) removes salinity anom-
alies, so it stabilizes the circulation. The interaction be-
tween the circulation induced by the salinity anomalies
and the meridional salinity gradient (l3SC22 in the non-
linear models or S in the linear models) is the only
significant positive feedback; the salinity anomalies
weaken circulation and intensity S that prefers a haline
mode.

The stability condition yields that the nonlinear ther-
mal mode is stable when the density ratio R, the ratio
of the meridional salinity difference S to the meridional
temperature difference Q , satisfies

S 3
R [ , R 5 , (13)CQ 4

regardless of the salinity boundary conditions. One can
easily show that, when C ; Dr1/n, RC 5 n/(n 1 1).
Thus, the linear thermal mode is stable when

1
R , R 5 , (14)C 2

as Walin (1985) and Marotzke (1990) show. Tziperman
et al.’s (1994) linear four-box model shows that the crit-
ical value would decrease to about 0.45 mainly due to
the increase in the resolution. Such a small difference
may not be significant in such simple models, especially
when we are to apply the result to more complicated
systems such as the oceans or two- or three-dimensional
numerical models. The nonlinear model, however, yields
a critical value that is 50% larger than that of the linear
one.

It is easy, in fact, to find R that satisfies det(A) . 0
for each model when t varies. In Fig. 6, a curve (RC),
which satisfies det(A) 5 0, is presented for several dif-
ferent cases. To the left of a curve det(A) . 0, so the
model is stable; to the right det(A) , 0, so the model
is unstable. Since the strong negative feedback between
the sea surface temperature and the atmosphere does not
allow much change in temperature, Q 5 Qo 5 0.005 77.
Note that the same equilibrium solutions are compared
so that the boundary forcing is not necessarily the same
for each case. In the figure, the results from the models
with the interactive feedback in which HS ; F3.5Q3.5 as
in Nakamura et al. (1994) are included (curves g1 and
f1).

The models with the nonlinear mass transport law
show greater stability than those with the linear law
when the same salinity boundary conditions are used.
The largest contribution to det(A) is from advection re-
lated properties [2t21d for the model with the inter-
active condition or 2t21(d 1 t21j ) for the model with
the restoring salinity condition] so that the change in
the mass transport law makes the largest change in RC.
The faster circulation in the nonlinear model weakens
the meridional salinity gradient and removes the salinity
anomalies more effectively. The faster circulation, fur-
thermore, prevents the water in the polar (equatorial)
box from obtaining (losing) enough freshwater to build
up a strong salinity gradient. Stronger haline forcing is
required to reverse the thermal-mode circulation.

The RC with the restoring salinity boundary condition
( f4 and g4) is larger than that with (E 2 P ) or the
interactive condition, whereas the earlier results [Eqs.
(13) and (14)] are independent of salinity boundary con-
ditions. This is because the term t21j (5100 days/t S)
is neglected in d in obtaining the results. In the models
with the interactive condition t21j is absent so the RC

are not significantly different from the previous results
(0.5 for the linear models and 0.75 for the nonlinear
models).
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FIG. 6. Stability diagram. A curve denotes RC that makes det(A) 5 0 for a certain model. The
results from the models with the nonlinear scaling law are labeled using the symbol ‘‘g,’’ and those
with the linear scaling laws are labeled using ‘‘f.’’ The results of the models with the interactive
condition with n 5 3.5 are labeled using ‘‘1’’ and with n 5 1 using ‘‘2,’’ those with a fixed value
of (E 2 P ) (or the interactive condition with n 5 0) using ‘‘3,’’ and those with the restoring
boundary condition using ‘‘4.’’ Here j 5 0.002 and F1 5 1.38 3 1023.

In the models with the restoring condition, the RC

decline as the effect of salinity restoring becomes weak-
er, in other words, t S (or t since j 5 t T/t S is fixed)
increases. In this study t S 5 500t T so it is about two
orders of magnitude larger than commonly used values
in other studies, but the effect is still significant. If the
artificial stability due to the restoring condition is ex-
cluded, the freshwater flux parameterization does not
have a significant effect on RC, as evident in Eq. (12)
and Fig. 6; the curves g1, g2, and g3 (or f1, f2, and
f3) are not significantly different from each other within
a parameter range comparable to that of the present
ocean.

4. Discussion and conclusions

Using a two-box model, the effect of mass transport
on the stability of a thermal mode (high latitude sinking)
circulation has been studied. The equilibrium circulation
tries to remove temperature and salinity (or density)
anomalies and stabilize the circulation. On the other
hand, salinity anomalies try to weaken the circulation
and intensify the meridional salinity gradient; this is the
strongest destabilizing process. In a model with nonlin-
ear transport, the circulation becomes relatively stronger
than that in the linear model as density anomalies in-
tensify. The stronger circulation in the nonlinear model

reduces the meridional salinity gradient and removes
the anomalies effectively. Thus, nonlinear models show
significantly greater stability, irrespective of the fresh-
water flux parameterization.

During the last glacial period, thermohaline forcing
was weaker than that of the present interglacial period.
The chemical properties of Greenland ice cores, how-
ever, suggest that the climate of the glacial time could
be more variable than that of the present interglacial
period. (See Fig. 4 of Dansgaard et al. 1982.) The non-
linear mass transport relation (Fig. 3) becomes more
sensitive to forcing as the forcing weakens. When Dr
, Drc, a small change in Dr would cause relatively
larger and more rapid variation in the circulation and
climate than that would do the present circulation as the
ice cores suggest.

Two-dimensional (or zonally averaged) numerical
models have been widely used to study the stability of
thermohaline circulation. While averaging the equation
of motion, information on the zonal structure, which
drives a meridional circulation, is lost. To close the
equation, some assumptions were made. For example,
in Marotzke et al. (1988), a balance between the Fickian
diffusion of the meridional momentum and the merid-
ional pressure gradient,

A*y zz 5 p y,
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was assumed with a large value of viscosity A* adopted
to reduce the transport to the present oceanic value. The
configuration of the model is the same as that of
Rossby’s (1965) thermally driven circulation in a non-
rotating frame, which yields a scaling law different from
the nonlinear one. A similar parameterization is also
used in other two-dimensional thermohaline circulation
models such as Thual and McWilliams (1992) and Quon
and Ghil (1992). Therefore, the results of those models
may be different from those of oceans with a nonlinear
mass transport relation.

In Wright and Stocker’s (1991) two-dimensional mod-
el, the parameterization for the east–west pressure gra-
dient is equivalent to a balance between Rayleigh damp-
ing of the meridional momentum and the meridional
pressure gradient. Therefore,

ry ; py,

where r is a damping coefficient, and the velocity scale
is linear function of the meridional pressure gradient.
In the scaling law described in section 2, the velocity
scale is also a linear function of the meridional pressure
gradient because geostrophy and a linear relation be-
tween the zonal and meridional pressure gradient are
assumed ( fy ; px ; py). As Winton (1996) shows the
transport relation from a two-dimensional model with
Rayleigh damping shows the same power dependence
on Dr as the nonlinear mass transport relation [Eq. (5a)].

The thermal mode circulation with a restoring salinity
boundary condition is significantly more stable than that
with other salinity boundary conditions considered. The
effect, which cannot exist in the real world, disappears
as t S → ` so that the boundary condition for salinity
becomes independent of the surface salinity. In this
study, t S 5 t T/0.002 so it is about two orders of mag-
nitude smaller than those in similar studies but the effect
is still significant. Excluding the artificial stability, sa-
linity boundary conditions and freshwater flux param-
eterization do not have a significant effect on the sta-
bility of the thermal mode circulation.

In many two- and three-dimensional numerical stud-
ies (for example Marotzke et al. 1988; Rahmstorf 1995),
the model flow is initialized using a restoring salinity
boundary condition with 1 , j , 0.1. After the cir-
culation reaches an equilibrium state, virtual salt fluxes
at the sea surface are estimated. When the restoring
boundary condition is replaced by the virtual salt flux
diagnosed, the circulation in some cases shows rapid
transition to a different state. It has been argued that
such a transition indicates that the thermohaline circu-
lation is unstable under mixed boundary conditions (a
restoring boundary condition for temperature and a flux
boundary condition for salinity). In those studies, the
salinity boundary condition supplies an artificial sta-
bility during spinup, which is removed when the salinity
boundary condition is changed. In Tziperman et al.
(1994), a spinup state with longer t S does not become
unstable while one with shorter t S does become unstable

upon switching to mixed boundary conditions. It is not
clear whether the transition in the thermohaline circu-
lation is caused by the external removal of the artificial
stability or by an intrinsic instability in the circulation.

In Rahmstorf (1995), hysteresis from a global general
circulation model compares closely to that of Stommel’s
two-box model, which uses a linear mass transport re-
lation. Therefore, Rahmstorf’s thermohaline circulation
is significantly less stable than that in the nonlinear mod-
el. He used the common method of switching the salinity
boundary condition; so it is unclear how much of his
hysteresis is related to the stability of the thermohaline
circulation.

The models and the real oceans are so different that
one can ask what is the proper choice of the tuning
parameters (e.g., Drp and Cp) and how do the stability
and the bifurcation structure depend on it. Although the
choice made in this study is just one realization of the
real ocean, it is well within the correct order of mag-
nitude. Furthermore, CG/CF . 1 if Dr , Drp, irre-
spective of the choice of the tuning parameters. The
thermal mode of a model with nonlinear mass transport
is always significantly more stable than that of a model
with linear mass transport.

Although we cannot apply the model to the oceans
directly, we can roughly estimate the stability parameter
of the oceans. The surface temperature and salinity dis-
tribution of the North Atlantic give QNA ø 208C and
SNA ø 2 ppt so RNA ø 0.4. In the North Pacific, QNP

ø 208C and SNP ø 3 ppt so RNP ø 0.6. If we use the
linear model, both stability parameters are close to the
critical value 0.5, so we may conclude that both oceans
are close to catastrophic transition or they are in a haline
mode as Walin (1985) and Huang et al. (1992) argue.
If we use the nonlinear model, RNA is significantly small-
er than the critical value 0.75, so we may conclude that
the thermohaline circulation of the North Atlantic is
stable to a small change in freshwater flux. In the case
of the North Pacific, RNP is closer to the critical value,
so we may conclude that the North Pacific is close to
the transition or in a haline mode. (During a haline mode
R . 1 always regardless of model configuration, so we
can easily see the limitation of the model.) We also may
argue that this is consistent with Warren (1983) who
showed that the freshwater flux to the northern North
Pacific prevents deep-water mass formation, so the di-
rection of the thermohaline circulation in the Pacific is
opposite to that of the Atlantic.
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APPENDIX A

Freshwater Flux Parameterization

The virtual salt flux from evaporation (E ) minus pre-
cipitation (P ) is

S
H 5 (E 2 P ) and H 5 2H ,SP SE SPd

where d is the depth of a box and S is the mean salinity.
The restoring boundary condition is

Ŝ 2 Si iH 5 .Si t S

Here i 5 P or E, Ŝ is a reference salinity, and t S is a
restoring timescale for salinity. In the oceans freshwater
leaves or enters the surface so that the freshwater flux
condition is physical (Huang 1993). However, it is
shown that when t S . t T, the thermohaline catastrophe
is possible under restoring conditions for temperature
and salinity (Stommel 1961). It is also shown that, when
t S → ` and Ŝ → ` with a finite Ŝ/t S, the virtual salt
flux is weakly influenced by salinity so that a restoring
boundary condition can be used as a first approximation
to a flux boundary condition (Welander 1986).

In the interactive condition by Nakamura et al.
(1994),1 a freshwater flux depends on the meridional
temperature gradient, so

1
nH 5 2 F (T 2 T ) , n . 0 and H 5 2H .SP n E P SN SE2

Here Fn is a moisture transfer coefficient. Nakamura et
al. (1994) show that the condition makes a thermal mode
circulation less stable compared to one with a virtual
flux from fixed (E 2 P ) or a restoring condition. When
n 5 0, the virtual salt flux from the interactive condition
is independent of sea temperature and salinity, so it
becomes the same as that from fixed (E 2 P ).

APPENDIX B

Stability Matrices

If we follow the procedure explained in section 3, the
perturbation equation satisfies Eq. (10), while A for each
case is as follows:

frictional model with restoring

212t 2 C 2 Q Q
A 5

211 22SC 2t j 2 C 1 S

1 In Nakamura et al. (1994), it is called the ‘‘eddy moisture trans-
port–thermohaline circulation’’ feedback. Since the condition in-
cludes the interaction between the sea surface temperature and the
freshwater flux, it can be called an ‘‘interactive’’ salinity boundary
condition (J. Marotzke 1996, personal communication).

geostrophic model with interactive condition

1 22 1 22 
21 3 32t 2 C2 l QC l QC 3 3 

A 5  
1 22 1 22

3 3 F 2 l SC 2C 1 l SC1 3 3 

frictional model with interactive condition

212t 2 C 2 Q Q
A 5 . (B1)1 2F 2 SC 2C 1 S1

When HS 5 FnQn in the interactive condition, from the
condition

F1Qp 5 Fn ,nQp

we obtain

5 nFnQ n21Q9 5 nF1(Q /Qp)n21Q9,H9S

where Qp is the meridional temperature gradient of the
present model ocean. By replacing F1 with
nF1(Q /Qp)n21, we can obtain results for any n.
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