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Abstract: This note shows that the inequality

(
x

e
)x

√
2πx(1 +

1

12x
) < Γ(x + 1) < (

x

e
)x

√
2πx(1 +

1

12x − 0.5
)

holds for all x ≥ 1.
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1. Introduction

In [1], the authors proved the following sharp inequality for all the positive integers n:
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Considering the relation

Γ(n + 1) = n!

a nature problem is whether the inequality
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holds for all x ≥ 1. The answer is yes.

In this note, we will prove the following theorem.

Theorem For all real numbers x ≥ 1, the following inequality holds:
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where Γ denotes the Gamma function.

2. Proof of the Theorem

In order to prove the theorem, we need the following two Lemmas.
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Lemma 1 The following inequality
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for all x > 0. In fact,
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Equality (2) implies
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Lemma 1 is proved.

Lemma 2
[2] For any x > 0, there exists θ(x) ∈ (0, 1), such that
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Proof of Theorem By Lemma 2, Inequality (1) is equivalent to the following inequality
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We first prove the inequality on the right hand side of (3). It is known[2] that for any x > 0,
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In order to prove the left hand side of (3), we note[2]
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Replacing x by k + x in Lemma 1, we obtain
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Rewrite the numerator of (3) as follows to see that for x ≥ 1,
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This completes the proof of the Theorem. 2
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