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ABSTRACT

An upper-ocean vortex associated with tropical instabilities was observed during fall 1990 at 140°W in the
shear region between the Pacific South Equatorial Current and the North Equatorial Counter current. The velocity
and thermohaline structures of the vortex were mapped in three dimensions using hydrography, acoustic Doppler
current measurements, drifters, and satellite infrared images.

The vortex translated westward at 30 cm s* (0.24° day 1), stationary relative to the mean flow, and less than
half the 80 cm s—* speed of contemporaneous meridional oscillations of the Equatorial Undercurrent and South
Equatorial Current. The coherent flow pattern was restricted to above the thermacline. Convergence at the North
Equatorial Front and divergence near the vortex center occurred in a dipole pattern similar to those predicted
by various numerical models. The convergence and the anticyclonic vorticity were of the same magnitudes as
the local inertial frequency, suggesting that the feature was a fully nonlinear, large Rossby number vortex, and
may have been subject to centrifugal instability.

The anticyclonic flow was associated with a thermocline depression of 30 m and a deformation of the North
Equatorial Front. Northward advection of cold, saline, equatorial water and southward advection of warmer,
fresher, tropical water yielded the cusplike surface temperature pattern commonly associated with tropical in-
stabilities. Equatorward heat and freshwater fluxes implied cooling and freshening from 3°N to 5°N, comparable
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to the annual-mean net surface heating and evaporation minus precipitation for the region.

1. Introduction

The circulations of the tropical Pacific and Atlantic
Oceans are characterized by alternating zonal currents:
the westward South Equatorial Current (SEC) straddling
the equator, the eastward Equatorial Undercurrent
(EUC) embedded within the SEC along the equator, and
the eastward North Equatorial Countercurrent (NECC)
to the north. The southeast trades induce upwelling as
they cross the equator, forming the North Equatorial
Front (NEF) between the cold equatorial tongue and
warmer waters to the north. Each year in late summer
to fall, when the intertropical convergence zone (ITCZ)
migrates northward, the southeast trades accelerate the
SEC and meridional oscillations perturbing the zonal
currents are observed at periods of 15-35 days and
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wavelengths of 500-1500 km. The long wavelength of
the oscillations of the NEF seen in satellite images of
sea surface temperature (SST) led to the name *‘ equa-
torial long waves,”” while stability analyses of the mean
currents prompted the name *‘ tropical instability waves”
(TIWS).

These oscillations were first detected in current meter
records as meanderings of the Atlantic SEC (Duiing et
al. 1975) and in satellite infrared images as cusplike
deformations of the Pacific NEF (Legeckis 1977). They
appear in the tropical Pacific as meanders of the EUC
and SEC, meridional deformations of the NEF, and an-
ticyclonic vortices and sea level highs in the SEC—
NECC shear. They have been observed using drifters
(Hansen and Paul 1984; Chew and Bushnell 1990), cur-
rent meter arrays (Lukas 1987; Halpern et al. 1988;
Bryden and Brady 1989; Qiao and Weisberg 1995), ve-
locity profilers (Leetmaaand Molinari 1984; Wilson and
L eetmaa 1988; L uther and Johnson 1990), inverted echo
sounders (Miller et al. 1985), moored thermistors
(McPhaden 1996), satellite infrared images of SST (Le-
geckis et al. 1983; Legeckis 1986; Pullen et al. 1987),
satellite altimeters (Perigaud 1990; Busalacchi et al.
1994), and visually from the space shuttle (Yoder et al.
1994). Their predicted and observed meridional eddy
fluxes of heat and momentum are comparable to the
fluxes associated with the annual mean circulation (Cox
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1980; Hansen and Paul 1984; Philander et al. 1986;
Philander et al. 1987; Semtner and Chervin 1988; Bry-
den and Brady 1989; Johnson and Luther 1994; Baturin
and Niiler 1997).

The 1990 Tropical Instability Wave Experiment
(TIWE) was designed to study the structure, kinematics,
and dynamics of tropical instabilities in the Pacific
Ocean. A preliminary overview of the experiment (Fla-
ment et al. 1996) revealed the presence of a coherent
vortex moving westward in the SEC-NECC shear zone
between 2°N and 7°N. Here, we study in more details
the kinematics of the vortex, and describe the associated
three-dimensional velocity and thermohaline structure
of the upper ocean. We show that a SST cusp and a sea
level high propagating westward were signatures of this
coherent vortex, which appeared distinct from wavelike
disturbances observed simultaneously at the equator.
The similarity with instabilities modeled by the Parallel
Ocean Climate Model (POCM) strengthens the obser-
vations, limited by design to one event, and suggests
that our results may apply generally to SEC-NECC
shear vortices.

The terms tropical instability wave (TIW) and equa-
torial long wave were both originally chosen to describe
the smooth, linear wavelike appearance of SST cusps
in the tropical Pacific (Legeckis 1977; Philander et al.
1985). The observations presented here suggest that the
phenomena, collectively called TIWs in the literature,
may consist of more than one distinct process. For in-
ternal consistency within this paper, we will usetheterm
““tropical instability vortices’ (TIV) to refer to the high-
ly nonlinear SEC-NECC shear vortices, and reserve
““equatorial disturbances” or ‘‘equatorial long waves”
for near-equatorial oscillations of the EUC-SEC system.

The instruments, the sampling strategy, and the data
are described in section 2. The measurements are in-
tegrated into a coherent representation of a translating
vortex in section 3. The surface and subsurface struc-
tures of the vortex are presented in sections 4 and 5.
The observations are summarized and discussed in sec-
tion 6.

2. Overview of the experiment

The Tropical Instability Wave Experiment included
two survey cruises to the central tropical Pacific Ocean
during the peak of the 1990 instability season: TIWE-
1 focused on the small-scale structure of the NEF (Saw-
yer 1996), while TIWE-2 sampled the large-scale dy-
namic and thermohaline structure of the SEC-NECC
shear region (Kennan 1997).

During TIWE-2, a counterclockwise rectangular sur-
vey spanning 2°-5°N, 139.25°-140.75°W was repeated
by the R/V Moana Wave six times over a 20-day period
(Fig. 1). Shipboard acoustic Doppler current profiler
(ADCP) (Firing et al. 1994), repeated CTD casts (Tre-
fois et al. 1993), and a towed undulating platform
(SeaSoar) (Sawyer et a. 1994) measured the velocity
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Fic. 1. Available data from 11 Nov to 11 Dec 1990 (days 315~
345). Legend: drifter deployments (with their initial velocity, arrows);
ship tracks—SeaSoar and 20-km-spaced CTD stations (solid lines),
and mooring locations (circles: TAO thermistors, filled: with current
meters; diamonds: upward-looking ADCP current meters; triangles:
profiling current meters).

and thermohaline fields over the upper 300 m of the
ocean. Drifting buoys were deployed at the corners of
the survey box and in clusters to observe smaller-scale
processes. Infrared SST images were available in real
time onboard the ship. Surface fluxes were measured
by a fully instrumented air—sea interaction tower 10 m
above water level, 2 m ahead of the bow of the ship
(Flament and Sawyer 1995).

The data were augmented by the Tropical Atmo-
sphere—Ocean (TAO) array of moorings spanning 2°S
to 9°N at 140°W (Hayes et a. 1991; McPhaden 1995),
and by an equatorial array of moored ADCPs (Weisberg
et al. 1991; Qiao and Weisberg 1995). Profiling current
meters (PCMs) near 2°N, 140°W provided additional
measurements (C. Eriksen 1998, personal communica-
tion). All available data are shown in Fig. 1. Thetiming
of the deployments of the variousinstruments are shown
in Fig. 2, with time series of shipboard winds, currents
at the equator, and temperature profiles at 5°N, 140°W.
The observations, made from 16 November to 6 De-
cember 1990 (days 320—340), coincided with a deep-
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Fic. 2. Time series showing (a) the deployments of various in-
struments; for AVHRR and POCM the asterisks denote the synoptic
pictures and for AVHRR the line bars indicate the weekly composites
(the 31 Oct composite is off scale), (b) zonal (u) and meridional (v)
wind speeds measured from the R/V Moana Wave, (c) meridional
velocity components at 142°W (solid) and 138°W (dashed) on the
equator, and (d) temperature from the thermistors on the TAO moor-
ing at 5°N, 140°W and at depths 0, 20, 40, 60, 80, 100, 120, 140,
180, 300 m (bottom panel).

ening of the thermocline at 5°N and a meridional os-
cillation of the SEC at the equator.

a. Lagrangian drifting buoys

The drifters were standard World Ocean Circulation
Experiment Surface Velocity Project (WOCE-SVP)
buoys, with a 7.5-m holey sock drogue and a surface
temperature sensor (Niiler et al. 1995). The nominal
depth of the drogues was 15 m. Strong vertical shear
may decrease this depth, especially in the EUC. The
drifters were tracked by ARGOS five to eight times
daily, and the positions were objectively interpolated
onto regular 3-h time intervals (Hansen and Poulain
1996).

The drifters were deployed in clusters near 3.25°N,
140°W on day 323 (seven drifters) and near 1.8°N,
141°W on day 336 (eight drifters). Additional drifters
were deployed individually around the survey box. Most
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Fic. 3. Fifteen of the 25 drifter tracks, grouped by deployment
dates and similar patterns. The heavy portions of the trajectories
denote the period of the experiment. Deployment dates and days that
cycloidal motion ceased are marked (day 323: 19 Nov 1990).

of the drifters moved westward in trajectories resem-
bling cycloids, similar to those observed by Hansen and
Paul (1984) and Chew and Bushnell (1990).

The first two drifters, deployed at 3.5°N on day 322,
looped rapidly clockwise while drifting westward with
the SEC (Fig. 3a). The next two, deployed near 2°N on
day 322, moved slowly northward at 18 cm st and
westward at 59 cm st with the SEC (Fig. 3b). They
reached 4.5°N on day 345 before meandering eastward
in the NECC.

On day 323, seven drifters were deployed as a cluster
centered at 3.7°N, 140.3°W with a spacing of about 10
km, to measure velocity gradients across the surface
temperature front (Fig. 3c). All proceeded rapidly north-
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ward. Upon reaching 6°N, one was entrained into the
NECC, while the others continued the cycloidal motion.

Of the remaining drifters deployed individually, three
more followed looping trgjectories. The others showed
some signs of looping, but spent most of their time in
either the SEC or NECC (Fig. 3d).

On day 335, a second cluster of eight drifters was
deployed in the SEC. They drifted westward and then
northward, until the end of the experiment (Fig. 3e).

Of the drifters deployed, one crossed the equator at
60 cm st (not shown). For the others, looping simul-
taneously stopped around day 350. This day was also
the end of the last pulse of northward flow observed at
the equator (Qiao and Weisherg 1995) (Fig. 2). Thus,
the drifters sampled the flow between the SEC and
NECC near the end of the instability season.

b. Acoustic Doppler current profiler

The shipboard ADCP measured velocity of the upper
300 m aong the ship track (Firing et al. 1994). The
velocity at 22 m is shown in Fig. 4 for each of the six
circuits. At the start of the survey, there was little flow
at 5°N (Fig. 4a), but the SEC had intensifiedto 1 m s
by the time the ship was at the southeast corner of the
box. Northward flow of about 1 m s~* was found along
5°N when the circuit closed. For each subsequent circuit,
the flow was dominated by the westward SEC, but a
progression from northward to southward flow is seen
in Figs. 4b—d.

c. Infrared satellite images

A gyroscopically stabilized receiving antennafor the
high-resolution picture transmission (HRPT) of the
(NOAA) satellites was installed on board, yielding in-
frared images of the ocean four times daily at 1.1-km
resolution. SST was estimated using the multichannel
algorithm of McClain et al. (1985). The images had
variable amounts of cloud cover; the best image col-
lected was on 16 November (Fig. 5). Weekly composite
SST images from the NASA/NOAA Oceans Pathfinder
project (Vazquez et al. 1998) were also used to track
the propagation of the front before and after the cruise

(Fig. 8).

3. A tranglating vortex
a. Determining the translation speed

The drifters seeded in the cold water cusp followed
cycloidal trajectories, which may be expressed in gen-
eral as

X (t) = A sin(27t/T,.) + B, cos(2#t/T,) + C;it + D,
(i=12), (1)

where T, is the Lagrangian period (the duration of one
loop) and the coefficients A;, B;, C;, and D, are unknown.
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FiG. 4. Velocity at 22 m measured by shipboard ADCP during days
(a) 320-324 (16-20 Nov), (b) 324-327 (20-23 Nov), (c) 327-331
(23-27 Nov), (d) 331-334 (27-30 Nov), (e) 334-337 (30 Nov-3
Dec), and (f) 337-340 (36 Dec 1990). Each survey of the rectangular
area proceeds counterclockwise from the top left as indicated by
insets.

For agiven T, a least squares fit to a trgjectory gives
a tranglation speed C; (Fig. 6). For the eight looping
drifters, the periods T, giving the best fits ranged from
20 to 21 days, and the corresponding translation speeds
ranged from —26.6 to —31.6 cm s~* with a median of
—30 cm st (Fig. 7). Some drifters had a significant
northward translation, but the mode was only 1 cm s2.
The cycloidal representation (1) explained more than
99% of the variance of the positions.

The looping trajectories indicate the westward prop-
agation at —30 cm s * of a disturbance in the SEC—
NECC shear. Independent estimates of the propagation
speed are obtained by (i) tracking the cusplike distur-
bance of the NEF in satellite images and (ii) calculating
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Fic. 5. SST for the region 2°S-7°N, 146°-130°W at 16 Nov 1990 2319 UTC estimated from
NOAA-11 AVHRR. The counterclockwise survey centered at 3.5°N, 140°W is shown. Cloudy
pixels were interpolated by the median of the surrounding clear pixelsin 5 X 5 boxes.

the lags between velocity variations along the meridi-
onal survey legs.

Due to cloud cover, the SST front was only visible
in a few images. Figure 8 shows weekly composites of
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FiG. 6. Linear fit (solid line) of a constant translation speed and a
single harmonic to the trajectory of a looping drifter (dashed line)
(a) in the fixed frame and (b) in the translating frame of reference.
In (b) 140°W corresponds to the longitude on day 329 (25 Nov) at
0000 UTC.

Pathfinder images for four time periods spanning the
experiment. In each image, the cold tongue extends
along the equator, with warmer water to the north. The
longitude of the leading front of the SST cusp is iden-
tified within an error bar in each image. The propagation
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Fic. 7. Histograms of (&) zonal and (b) meridional translation
speeds from least squares fits to the eight looping trajectories.
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Fic. 8. Weekly composites of SST from AVHRR for four time
periods: () 28 Oct-3 Nov, (b) 18-24 Nov, (c) 25 Nov-1 Dec, and
(d) 9-15 Dec. White indicates cloud cover. The leading edge of the
SST cusp is identified within an error bar in each composite.

speed over six weeks varied from 23 to 53 cm s~*. This
large range may be due to smearing of the front in the
weekly composites. However, the speed estimated while
the drifters were looping is —23 = 9 cm s, consistent
with the —30 cm s~* obtained from the cycloid fits.

The propagation speed can also be estimated from
shipboard ADCP measurements along the western
(140.75°W) and eastern (139.25°W) survey legs (Fig.
4). The data along each leg were linearly interpolated
intime (Fig. 9a). For the decreasing phase of meridional
velocity, the median lag between the two legs was es-
timated for each %4° latitudina bin between 3°N and
4.75°N. The propagation speeds ranged from —35 to
—70 cm st (Fig. 9b).

The various estimates of the propagation speed are
given in Fig. 10, along with estimates from minimum
mapping errors and longitude—speed correlations, dis-
cussed below. They are consistent with theinterpretation
that the drifters resided on closed streamlinesin aframe
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Fic. 9. (a) ADCP time series of meridional velocity for the latitude
bin 4°-4.25°N at 140.75°W (solid line) and 139.2°W (dashed). (b)
Histogram of phase speeds determined from the lags between the
time series for each %4° latitude bins from 3° to 4.75°N.

of reference translating with the disturbance, as argued
below. The speed obtained from the Lagrangian drifters
is the most robust, and lies within the error bars of the
other estimates.

b. Closed streamlines

Did the looping trajectories result from a westward
propagating wave or from a translating vortex? In the
former case, drifters would not move on average with
the disturbance, while in the latter they would follow
closed streamlines in the frame of reference translating
at C;. To distinguish between these two situations re-
quires independent Lagrangian and Eulerian estimates
of the translation speed.

The average zonal displacement speed c, of a drifter,
equivalent to C, in (1), and the zonal translation speed
of the disturbance c, are

o - d A
d T, G T
where d is the zonal displacement of the drifter over
one Lagrangian period T, T isthe Eulerian period, and
A is the zonal wavelength of the disturbance; ¢, and c,
can be related to each other by considering exactly one
Lagrangian period in the frame of reference translating
at the phase speed of the disturbance (Flierl 1981).
There, during T,, a drifter resides either on a closed
streamline, with no net displacement, or on an open
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Fic. 10. Various estimates of the translation speed. (Left) observational periods; (right) speeds
and error bars for each of the following methods: cycloid regressions, SST front tracking, lags
of velocity between meridional legs, velocity vs longitude correlations, and minimum velocity

mapping error (see text).

streamline, displaced one wavelength eastward or west-
ward. In either case, the drifter repeats its motion each
integral number of Lagrangian periods. Thus, in the
fixed frame:

_ Gt
d= {QT,_ A,

closed streamline,
open streamline,

or, substituting d = ¢,T, and A = ¢, Tg:

_ )G closed streamline,
G cT./(T, = Tg), open streamline.

An independent measure of the Eulerian period T is
obtained from the TAO thermistor chain at 5°N, 140°W.
The passage of the central high pressure of the vortex
was marked by minima in the temperature at 180-m
depth around days 310 and 340 (Fig. 2d), thus T, = 30
+ 5days. For T, = 20 daysand ¢, = —30 cm s%, the
only possible open streamline solutions for ¢, would be
—11to —13cms?tor +40to +120 cm s, in con-
tradiction with the estimates for ¢, ranging from —23
to —70 cm st (Fig. 10). Therefore, the drifters must
have resided on closed streamlines, being entrained in
a vortex translating to thewest at ¢ = ¢, = ¢, = —30
*lcmst.

c. Mapping the vortex

The vortex was mapped in the translating frame of
reference defined as

!’

X' =X — ct, y =Yy, 2

wheret is the time since an arbitrary origin, the primes
denote variables in the translating frame, and ¢ = —30
+ lcms . Scalar variables are unchanged by thetrans-
formation, while from (2):

, , d d d
u-u + C, Vv > vV — 5 — — C—,
ot ot ox’
9 9 9 9
ax  ax'’ ay ay’

Thus, spatial gradients and the material derivative
(D/Dt) are unaffected. If the flow is steady in the trans-
lating frame, the material derivative reduces to advec-
tion only:

D

Dt

In this case, the transformation offers a synoptic view
of the vortex, from data widely separated in space and
time. The remapped velocitiesare shown in Fig. 11. The
longitude scal e corresponds to 0000 UTC 25 November.
In the translating frame, the drifter loops close on them-
selves while the ship and the moorings appear to pro-
gress eastward. The SEC isweaker and the NECC stron-
ger by 30 cm s~*. Velocities collocated in the translating
frame, but observed at varying times and positions in
the fixed frame, agree well north of 2°N, indicating that
drifter trajectories and streamlines coincided, thus that
the relative flow was approximately steady. Along
4.25°N, the relative zonal flow isvery small: the vortex
in the SEC-NECC shear was stationary with respect to
the mean zonal flow. In other words, the westward trans-
lation of the vortex was entirely advective.

However, collocated velocity vectors from the moor-
ings near the equator do not agree, indicating that fluc-
tuations there translated at a different speed. The phase
speed of the equatorial signal, determined by cross-cor-
relations between pairs of moorings, was —80 cm s—*—
more than twice the speed of the vortex. Therefore, the
transformation into the —30 cm s~* translating frame is
only valid north of 2°N. Viewed instead in the frame
translating at —80 cm s*, the mooring data agree well

u v’
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Fic. 11. Velocity from shipboard ADCP and moored current meters viewed in a frame of
reference translating westward with the vortex at —30 cm s—*. The trajectories of the drifters are
shown dotted every 3 hours. The lower panel shows the mooring data in another frame of
reference, translating westward with the equatorial disturbance at —80 cm s~*. The longitude

scale corresponds to 0000 UTC 25 Nov.

(Fig. 11), but there is no vortex pattern: the disturbance
is a meandering of the SEC, as described previously
(Diing et al. 1975; Halpern et al. 1988). In contrast to
the vortex, there is an eastward relative zonal flow along
the equator: the oscillations propagated westward rel-
ative to the mean zonal flow.

The transformed data north of 2°N were interpolated
onto aregular grid with a spacing of %4°, using a median
filter of radius 75 km centered on each grid point (see
the appendix). The median is insensitive to outliers
while preserving sharp gradients.

The success of the interpolation can be assessed by
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interval is1 cm s up to 10 cm st and 5 cm s* above).

calculating the velocity mapping error (see the appen-
dix). It should be minimum in the frame of reference
translating with the vortex: in other frames, the relative
flow would not be steady and the mapping error would
be larger. The longitudinally averaged error iscontoured
as a function of translation speed c and latitude in Fig.
12. North of 1.5°N, the error is minimum for speeds
ranging from —29 to —39 cm s, in agreement with
the interpretation of a coherent vortex. Near the equator,
the error is minimal for —80 cm s, in agreement with
the phase speed inferred from the moorings. This con-
firms that the kinematics near the equator and in the
shear between the SEC and the NECC were distinct,
with an abrupt transition between them.

The correlation between meridional velocity v and
transformed longitude x’' as a function of trandlation
speed ¢ provides another assessment of the adequacy of
the translating frame to map the vortex. Figure 13a(sol-
id line) shows the correlation computed using only the
looping drifters; it is most significant around —26 cm
s 1. Computations using all drifters, and all data in-
cluding moorings and ADCP, fall in the range of —20
to —30 cm st. However, for correlations computed
using ADCP data only, thereis astriking contrast bel ow
and above the 120-m deep thermocline (Fig. 13b): in
the upper layer, the correlation is significant for west-
ward translations; below the thermocline, the correlation
remains barely different from zero at all translation
speeds. Therefore, the mapping of the fieldsin thetrans-
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Fic. 13. Correlation between meridional velocity and longitude as
a function of translation speed for (a) looping drifters (solid line),
all drifters (dashed), all drifters and ADCP (dash-dotted), and (b)
ADCP data above (solid) and below (dashed) the thermocline (~120
m). Shading indicates one standard error from stochastic simulations.

lating frame of reference is only meaningful above the
thermocline.

4. The surface flow
a. Temperature and salinity advection

The gridded velocity field, based on all the available
velocity data, is shown in Fig. 14, superposed on the
(properly translated) SST image from 16 November. The
cusplike pattern typical of tropical instabilities is seen,
distorting the NEF. The velocity field reveals an anti-
cyclonic vortex with speeds approaching 1 m s=t. The
cold water cusp coincides with northward flow aong
the leading edge of the vortex. Although the image is
instantaneous while the velocity map was sampled over
~20 days, the association of the cold cusp with the
vortex is striking. Northeastward flow also exists to the
northeast of the map, sampled by a single drifter and
by thelast ADCP track, possibly indicating asubsequent
vortex in a train of coherent structures.

The errors of the velocity components were estimated
as described in the appendix. Most of the velocity field
isknownto =5cm s, or 10% (Fig. 14b). Larger errors
near 138°W and north of 5°N probably result from tem-
poral changes in the flow. Nevertheless, the vortex re-
mained steady to lowest order. Gridded without the drift-
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ers, the flow is similar (Fig. 15a), but errors are larger,
~15%, since there are fewer degrees of freedom (Fig.
15b). Subsequently, the analysis will be limited to the
velocity field obtained from this subset, to avoid mixing
data from drifters sampling at 15-m depth, with the
shallowest depth of the ADCP at 20 m. The three-di-
mensional view will also be simplified by having con-
stant sample sizes as a function of depth.

The gridded temperature field (from drifters, under-
way thermograph, and CTD casts, Fig. 16a) shows the
same cold water cusp as the Advanced Very High Res-
olution Radiometer (AVHRR) image, with acomparable
temperature front (>1°C). The salinity pattern is anal-
ogous, with high salinity water (~35 psu) flowing north-
ward from the southwest, and low salinity water (~34.5
psu) flowing southward from the northeast (Fig. 16b).
This suggests that TIVs induce a net salt flux, just as
they transport heat (Hansen and Paul 1984).

The density at the surface mirrored the patterns of
temperature and salinity, with dense water flowing
northward and lighter water flowing southward (Fig.
16c). At depth, however, the density field reflected a
central high pressure associated with the anticyclonic
flow of the vortex. The o, = 24.7 isopycnal lay within
the thermocline over the entire study region; its depth
ismapped in Fig. 16d. The zonal changes in upper-layer
thickness is 30 m at the latitude of the center. The pyc-
nocline density step being 4 kg m=2 or 0.4%, theimplied
sea surface height signature is about 12 cm, consistent
with previous observations from inverted echo sounders
and satellite atimeters (Miller et al. 1985; Perigaud
1990; Busalacchi et al. 1994).

b. Eddy heat and salt fluxes

The mean eddy fluxes of heat and salt can be esti-
mated by averaging the gridded data zonally, temporal
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Fic. 16. Surface maps of (a) temperature (C), (b) salinity, (c) potentia
density, and (d) depth of the o, = 24.7 kg m~2 isopycnal (m).

142°W

averaging at a fixed point being equivalent to zonal
averaging in the translating frame. This implicitly as-
sumes that one complete, and representative, wave-
length of a train of vortices was sampled. Figure 17
showsthe zonally averaged eddy heat flux and advection
in the zonal and meridional directions. Error bars were
estimated using stochastic simulations, with eight de-
grees of freedom in the zonal average.

The vortex transported heat equatorward and east-
ward, in agreement with the observations of Hansen and
Paul (1984) and Baturin and Niiler (1997) (Figs. 17a,b).
However, the heat flux reached only —0.3 X 108 W
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m-2, less than the —0.4 to —0.8 (X10® W m~2) found
in studies based solely on drifters. By recalculating the
flux using drifters only (curves with bulletsin Fig. 17),
the magnitude of the meridional eddy heat flux increases
33%, to —0.4 X 10° W m-2,

The method of calculating fluxes has therefore an
impact on the results. Drifters do not samplethe velocity
field homogeneously in the presence of TIVs; they tend
to either travel along closed streamlines within the vor-
tex, or escape in the SEC or NECC, but do not sample
well between vortices or near their centers. Consequent-
ly, they yield estimates biased by the large heat flux
across the perturbed NEF. Fluxes computed instead from
the gridded fields over the entire extent of a vortex are
not biased by the inhomogeneous sampling. Previous
heat flux estimates may have been too large by 50% to
250%.

Using zonal averaging, a heat equation is
T gvi-al-vvr-wl + 2

ot 0z 9z pC,

where T istemperature, u isthe horizontal velocity vec-
tor, overbars indicate zonal average, and Q represents
sources and sinks of heat. A similar equation holds for
salinity. The eddy advection terms represent the effect
of the eddy fluxes on the mean local balance (the flux
convergence is not estimated because it involves dif-
ferences between uncertain, large numbers). Despite the
limitations of these calculations, based on a single vor-
tex rather than large statistical samples, it is worth de-
scribing the resulting patterns of heat and freshwater
losses and gains.

Between 2°N and 5°N, the surface layer gains heat
from the eddy zonal flow and loses heat from the me-
ridional flow; there is a net loss of 0.5 W m~3 north of
2.5°N (Figs. 17e—g). Again, the estimates based solely
on drifters agree with Baturin and Niiler (1997).

The net air—sea heat flux measured by the shipboard
meteorological sensors is shown zonally averaged in
Fig. 17c; it ranged from 50 to 150 W m~2, larger than
the 25 W m~2 annual mean (Weare et al. 1981) (the
errors were estimated without the shortwave radiation
term, exhibiting a large diurnal cycle but measured ac-
curately). The depth over which the air—sea heat flux
acts is needed to compare it with the eddy heat flux.
The mixing layer and thermocline depths are presum-
ably shallow and deep bounds on this depth; in the
Tropics, wind forcing may easily deepen the mixing
layer down to the thermocline, while surface heating
may quickly restratify the water column (the deeper
bound may be more appropriate since the surface layer
is often at constant temperature down to the thermo-
cline). The zonally averaged mixed layer and thermo-
cline depths are shown in Fig. 17d; they range from 40
to 150 m. The air—sea heat flux divergence then ranges
from 0.5-1 W m~3. Between 3°N and 5°N, it opposes
significantly the —0.5 W m~—2 eddy heat flux conver-
gence.
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The vortex transported freshwater equatorward and
saline water northward; the zonal flux was insignificant
(Figs. 18a,b). Between 3°N and 5°N, there is anet fresh-
ening of 0.2 X 10-3 g (m3s*) (Figs. 18e—Q).

Again, it is useful to compare this to the net air—sea
moisture flux. The moisture flux was estimated as evap-
oration minus precipitation (Fig. 18c). Evaporation
dominated at —0.06 to —0.08 g m=2s*, or —6to —8
mm day—*. This may not be representative of the mean
conditions since the ITCZ borders to the north and ex-
hibits a seasonnal migration. Other estimates of the

mean annual rainfall and evaporation minus precipita-
tion for this region range from 2 to 6 mm day—* and
—3to +3 mmdayt, respectively (Janowiak and Arkin
1991; Jourdan et al. 1997). During the instability season
when the ITCZ is farthest north, evaporation should
dominate south of 8°N, as we observed.

Averaged over the thermocline depth, the observed
surface flux corresponded to a net freshwater loss of
0.5-2 mg m=3 s 1, while the net effect of the annual
mean ranges from —1 to 1 mg m=2 s *. The vortex
caused a net freshening of 0.2 mg m~3. Consequently,
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the freshwater flux induced by TIVs may represent
20%-100% of the net freshwater balance from 3° to
5°N.

¢. Horizontal divergence and vorticity

Horizontal divergence and relative vorticity were es-
timated from the gridded ADCP velocity field by central
differencing. The standard errors were calculated using
stochastic simulations (see the appendix). Both fields
were normalized by the inertial frequency f at 4°N (f

= 10-° s71), while the error fields are represented as
signal to noise ratios—the absolute value of the diver-
gence, or vorticity, divided by its standard error.

Divergence reaches — f around 3.5°N, 142°W, while
divergence near + f occurs to the east (Fig. 15c). The
pattern is significantly different from zero; the core of
convergence is amost three standard errors from zero
(Fig. 15d). Divergence over the remainder of the vortex
is not significant.

The divergence estimated with drifting buoy data in-
cluded is not shown. It gives a weaker maximum con-
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Fic. 19. Location and SST of cluster of seven drifters at 4-h inter-
vals starting at 0430 UTC 19 Nov 1990 (in the translating frame).

vergence (— f/2), without changing the overall pattern
(Flament et al. 1996; Kennan 1997). This may be due
to the surface-constrained drifters providing a biased
sampling of the velocity field: they tend to align along
convergent fronts and avoid divergent regions, sampling
the flow inhomogeneously. A similar sampling biaswas
encountered when estimating the heat flux.

The relative vorticity (Fig. 15¢) was negative (anti-
cyclonic) over much of the vortex, reaching — f at 4°N,
141°W and 4°N, 139.5°W near the center. A ridge of
positive (cyclonic) vorticity greater than f/2 circlesthe
western flank of the vortex. It is apparently associated
with the perturbed NEF. Again, this pattern issignificant
(Fig. 15e). The intense relative vorticity field indicates
that the flow was highly nonlinear, with a large Rossby
number, of the order of Ro = —1.

Increased vorticity and convergence near the front
were also directly measured using a cluster of seven
drifters, deployed with a mean separation of 10 km on
the southeast side of the front. The cluster progressed
northwestward while shrinking in area (Fig. 19). After
collapsing onto the front, the drifters continued to move
around the vortex more or less along the same streamline
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(Fig. 3c). The average cluster temperature increased as
it approached the front (Fig. 20a).

Over aregion the size of the cluster, the velocity field
may be expressed as a first-order Taylor expansion
around the center (Flament and Armi 2000):

u =10 + 2,: %(Xj -x)  Gi=12 @

where u; are the velocity componentsin the x; directions,
and U, are the velocity components at the center of clus-
ter: X,. A bilinear regression of the data to (3) yields
time series of divergence (du,/dx, + du,/dx,) and rel-
ative vorticity (ou,/ox, — au,/ox,) (Figs. 20b,c). The
convergence peaked at (5 = 2.7)f when the cluster
reached the front. So did the positive (cyclonic) vorticity
and the errors. Divergence was independently derived
from the rate of change of the cluster area estimated
from the principal axes, yielding similar results (Fig.
20d).

On 30 November, a second cluster of eight drifters
with a mean separation of 10 km was deployed farther
south near 2°N, 139°W (141°W in the absolute frame
of Fig. 3¢e). In contrast to the first cluster, it moved
westward for several days without deforming; the di-
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Fic. 21. Tropical instability vortices in the POCM on day 325 (21 Nov 1990). (a) Velocity
(arrows) and temperature (gray scale), (b) divergence V - u, and (c) relative vorticity V X u.
Contour intervals are 0.25 X 10-% s* for divergence and 0.5 X 10-° s* for vorticity (white

arrows are for clarity only).

vergence was barely significant and uniform at 0.1 f,
in agreement with the large-scale gridded field.

The velocity gradient near the front exhibited a five-
fold increase compared to the gridded field, which
smoothes out and thus underestimates sharp gradients.
Similar scaling of the deformation field with the hori-
zontal length scale has been observed at other oceanic
fronts (Flament and Armi 2000).

d. Comparison with an eddy-resolving method

Dipoles of intensified convergence and divergence,
related to cold water cusps and northward flow, have
also been detected in numerical simulations of the equa-
torial circulation [see Fig. 3 of Philander et al. (1986)
and Fig. 4 of Harrison (1996)]. We independently
checked the convergence and vorticity patterns using
the WOCE Parallel Ocean Climate Model (POCM), an
eddy resolving, primitive equation model with 0.4° res-

olution at low latitudes and 20 levels in the vertical,
forced with daily European Centre for Medium-Range
Weather Forecasts winds (Semtner and Chervin 1992).

Figure 21a shows velocity and temperature of the
uppermost level (025 m) over the region 1°S-9°N,
170-115°W on 21 November, five days after the satellite
image of the vortex (Fig. 14). Three well-developed
vortices are present at intervals of about 10°, with max-
imum speeds of about 1 m st aong the front. The
relationship between the anticyclonic TIVsand cusplike
disturbances of the NEF is confirmed by the modeled
temperature field.

Each TIV has a dipole of intense convergence and
divergence of ~0.5f along its western edge, aligned
with the cold cusps. The relative vorticity is also con-
sistent with the observations, approaching — f near the
center of the vortex, with aridge of positive (cyclonic)
vorticity. The correspondence between the observations
and the simulations is striking, and in agreement with
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other models. The POCM strengthens the observations
of the distribution of divergence and relative vorticity,
suggesting that they may be general features of TIVs.

e. Wind forcing and temporal aliasing

The winds were southeast trades from 5to 10 m s
except on 26 November (day 330), when the westward
component reached 15 m s~* (Fig. 2b). Here we discuss
the effect of this event on the assumption of flow steadi-
ness in the translating frame. The wind stress measured
by the meteorological sensors is shown aong the ship
track, mapped in the translating frame (Fig. 22a). The
Ekman transport (ug) and Ekman pumping velocity
(W) are

-k X 71
uEk = f
Po

where k is the vertical unit vector. The transport esti-
mated from the gridded wind stress is less than 10 m?
s~1 over most of the region, but approaches 20 m? s—*
near 2°-3°N, 138°-139°W, onto where the strong wind
event is projected (Fig. 22b).

The Ekman pumping velocity (Fig. 22c¢) shows a
deepening of the thermocline near 3°N, 138°W at over
20 m day—*, and a shoaling to the south. The vertical
velocity obtained by integrating the divergence down
to 125-m depth similarly shows downwelling at 20 m
day~—* near 3°N, 138°W and upwelling to the south (Fig.
22d). This suggests that this pattern is not real and re-
sults from temporal rather than spatial variations of the
Ekman transport. The azimuthal asymmetry of the vor-
tex high pressure center (Fig. 16d) may also be spurious.
Although temporal changes of the vortex are projected
into spatial patterns in the translating frame, the steadi-
ness assumption appears to break down only in this
relatively small area, away from the NEF, where the
observed pattern of convergence and divergenceisreal.

5. The three-dimensional structure

Velocity, temperature, and salinity were also gridded
as a function of depth for 10-dbar depth intervals from
20 dbar to the thermocline. Vertical sections zonaly
through the vortex center (along 4.25°N, Fig. 23) and
meridionally through the frontal convergence (aong
140°W, Fig. 24) will now be presented.

a. Velocity

The zonal section of meridional velocity along 4.25°N
is shown in Fig. 23a. The anticyclonic vortex extends
from the surface to the thermocline, defined as o, =
24.7 kg m~=2. The northward flow is most intense at the
surface while the strongest southward flow is centered
near 100 dbar. The subsurface southward flow appears
broader than the northward flow, with speeds greater
than 50 cm s~* spanning a degree in longitude and 50
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m in depth. The asymmetry between the northward and
southward branches results in the vortex center shifting
to the west by about 1.5°, or more than 150 km, over
the depth of the upper layer.

The meridional section of zonal velocity along 142°W
is shown in Fig. 24a. The SEC extends down to the
thermocline, with speeds larger than 25 cm s~*. At 3°N,
the SEC approaches 1 m st above 25 dbar. Although
the survey did not extend north of 5.25°N, current meter
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mooringsat 7°N indicated aswift eastward NECC great-
er than 50 cm s, down to 100 m.

To the lowest order, these vertical sections revea a
strong anticyclonic flow, relatively coherent down to the
thermocline. To the next order, they reveal east—west
asymmetry with the core of maximum speed occurring
shallower in the northward branch than in the southward
one.

b. Temperature and salinity

The zonal section of temperature shows a deepening
of the thermocline near the center of the anticyclonic
vortex (Fig. 23b). There is also an upward bowing of
isotherms associated with the cold northward flow. The
leading edge of the NEF extends past 80-m depth at
142°W. In the meridional section, the subduction of cold
water at the front is seen near 4°N (Fig. 24b). The zonal
section of salinity shows freshwater flowing southward
at the surface and saline water flowing northward in the
cold cusp. The presence of salinities greater than 35 psu
is striking in both northward and southward flows bel ow
100 m (Fig. 23c). This water is seen as far north as 5°N
(Fig. 24c), its presence in the return flow along 137.5°W
suggests that it circuits the entire vortex. It was also
observed in high resolution surveys of the front (Sawyer
1996).

Water of salinity greater than 35 psu is found in the
South Pacific, with most of the exchange believed to
occur in the western Pacific (Tsuchiya 1991; Bingham
and Lukas 1994). The climatological maps of Tsuchiya
(1968) show the 35 psu salinity contour occurring on
the equator across most of the Pacific. At 160°W, the
Hawaii—Tahiti shuttle data show the 35 psu salinity con-
tour reaching 2°N in the upper layer (Wyrtki and Kil-
onsky 1984).

Climatol ogical maps, however, cannot resolvethesig-
nal of tropical instabilities. It is possible that equatorial
disturbances may assist the mean meridional circulation
in transporting saline water across the equator. Our data
indicates that thistransport may be accomplished farther
north by the instability vortices. This scenario is sup-
ported by the meridional section along 150°W of Mont-
gomery and Stroup (1962). Water with salinity greater
than 35 psu reached almost 4°N, with a seemingly de-
tached pocket of high salinity water found at 6°N (their
Fig. 4). Their observations were made during the in-
stability season, and are consistent with the interpreta-
tion that the high salinity water circuits the vortex.

¢. Horizontal divergence

A salient feature of the surface flow is the dipole of
convergence and divergence, with magnitudes ap-
proaching the inertial frequency. This pattern extends
past 50-m depth (Figs. 23d and 24d). The vertical ve-
locities obtained by integrating the divergence down-
ward from the surface reach 20 m day—* below the mixed
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Fic. 25. Three-dimensional perspective plots of the vortex temperature and velocity viewed from the (a) southeast (30° south of east)
and (b) northeast (30° north of east) at an inclination of 45°. Velocity vectors are projected onto the plane of each surface. Icons indicate
projections of the cuts onto the horizontal plane (shaded) and vantage point (arrow) relative to the vortex flow.
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layer (50 m) and more than 50 m day-* at the ther-
mocline (125 m). The projections of the three-dimen-
sional flow onto the planes of the sections in the trans-
lating frame are shown in Figs. 23e and 24e. In the
zonal section, the convergence at the front is connected
to the divergence near the center of the vortex via a
zonal—vertical circulation cell. Inthe meridional section,
the northward flow subducts as it reaches the NEF at
4°N.

Vertical velocities associated with TIVs appear an
order of magnitude smaller O(2-5 m day—*) than this
in numerical simulations (Philander et al. 1986; Harri-
son 1996), but an order of magnitude larger O(500 m
day—1) in direct observations of the equatoria front
(Johnson 1996; Sawyer 1996). The scal e of the estimates
clearly affects the results. Here, gridding the fields
smeared out the intense signals associated with thefront,
which were better sampled by the cluster of drifters,
yielding a convergence of 5f in agreement with other
direct observations. Meanwhile, eddy-resolving models
do not fully resolve fronts.

6. Summary and discussion

We observed the kinematic and thermohaline struc-
ture of atropical instability vortex from November to
December 1990 near 140°W in the Pacific Ocean. The
cycloidal motion of drifters revealed an anticyclonic
vortex translating westward at 30 cm s* (0.24° day—*)
in the SEC-NECC shear. Independent estimates con-
firmed this speed. A translating frame of reference was
meaningful to map the vortex above the thermocline
and north of 2°N. The period of the associated high
pressure oscillation observed from moored thermistors
was 30-35 days, in agreement with previous observa-
tions (McPhaden 1996).

The vortex was quasi-steady, nonlinear and contained
closed streamlines. There was no relative zonal flow at
the latitude of the center. The perturbation did not prop-
agate as a wave and its translation was entirely advec-
tive. The descriptor ‘‘instability wave,” suggestive of
oscillations propagating due to a restoring force along
the unstable shear of the zonal SEC-NECC, is thus not
relevant here. For this reason, we abandoned it in favor
of tropical instability vortices (TIVs) and SEC-NECC
shear vortices to describe such coherent structures ap-
pearing in trains north of the equator. They are remi-
niscent of coherent structures observed in the laboratory
in an unstable shear flow trapped within a critical layer
(Lindzen 1988).

On the contrary, meridional oscillations of the EUC
and SEC between 1°S and 1°N propagated westward at
80 cm s *—more than twice faster than the vortex—
indicating that distinct tropical instability phenomena
may exist at different latitudes. The equatoria distur-
bance did not appear as a coherent vortical structure
advected by the mean zonal flow, even though finite
amplitude equatorial wave modes may have closed
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streamlines (Boyd 1980). Observations thus suggest the
existence of finite amplitude waves propagating relative
to the EUC-SEC shear near the equator, adequately
termed eguatorial long waves.

The velocity, temperature, and salinity observations
were mapped in three dimensions into a frame of ref-
erence translating with the vortex. There, the flow was
nearly steady, apart from a wind event which projected
temporal variations into spatial gradients in the south-
eastern part of the vortex, where vertical velocitieswere
attributed to aliased Ekman pumping.

The anticyclonic flow corresponded to a central high
pressure and a northward cusp-shaped deformation to
the NEF, in agreement with previous observations re-
viewed in the introduction. This relationship is consis-
tent with shear vortices simulated by the POCM. Our
results confirm that sealevel highs and cold water cusps
traversing the tropical Pacific with wavelengths of 500—
1500 km and periods of 25-35 days are the expressions
of coherent structures, of which the vortex presented
here is one example.

The magnitudes of divergence and relative vorticity,
calculated from the gridded fields, both reached the in-
ertial frequency so that the Rossby number of the vortex
was Ro = —1. A dipole of convergence along the lead-
ing front of the cold water cusp, and divergence near
the center of the vortex, resembled predictions by var-
ious numerical models including the eddy-resolving
POCM. Relative vorticity near the center nearly exactly
balanced planetary vorticity, suggesting that centrifugal
instability may have acted to limit further growth or
intensification of the vortex (Rayleigh 1916; Klooster-
ziel and van Heijst 1991; Carnevale et al. 1997).

The estimated convergence and relative vorticity at
the leading front of the cold water cusp increased with
increasing sampling resolution. While the fields gridded
with a 75 km low-pass filter gave a convergence rate
of —f and a relative vorticity of /2, direct measure-
ments of the deformation of a drifter cluster at 10-km
resolution yielded convergence rate and relative vortic-
ity 5-10 times larger, of order 5f. This scaling of the
velocity gradients is reminiscent of that observed near
other oceanic fronts (Flament and Armi 2000).

Thevortex entrained cold, saline water from the south
and warmer, fresher water from the north, inducing net
equatorward heat and freshwater fluxes of approxi-
mately 0.3 X 10 W m2and 10to 20gm-2s*. The
observed equatorward heat flux was half that computed
solely from drifting buoy data, which may be biased by
inhomogenous sampling. The observed equatorward
freshwater flux suggests that TIVs contribute to the
freshwater balance between the equator and the inter-
tropical convergence zone. The flux divergences be-
tween 2°N and 5°N imply net cooling and freshening
of about 25 W m-2 and 0.01 g (m?s)~* over a mixed
layer 50 m deep.

To synthesize the results of this study, we present
perspective views of the three-dimensional flow and
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Fic. 27. Autocorrelation functions for: zonal velocity (solid lines),
meridional velocity (dashed), and temperature (dash-dotted) for (&)
drifters and (b) shipboard ADCP (c) Temperature autocorrelation
functions for the 2°N (solid) and 5°N (dashed) moorings. The integral
timescales are taken to be one-haf the lags at which the autocorre-
lation reaches zero.

thermohaline structure of the vortex (Figs. 25 and 26).
These views show the anticyclonic flow with the cold
water cusp and depressed thermocline; northward ad-
vection of cold, saline water and southward advection
of warmer, fresher water at the surface; recirculating
saline water at depth; convergence along the perturbed
NEF; and upwelling near the vortex center. The tropical
instability was a coherent vortex in the SEC-NECC
shear. It was highly nonlinear, kinematically distinct
from eguatorial long waves, and induced significant
equatorward heat and freshwater fluxes. In a subsequent
paper, we will present the dynamics and energetics of
this tropical instability vortex.
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APPENDIX
Mapping and Errors

Using velocity as an example, an observed variable
consists of an array of measurements G' = [U', 7'] at
positions X' = [X', §'] in the trandlating frame, to be
mapped onto a regular grid with a spacing of 4° (about
28 km). A median filter of radius 75 km centered on
each grid point was chosen:

ui = med[d] i = med[#],

where the i and j denote the discrete latitudes (rows)
and longitudes (columns) of the grid.

For the various data to have equivalent weights, their
spatial resolutions in the translating frame ought to be
similar. The drifter positions were sampled at 3-h in-
tervals, the ADCP at 5 min, the TAO moorings daily,
and the PCMs at 4 h. The average speed of the ship
was 5 m s ¢, the drifters moved at 20-60 cm s¢, and
the ““speed” of the moorings in the translating frame
was 30 cm s~*. The resolution of the drifters and PCM
moorings is thus comparable at 4-5 km, while that of
the ADCP and TAO moorings is 1.5 and 26 km, re-
spectively. Consequently, the weight of the ADCP was
reduced by a factor 3 (decimated to 15 min) and that
of the TAO data was increased by a factor 6 (interpo-
lated to 4 h). For the coarser (25-km spacing) hydro-
graphic data, the TAO datawas left onitsdaily interval.

The errors of the gridded fields are related to the
variance of collocated data in the translating frame
since, ideally, perfectly sampled steady fields would
yield exact agreement among collocated datapoints. The
errors depend also on the number of degrees of freedom
(DOF) entering the estimate of each grid point. To es-
timate the DOF, the decorrelation timescale of each data
type (ADCR drifters, and moorings) was determined for
each variable (zonal and meridional velocity, tempera-
ture, salinity), as the integral timescale of the relevant
autocorrelation functions (Fig. 27).

The integral timescale for drifting buoy and ADCP
variables is about 2 days. Each data record was thus
divided into segments with length equal to 2 days, and
the number of records entering each gridpoint calcu-
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|ation was taken as the DOF. Mooring data was assumed
to present only 1 DOF. The standard errors were taken
as the square root of the variance divided by the DOF.
Thus, standard errors and covariances at each gridpoint
were calculated as

LoS@-wy S @y
@) = born =1’ @~ Dorn = 1)
S @ - uE - )
(@) = —5orN = 1)

Central differencing was used to calculate gradients
(first differences were employed at the boundaries). For
example, divergence is

V-u= a_U + a_U
ax | ay
ui,j+1 — ui,jfl vi+1,j — vifl,j
S (V-u)i = , Al
(V1) 2Ax 2Ay (A1)

where Ax and Ay are the zonal and meridional grid
resolutions (44°).

Errors of divergence and vorticity were estimated us-
ing stochastic (Monte Carlo) calculations. Each trial ve-
locity component was sampled from a random distri-
bution, p(U%) and p(VY), where Ui and Vi/ are random
variables over the space ranged by g with means given
by the gridpoint estimates (u' and v'') and standard
deviations equivaent to the local standard errors (ol
and o'); that is,

PVe!) = (v V2m) ™ exp ‘% (A2)

The standard errors were then estimated as the stan-
dard deviations of M = 1000 stochastic trials:

B 1 M 1/2
0¥, = (m 2 LV Wy = (V- u)) ) )
where
M
% 21 (V- u)i.
Standard propagation of errors formulae gave similar

results, but all errorsin this paper were obtained using
the stochastic technique.

(V- u)) = (A%)
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