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ABSTRACT

In this work, Pratt and Stern’s quasigeostrophic, 1 -layer, infinite jet model is connected to a western boundary1
2

by a system of two converging boundary currents. The model has a piecewise constant potential vorticity structure
and the departing jet has a zonal cusplike profile in the ocean interior. The relative strengths of the coastal jets
can be varied and the coastline can be tilted relative to north. The coastline tilt and the coastal current asymmetry
cause an alongshore momentum imbalance that creates a spatially damped, quasi-stationary wave pattern. The
presence of the boundary favors the long waves in the model, which behave fairly linearly in all study cases.
The effects of the coastline tilt and the coastal current asymmetry are varied to reinforce or cancel each other.
In the former case, a retroflection type of boundary current separation, like the one observed in most Southern
Hemisphere western boundary currents, is obtained. In the latter case, a much smoother separation results, as
when the Gulf Stream leaves the North American coast. In order to comply with the piecewise constant potential
vorticity constraint, the b effect is included in the model only very crudely. The ‘‘beta’’ term in the potential
vorticity relationship is totally compensated for by a steady flow pattern similar to the edge between two Fofonoff
gyres. It is found that when b is nonzero, the wavelengths are somewhat shorter than those of f -plane cases.

1. Introduction

Meanders and Rossby-wave-like motion are often
found in regions where western boundary currents sep-
arate from continental margins. In some cases, the cur-
rent separation is smooth and the meander amplitudes
increase toward the ocean interior (Fig. 1a). In others,
the current overshoots its separation latitude and retro-
flects (i.e., turns back on itself ), forming a large am-
plitude lobe near the coast and meanders that decay in
the downstream direction (Fig. 1b). Eddy detachment
may occur in both types of separation. When the sep-
aration is smooth, eddies are pinched off in the down-
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stream region, where the western current extension may
be regarded as a free jet. When a current retroflects, the
eddy shedding usually takes place close to the coast.

Ou and De Ruijter (1986) reproduced both types of
boundary current separation using a steady, semigeo-
strophic equivalent-barotropic model that employed
only current inertia and the variation of the Coriolis
parameter in a constant potential vorticity field. The
transport magnitude dictated the separation latitude of
the jets. The coastline angle (relative to north) dictated
the type of separation. Obtuse angles led to retroflection,
while more acute angles produced smooth separation
and long standing-wave patterns in the ocean interior.

Ou and De Ruijter’s theoretical results are verified in
Campos and Olson’s (1991) summary of types of west-
ern boundary current separation. Looking at the major
midlatitude western boundary currents, the latter authors
attribute the smooth separation of the Gulf Stream and
the Kuroshio to the fact that both North American and
Japanese coasts are tilted toward the east of their general
northward direction, following the current. By contrast,
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FIG. 1. Schematic separation of western boundary currents: (a) the
Gulf Stream and (b) the Brazil Current.

FIG. 2. The model geometry. The model coordinate system is rotated
by an angle u relative to the earth Cartesian coordinates (xe, ye).

all the Southern Hemisphere boundary currents (i.e., the
Brazil, East Australia, and Agulhas Currents) that sep-
arate from coasts tilted toward the west (of their general
southward direction) tend to retroflect.

In the present work, we investigate theoretically the
wave motion and meandering associated with separating
western boundary currents. Unlike Ou and De Ruijter’s
(1986) work, we include time variability and make po-
tential vorticity nonconstant in order to account for the
contrast between the boundary current water and its
surroundings. We employ a ‘‘contour dynamics’’ ap-
proach to the problem [the reader is referred to Pullin
(1992) for a review on the contour dynamics method].
There are several examples in the literature where con-
tour dynamics has been successfully used to investigate
geophysical flows, particularly jet and vortex dynamics.
Stern and Pratt (1985) studied barotropic shear flows.
Pratt and Stern (1986, hereafter referred to as PS86)
examined eddy detachment in infinite equivalent-baro-
tropic jets. Stern and Flierl (1987) modeled interactions
between vortices and jets. Polvani et al. (1989) inves-
tigated vortex dynamics in a two-layer fluid. Meacham
(1991) examined meander development in barotropi-
cally and baroclinically unstable jets.

The model used in this work is based on PS86’s jet
model and has the following principal characteristics:

R Boundary current separation due to a convergence (or
collision) of two coastal currents at some separation
latitude (Fig. 2). This approach was originally used
by Cessi (1991) on a viscous system, and by Agra
and Nof (1993) on an inviscid system. As an example,
the Gulf Stream separation near Cape Hatteras may
be interpreted as the convergence of its warm waters
with the weaker southward flow of colder slope water.
The Brazil Current retroflects as the region of the

confluence between the Brazil and the Malvinas Cur-
rents at about 388S.

R The coastal current convergence forming a zonal jet
downstream. The axis of the major boundary current
extension (such as the Gulf Stream extension and the
South Atlantic Current) is oriented mainly east–west,
having motivated most theoretical models of infinite
jets in the literature.

R Inertial equivalent-barotropic physics in a fully non-
linear quasi-geostrophic system. The equivalent-bar-
otropic (or 1 -layer) approximation, where a finite up-1

2

per layer overlies an infinitely deep motionless layer,
is the simplest mathematical formulation for simulat-
ing the highly baroclinic structure of the western
boundary currents.

R A piecewise constant quasigeostrophic potential vor-
ticity field, as required by the contour dynamics tech-
nique. Low uniform potential vorticity is mostly as-
sociated with the northward boundary current and
high potential vorticity with the opposing, southward-
flowing current region (Fig. 2). Thus, away from the
coast, the zonal jet has uniform cyclonic (positive)
potential vorticity on one side of the discontinuity and
anticyclonic (negative) potential vorticity on the other
side as in PS86. This structure is intended to mimic
the meeting of warmer (low potential vorticity) and
often stronger boundary currents with colder (higher
potential vorticity) and weaker flows in the opposite
direction.

R An asymmetry in the transport of the converging cur-
rents in the model, prescribed by setting different po-
tential vorticity magnitudes in each half of the model’s
domain.

R A straight coastline, which can be tilted relative to
north–south. It separates land from an infinitely deep
ocean. Campos and Olson (1991, Fig. 1) indicates that
the continental shelf break for four out of the five
midlatitude basins can be reasonably approximated as
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TABLE 1. The model variable scales.

Definition Convention

Horizontal length scale Rd

(5Rossby radius of deformation)
Horizontal velocity U

(5f-plane center jet velocity)
Timescale
Potential vorticity
Rossby parameter

Rd U21

U R21
d

U R22
d

FIG. 3. (a) The total potential vorticity field q for the symmetric
model is composed of (b) q0, the part of the field associated with the
undisturbed (or straight) position y(x) of the front, and (c) q1, part
of the field associated with the deviations from the undisturbed field
q0. The arrows indicate the integration direction.

a tilted straight line (the exception is the Agulhas
Current).

R Incorporation of the beta effect, but only very crudely.
To comply with the piecewise constant potential vor-
ticity constraint, a time-independent flow field, which
resembles the edge between two Fofonoff gyres, is
included in the model to compensate for the b term.
This introduces a westward tendency but does not
allow Rossby waves.

We intend to examine the dynamical roles of coastline
angle, transport asymmetry, and the beta effect, as
boundary currents separate from the coast according to
the simple geometry sketched in Fig. 2.

The mathematical formulation of the model is de-
tailed in section 2. The results of the time-dependent
model experiments are reported in section 3. The model
is applied to the Gulf Stream, Brazil Current, and North
Brazil Current in section 4. A summary of our main
findings is presented in section 5.

2. The model formulation

The flow in a contour dynamics model is governed
by conservation of the quasigeostrophic potential vor-
ticity q. Since q is taken to be piecewise constant, all
the action in this model is confined to the discontinuity
(i.e., a contour). The contour is a material line that sep-
arates two pools of uniform potential vorticity with op-
posite signs (Fig. 2). If the equivalent-barotropic po-
tential vorticity equation is nondimensionalized, using
the scales of Table 1, it takes the form

d ] ]c ] ]c ]
q 5 2 1 q 5 0, (1)[ ]dt ]t ]y ]x ]x ]y

where

q 5 (¹2 2 1)c 1 bye, (2)

c is the quasigeostrophic streamfunction, b is the Ross-
by parameter, and ye is the northward coordinate. Equa-
tion (2), known as the inversion relationship, relates the
flow structure to the potential vorticity field.

The model frame of reference has been rotated an-
ticlockwise by an angle u from the usual ‘‘earth’’ Car-
tesian coordinate system (xe, ye) to make the y axis
parallel to the western boundary (Fig. 2). Hence the x
and y directions in the model correspond to the cross-
shore and alongshore directions, respectively. The angle

u can also be regarded as the prescribed angle that as-
sures the outflowing jet is zonal (ye 5 const) at xe 5 `.

In subsection 2a, we formulate the model for the case
in which q has a ‘‘symmetric’’ potential vorticity dis-
tribution (same magnitude but opposite sign in each half
of the model). In subsection 2b, we describe the model
for an asymmetric potential vorticity configuration.

a. The symmetric front model

The symmetric model represents two converging
boundary currents that have the same transport and thus
contribute equally in forming the zonal inertial jet. The
nondimensionalized q is equal to 21 in the lower half
of the model and 11 in the upper half. The potential
vorticity front is connected to the coast (Fig. 3a). The
inversion relationship [Eq. (2)] for this case may be
rewritten as

2(¹ 2 1)c 1 by 5 21 1 2H (y 2 y(x) 2 h(x, t)),e

(3)

where

y(x) 5 2x tanu (4)

is the ‘‘undisturbed’’ latitude of the zonal jet as xe ap-
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proaches ` expressed in terms of the model coordinates,
h(x, t) is the time-dependent deviation relative to y(x),
and

0 for y , 0
H (y) 5 51 for y . 0,

represents the Heaviside step function. The two non-
dimensional parameters of the symmetric model [Eq.
(3)] are b and u. Since we assume that the planetary
vorticity gradient is much smaller than the relative vor-
ticity, b is kept small throughout the experiments using
the symmetric model, with b 5 0.1 being the maximum
value considered. This assumption is consistent with the
fact that we intend to investigate primarily the separa-
tion of midlatitude boundary currents, for which b is
small compared to the shear within the currents. Re-
garding u, we will limit our study to the two cases in
which the western boundary is either oriented north–
south (u 5 0) or tilted at u 5 p/4.

Following Stern and Flierl (1987), we take advantage
of the linear nature of Eq. (3) and subdivide the stream-
function in three parts; namely,

c 5 c0 1 bcb 1 c1. (5)

The c0 component, associated with the undisturbed (or
straight and zonal) position of the front (Fig. 3b), is
defined by

2(¹ 2 1)c 5 q 5 21 1 2H (y 2 y(x)). (6)0 0

The cb component, associated with the flow due to the
beta effect in a piecewise constant potential vorticity
field, is defined by

(¹2 2 1)cb 5 2ye. (7)

The c1 component, associated with disturbances or the
time-dependent deviations from the undisturbed posi-
tion of the front, is given by

2(¹ 2 1)c 5 q 5 2[H (y 2 y(x) 2 h(x, t))1 1

2 H (y 2 y(x))]. (8)

All three fields satisfy the boundary condition c 5 0
at the coast (x 5 0).

The partition of c is done mainly for computational
(operational) reasons, as we shall see later. The reader
should be aware that ‘‘undisturbed’’ and ‘‘disturbed’’
fields, in our cases, do not correspond to the conven-
tional meanings of ‘‘mean’’ or ‘‘perturbed’’ fields, re-
spectively. Therefore, the c0 1 bcb field does not (nec-
essarily) represent a steady solution to the problem de-
fined here.

The four boundary conditions needed to solve for c0

are that of zero normal flow at the coast,

c0 5 0 at x 5 0; (9a)

the two conditions establishing the symmetry of the two
converging coastal currents,

c0 5 2(1 2 e2x) as y → ` (9b)

and

c0 5 (1 2 e2x) as y → 2`; (9c)

and the condition that assures that the separating jet has
a cusplike profile in the ocean interior,

c0 5 sgn(2ye)(1 2 as xe → `.2|y |ee ) (9d)

Given u, the c0 fields are determined numerically by
iteration using Eqs. (6) and (9). Figure 4 shows the
respective c0 fields for the two different coastline ori-
entations considered.

The cb component is determined analytically. To
solve for cb, we impose ub → 21 as xe → ` and cb

5 0 at the center of the zonal jet. The choice of cb 5
0 at ye 5 0 is arbitrary, meant to match the latitude of
the c0 centerjet streamline and oppose the convergence
of the coastal currents in the c0 field. Hence, the solution
is, simply,

cb 5 x sinu 1 y cosu(1 2 e2x), (10)

which is shown for u 5 0 and p/4 in Fig. 5.
Given the solution for the time-independent part of

c, why is it that c0 1 bcb may not represent a steady-
state solution to the problem? In a steady-state system,
q contours coincide with streamlines (or vice versa).
Consider the u 5 0 case (Fig. 4a); the streamline c0 5
0 coincides with the contour y . The beta streamline cb

5 0 (Fig. 5a) is also a straight line along y 5 ye 5 0.
Therefore, in this case the c0 1 bcb solution does rep-
resent a steady state. The same is not true for the u 5
p/4 case (Fig. 4b), in which there is a clear mismatch
between the straight contour y and the c0 5 0 streamline
(which is curved) near the coast, as enlarged in Fig. 4c.
The cb 5 0 streamline in Fig. 5b is also curved.

The c1 field is computed by integrating Eq. (8) using
the Green’s function method,

c 5 G(x, y | x9, y9)q dx9 dy91 E E 1

5 22 G(x, y | x9, y9) dx9 dy9, (11)E E
D

where D is the area between the curves

y 5 y(x) 1 h(x, t) and y 5 y(x),

as indicated in Fig. 3c by the alternate dark-shaded and
unshaded areas.

According to PS86, the Green’s function takes the form:

1 1
G 5 G 1 G 5 2 K (r ) 1 K (r ), (12)1 2 0 1 0 22p 2p

where K0 is the modified Bessel function of the second
kind of order zero, G2 represents the image point re-
quired to satisfy c1 5 0 at the western boundary, and

2 2 2r 5 (x 2 x9) 1 (y 2 y9) ,1

2 2 2r 5 (x 1 x9) 1 (y 2 y9) .2
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FIG. 4. The undisturbed streamfunction c0 solution for the sym-
metric model, in which (a) u 5 0, (b) u 5 p/4, and (c) u 5 p/4 as
a closeup of the region around the origin. Results are expressed in
the model coordinates (x, y). The potential vorticity discontinuity is
represented by a solid line, and the streamlines by dashed lines.

The disturbed velocity field is determined from Eq.
(11), according to streamfunction definition,

] ]
(u , y ) 5 2 , c , (13)1 1 11 2]y ]x

and using Eqs. (11) and (12).
The contour dynamics technique requires Eq. (13) be

written in terms of contour integrals. According to PS86,
we need to express the x and y derivatives in terms of
x9 and y9. We then follow Wang’s (1992) derivation in
using the symmetry properties of the Green’s function
to write

] ]
G 5 2 G (14a)1 1]x ]x9

] ]
G 5 G (14b)2 2]x ]x9

] ]
G 5 2 G (14c)1 1]y ]y9

] ]
G 5 2 G . (14d)2 2]y ]y9

For example, the disturbed alongshore velocity y 1 be-
comes

] ]
y 5 2 G 2 G dx9 dy9,1 E E 1 2[ ]]x9 ]x9D

where we have combined Eqs. (13) and (14).
We then invoke the divergence theorem,

y 5 2 = · (G i9 2 G i9) dx9 dy91 E E 1 2

D

5 2 (G 2 G )(i9 · n9) dl9E 1 2

]D

5 22 (G 2 G ) dy9,E 1 2

]D
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FIG. 5. The results for the b-related streamfunction cb for (a) u 5
0 and (b) u 5 p/4. Results expressed in the model coordinates (x, y).

where ]D is the contour enclosing D (the arrows in Fig.
3c indicate the direction of the integration), n9 is the
unit vector normal to ]D, dl9 is the infinitesimal incre-
ment along ]D, and i9 is the unit vector in the x9 di-
rection.

An analogous procedure can be applied to obtain the
disturbed cross-shore velocity u1 in terms of contour
integrals. Using the Green’s function definitions [Eq.
(12)] in the velocity expressions yields

1
u 5 [K (r ) 2 K (r )] dx9 (15a)1 E 0 1 0 2p

]D

1
y 5 [K (r ) 1 K (r )] dy9. (15b)1 E 0 1 0 2p

]D

Partitioning the streamfunction field was chosen so
that Eqs. (11) and (15) do not involve improper inte-
grals, which potentially behave poorly (PS86). Rather,
]D in Eq. (15) has finite boundaries (see Fig. 3c).

However, Eq. (15) still has a logarithmic singularity
because K0(r) . 2ln(r) when r is very small. The sin-
gularity is circumvented following Polvani (1988)
through a simple integration by parts of Eq. (15), leading
to the nonsingular expressions

21 dr1u 5 (x 2 x9)K (r )1 E 1 1[p 2r1]D

2dr21 (x 1 x9)K (r ) (16a)E 1 2 ]2r2]D

21 dr1y 5 (y 2 y9)K (r )1 E 1 1[p 2r1]D

2dr21 (y 2 y9)K (r ) , (16b)E 1 2 ]2r2]D

where K1 is the modified Bessel function of the second
kind of order one.

Finally, how does the potential vorticity front evolve?
Material particles along the q front (or the contour) are
moved by the total velocity, which in our case is a
combination of the undisturbed, beta, and disturbed flow
fields, according to

d
x 5 u

dt

5 u (x, y 1 h) 1 bu (x, y 1 h)0 b

1 u (x, y 1 h, t) (17a)1

d
( y 1 h) 5 y

dt

5 y (x, y 1 h) 1 by (x, y 1 h)0 b

1 y (x, y 1 h, t). (17b)1

The (u0, y 0) and (ub, y b) velocities only advect the water
parcels in the front. The (u, y 1) components are re-
sponsible for vortex induction mechanisms on the front
(PS86). Far from the coast, the jet does not ‘‘feel’’ the
boundary and the undisturbed and beta components are
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zonal. The evolution of the jet is then governed by
PS86’s infinite jet physics. Mathematically, this implies
that as r2 → `, K1(r2) → 0, and the second integral
on the right-hand side of Eqs. (16a) and (16b) becomes
negligible. PS86 and Pratt (1988) have shown that ad-
vection and vortex induction generally oppose each oth-
er. This process is summarized in Fig. 6. For example,
the nonuniform eastward advection of the disturbance
is illustrated in Fig. 6a [the vortex-induction part of the
model (u1, y 1) is ‘‘turned off’’]. Note the tendency for
wave breaking on the west side of the bump. In Fig.
6b, the westward Rossby-wave-like motion tendency,
as a result of vortex induction mechanisms, is isolated.
The combined advection and vortex induction in PS86’s
balance may lead to meander detachment (Fig. 6c)
through simultaneous backward and forward wave
breaking.

Near the coast, however, the balance is somewhat
different from that of the infinite jet problem. For ex-
ample, consider the meridional boundary case where c0

1 bcb represents a steady state. If the contour is per-
turbed northward, as in the previous case, the south-
ward-flowing coastal current will try to restore the con-
tour toward the y 5 0 latitude. On the other hand, the
vortex induction mechanisms will cause both the vor-
ticity wave motion and a dipole effect. The latter effect
results in the interaction of a contour anomaly with its
image due to the presence of the western boundary. In
the case of an anticyclonic disturbance, the dipole effect
will tend to cause the contour to move northward by
pairing with its image (see Fig. 7).

The numerics of the contour dynamics algorithm de-
scribed next follow PS86. The time-dependent position
of the contour is determined by tagging parcels along
the potential vorticity front and following their motion
using Eq. (17). A second-order Runge–Kutta scheme is
employed in the discretization of Eq. (17). At each time
step, the three different contributions to the total ve-
locities u and y must then be determined. The undis-
turbed velocity is interpolated within grids previously
obtained by the iterative scheme. The disturbed velocity
is evaluated from Eq. (16), which has been discretized
using a midpoint integration rule, according to Zou et
al. (1987) and Polvani (1988). In order to maintain the
model’s resolution, a simple particle insertion–deletion
scheme is applied to maintain the front particle sepa-
ration at a preselected average distance, d. The model
accuracy is assessed using the conservation of area ar-
guments presented by Bell and Pratt (1994). By delim-
iting a box defined between the coast and xe 5 100 and
ye 5 210 and 10, we estimate that the area underneath
(beneath) the disturbed contour y(x) 1 h(x, t) increases
(decreases) an average one thousandth of a percent per
time step.

b. The asymmetric front model

Now consider the asymmetric case, in which the po-
tential vorticity in the lower half of the model (q 5 21

2 a) and in the upper half (q 5 1 2 a) can differ in
magnitude. The range for the asymmetry parameter is
21 , a , 1, where positive (negative) values corre-
spond to a stronger current in the lower (upper) half of
the domain. For this potential vorticity distribution, c
→ 1 1 a in the southern gyre and c → 21 1 a in the
northern gyre. Since c 5 0 at the western boundary,
we see that the southern current transport is 1 1 a,
while the magnitude of the northern transport is 1 2 a.
Thus, a is half the difference in transports between the
northern and southern boundary currents.

In contrast to the symmetric model, in which the un-
disturbed contour is a straight line connected to the coast
and the center streamline in the zonal jet corresponds
to c0 5 0, the asymmetric model center jet streamline
corresponds to c0 5 a. This is easily seen by consid-
ering the inversion relationship for the meridional west-
ern boundary case [Eq. (6b)] in the far-field limit as x
→ ` with asymmetric forcing:

2] 1 2 a for y . 0
2 1 c 5 (18)021 2 5]y 21 2 a for y , 0,

for which the solution is

c0 5 a 1 sgn(2y)(1 2 e|2y| ). (19)

The evaluation of Eq. (19) at y 5 0 yields the c0 5
a result. Figure 4 shows that all streamlines for the
symmetric model, other than c0 5 0, have hyperbolic
shapes. We would not expect that the asymmetric model
streamlines will differ much from this. Hence, if a steady
asymmetric front exists, it would also have a hyperbolic-
like shape, as do the streamlines in Fig. 4. Thus, it would
not be connected to the coast, but rather extend south-
ward paralleling the coast. The y contour should then
approach the c0 5 a streamline as x → `, and y →
2` (for a . 0) or y → ` (for a , 0). For example,
consider the a . 0 case, in which the c0 5 a streamline
approaches a cross-shore distance of x 5 x0 as y → 2`.
The inversion relationship for the boundary current is

2] 21 2 a for x . x ,02 1 c 5 (20)021 2 5]x 1 2 a for x , x .0

Assuming c0 5 0 at the coast, Eq. (20) has a solution
of the form

2x(1 1 a) 1 ae for x . x0c 5 (21)0 2x x5(21 1 a) 1 be 1 ce for x , x ,0

where the constants a, b, and c are

x 2x0 0a 5 (1 2 a) 2 (e 1 e )
2x0b 5 2a 1 (1 2 e )

2x0c 5 e

and x0 is

x0 5 2ln(1 2 a). (22)
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FIG. 6. Physical processes involved in the evolution of a potential vorticity front: (a) advection of a passive front by the background shear
flow; (b) vortex induction mechanisms where the basic shear flow has been turned off; and (c) the Pratt and Stern (1986) balance, which is
a superposition of the effects in (a) and (b). The basic jet profile is represented by the dashed line.
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FIG. 7. The dipole effect associated with the presence of a boundary
in a anticyclonic anomaly. In an inviscid system, the zero normal
flow condition at the boundary is satisfied by pairing the vortex with
its image. The net result is the movement of an anticyclonic anomaly
along the boundary, toward larger y values. The net motion is in the
opposite direction for a cyclonic anomaly.

FIG. 8. (a) The total potential vorticity field q for the asymmetric
model comprises (b) q0, the part of the field associated with the
undisturbed position y(x) of the front, and (c) q1, the part of the field
associated with the deviations from the undisturbed field q0 field. The
arrows indicate the integration direction.

The corresponding ‘‘undisturbed’’ contour y(x, y) is
then formally defined as the asymptotes of a hyperbolic
streamline,

y for y , 0, x 5 x0y(x, y) 5 (23)52(x 2 x ) tanu for y $ 0, x . x .0 0

Analogous expressions can be derived for the case in
which a , 0.

The asymmetric model q and its components are
sketched in Fig. 8. The formalism of the asymmetric
model is not presented here due to a more complicated
form of the potential vorticity front as described by y
5 y(x, y) and h 5 h(x, y, t). It suffices to say that the
asymmetric model is conceptually and numerically sim-
ilar to the symmetric version (as a comparison between
Figs. 3 and 8 suggests). Actually, the symmetric model
can be regarded as the asymmetric model in the limiting
case of x0 → 0 or a → 0. The c0 field is calculated by
iteration. For example, the boundary conditions needed
to determine c0 for the a . 0 case on the iterative
scheme are

c 5 0 at x 5 00

2x5 (21 1 a)(1 2 e ) as y → `

2x5 (1 1 a) 1 ae for x . x , as y → 2`0

2x x5 (21 1 a) 1 be 1 ce for x , x ,0

as y → 2`

|2y |5 a 1 sgn(2y)(1 2 e ) as x → `.e

Notice that the last condition establishes that the zonal
jet profile in the ocean interior for the asymmetric model
is still the same as PS86’s. The velocities associated
with c1 are computed by contour integrals identical to
Eq. (16), and the cb component is the same as in the
symmetric case.

The cases of small and O(1) a values will be explored
considering the same u values as in the symmetric mod-
el. Figure 9 shows the c0 fields for a 5 0.65 as an
example. Notice that in contrast to the symmetric model,
the asymmetric model has a northward (and stronger)
boundary current velocity core, which is not located at
the coast but is centered offshore at x 5 x0. This is a
consequence of the fact that asymmetry has introduced
a potential vorticity band of different signs (between x
5 0 and x 5 x0) in the stronger current region. Phys-
ically, we believe that this opposite-sign nearshore q
band can be interpreted as a result of (i) viscous effects
due to the ‘‘rubbing’’ of the western boundary current
against the boundary in the real ocean (as contour dy-
namics requires inviscid physics, the nearshore q band
would to certain extent ‘‘mimic’’ the frictional effect on
the asymmetric model q distribution) or (ii) the modi-
fication of the western boundary current in the real
ocean by mixing with coastal waters (with distinct po-
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FIG. 9. The undisturbed streamfunction c0 solution for the asym-
metric model (a 5 0.65) in which (a) u 5 0 and (b) u 5 p/4. Results
are expressed in the model coordinates (x, y). The potential vorticity
discontinuity is represented by a solid line, and the streamlines by
dashed lines.

TABLE 2. Summary of numerical experiments with the symmetric
model.

Run u b Initial conditions

s1
s2
s3
s4
s5
s6
s7
s8
s9

0
0
0
0
0
0
0

p/4
p/4

0
0
0.1
0.05
0
0
0.1
0
0.1

Eq. (24), A 5 0.5
Eq. (24), A 5 2.0
Eq. (24), A 5 0.5
Eq. (24), A 5 2.0
Eq. (25)
Eq. (26), A 5 2, d 5 1.5
Eq. (26), A 5 2, d 5 1.5
c0 5 0 streamline shape
c0 5 0 streamline shape

tential vorticity signatures). That the nearshore q band
has exactly the same nominal value of the northern gyre
q is a limitation of the single-front configuration. This

constraint can be relaxed if a multifront model is con-
sidered.

However, the velocity core located at x 5 x0 in the
asymmetric model is certainly more realistic than the
one corresponding to the symmetric model because fric-
tion inhibits the velocity near the wall in the real ocean.
Therefore, the need for matching velocities across the
nearshore q band and the c 5 0 condition at the wall
work to some degree as a nonstress boundary condition
in our inviscid CD model.

This may help to explain why the flow structure in
the asymmetric model resembles the one of the viscous,
barotropic model by Cessi (1991). As in the present
model, Cessi’s was characterized by two asymmetric
boundary currents that formed a separating zonal jet.
Since the Cessi (1991) model included friction, no-slip
conditions were used in the western boundary and the
boundary current velocity cores were placed at some
distance from the coast. In our inviscid model, we have
free-slip boundary conditions and the coastal current
maximum velocities occur at the q contour.

3. Numerical experiments

a. The symmetric model results

A series of numerical experiments were conducted
with the symmetric model. In this subsection, we de-
scribe and discuss the results. Table 2 defines the initial
value problems performed.

1) THE MERIDIONAL BOUNDARY CASE

The known steady-state solution for the meridional
boundary case, represented by c0 1 bcb, is given in
section 2a. There, a qualitative description of how ad-
vection and vortex induction mechanisms may govern
the contour motion close to the coast was presented.
Here, some of PS86’s experiments are repeated by per-
turbing the contour with isolated finite amplitude dis-
turbances. The goal is to determine the effect of the
boundary in the system dynamics. As in PS86’s work,
these disturbances are of the order of the deformation
radius, in an attempt to make advection and vortex in-
duction mechanisms of the same order.
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To better understand vortex induction mechanisms as
a combination of wave motion tendency and dipole ef-
fect, we ‘‘turn off’’ the shear flow in the model (i.e.,
c0 is set to zero) and let b 5 0. The contour is perturbed
upward with a half Gaussian bump, which has the form

h(x, 0) 5 22xAe , (24)

where A 5 0.5. This disturbance represents an anticy-
clonic anomaly which has a velocity structure similar
to that of the perturbed infinite jet problem on the east
side (cf. Fig. 10a with Fig. 6b). The difference is, of
course, the presence of the boundary on the west side.
The no-normal-flow condition at the boundary [u1(0, t)
5 0] is created by pairing the anomaly with its image
to the west of the boundary (or landward side of the
model) as shown previously (Fig. 7). Thus the north-
ward velocity y 1 is enhanced. As time progresses, the
westward wave propagation tendency creates a west-
ward velocity in the southeast corner of the anomaly.
The velocity is large enough to cause wave breaking
and sequential detachment of the anomaly from the zon-
al front (Fig. 10b). Meanwhile, in the northwest corner,
the anomaly continues to be pushed northward. After
separation the eddy continues to move northward (Fig.
10c).

We now solve the complete problem, in which the
basic state is a shear flow with zero b (Fig. 4a), using
the same initial condition as above (Run s1 in Table 2).
Figure 11 shows clearly that the advective effects of the
southward coastal current overcome the dipole effect,
and the anomaly is squashed against the x axis. Waves
are generated at the ocean side of the bump. The waves
travel eastward, with shorter wavelengths outrunning
the large ones, resembling a spatially damped wave pat-
tern. After some time (t 5 100), the disturbance am-
plitude at the coast is approximately zero.

There are two ways to increase the relative effect of
the vortex induction mechanisms (the dipole effect in
particular) in the model: One is to increase the size of
the disturbance in the initial conditions (PS86). The oth-
er is to include b, which in a piecewise constant po-
tential vorticity field weakens the restoring capability
of the c0 field.

In Run s2, the size of the amplitude initial disturbance
is set to four times that of Run s1; that is, A 5 2 in Eq.
(24) (Fig. 12). With much larger anomalous velocities
(u1, y 1), the Gaussian bump is squashed more slowly.
At t 5 100, the amplitude of the bump is about a quarter
of its initial value. However, we do not observe any
significant difference regarding between the wave pat-
tern in this experiment and that in Run s1. Of course,
the amplitudes are larger, but the waves have approxi-
mately the same wavelengths as the previous case. Note
also that at t 5 10 (Fig. 12), Runs s1 and s2 (in par-
ticular) resemble the model output when the basic shear
is turned off (Fig. 10, t 5 4). However, in the presence
of basic shear, the eastward advection velocity u0 over-
comes the westward wave velocity u1 in the trough to

the east of the initial bump, so that no eddy detachment
occurs. Given the symmetry between the upper and low-
er halves of the model, a cyclonic Gaussian bump (i.e.,
A 5 22) yields a pattern like those of Runs s1 and s2
(see Figs. 11 and 12), with h(x, t) being replaced by
2h(x, t).

In Run s3, the size of the initial disturbance in Run
s1 is retained, but b is given a value of 0.1. This b is
about five times the typical midlatitude value, but it is
of the right order of magnitude for more tropical cases
such as the North Brazil Current retroflection around
78–88 N (Brown et al. 1992). As this case demonstrates,
exaggerating b is analogous in some ways to the use of
a larger initial disturbance (Run s2), because the beta
velocity field opposes, and thus weakens, the undis-
turbed velocity field. As a consequence, the dipole effect
is able to balance (at around t 5 10) and eventually
overcome the southward advection (see Fig. 13). In con-
trast to results of the previous experiment, we obtained
a slowly (temporally) growing, spatially damped wave
pattern that slowly propagates away from the coast with-
in the time length of our run. The wavelengths in this
case are somewhat shorter than the ones in the b 5 0
cases.

In Run s4 (results not shown), we consider the same
bump amplitude as in Run s2 and a smaller b value
(0.05) than Run s3. The results are qualitatively identical
to the Run s3 except that it has a higher growth rate
due to a larger initial disturbance.

In Run s5, the effect of steepening the slope of the
disturbance is investigated by starting with

h(x, 0) 5 2{1 2 tanh[10(x 2 1)]} (25)

and b 5 0. PS86 found this type of initial condition
more efficient in causing eddies to detach in the infinite
jet problem (as in Fig. 6). In our case, however, the
results are very similar to those of Run s2 (Fig. 12) but
with slightly larger wave amplitudes.

In an effort to pinch off an eddy, we used PS86’s
two-lobe initial disturbance (Run s5), given by

h(x, 0) 5 2A(x 2 ,22(x2d)d)e (26)

where A 5 0.5, d 5 0.5. The calculations were initial-
ized with a large positive potential vorticity anomaly to
the east and a negative one near the coast. This repre-
sents an attempt to initially provide enough westward
u1 at the southeast corner of the anticyclonic bump to
overcome the positive u0 and to develop a pattern similar
to the one depicted in Fig. 10. However this initial con-
dition failed to result in a detached eddy. Instead, it
produces a pattern similar to that in Run s2 (Fig. 12)
but with an enlarged trough to the east of the anticyclone
at the coast. In a final case, with the same initial dis-
turbance and b 5 0.1 (Run s7, not shown), the model
again fails to pinch off a coastal eddy.

The results from the previous experiments contrast
with the infinite jet case where nonlinear effects are
important. PS86 showed that, for an initial disturbance
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FIG. 10. The anomaly model experiment, in which only vortex
mechanisms are present for (a) t 5 0, (b) t 5 4, and (c) t 5 8. FIG. 11. Symmetric model experiment with u 5 0 and b 5 0. Initial

conditions are given by Eq. (24) in main text, with a disturbance
amplitude of A 5 0.5 (Run s1). The y-axis scale is amplified about
four times relative to the x-axis scale.
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FIG. 12. Same as Fig. 11 but using a disturbance amplitude of A
5 2 (Run s2). The y-axis scale is amplified about four times relative
to the x-axis scale.

FIG. 13. Same as Fig. 12 but using b 5 0.1 (Run s3). The y-axis
scale is amplified about four times relative to the x-axis scale.
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FIG. 14. Linearized phase speed for Pratt and Stern’s (1986) infi-
nite jet using b 5 0 (solid curve) and b 5 0.1 (dashed curve).

with dimensions of the deformation radius, the com-
petition between advection and vortex induction could
lead to meandering and eddy shedding (Fig. 6). In our
case, the presence of the boundary imposes a different
balance between the mechanisms, and hence the qual-
itatively different results are obtained here. For example,
in Run s2 an amplitude disturbance as large as in PS86’s
experiments certainly creates disturbed velocities large
enough to prevent the bump from being squashed quick-
ly. However, since there is obviously no zonal advection
at x 5 0, there is no possibility of backward wave break-
ing (in a way similar to Fig. 6a). The dipole effect, which
accounted for the eddy shedding on the ‘‘anomaly’’
model run, is opposed and overcome by the southward
current advection. On the northeast side of the bump,
the alongshore velocities associated with westward
wave motion tendencies and advection have the same
sign. As described above, no westward cross-shore ve-
locity is created, making forward wave breaking un-
likely. When b is included (Runs s3 and s4), the effects
of the undisturbed velocity field are weakened by the
beta and dipole effect velocity fields. On the eastward
side of the disturbance, the westward beta velocity is
not large enough to allow a pattern similar to the one
in Fig. 10b to develop.

Our model results also show that perturbing the front
at the coast excites fairly sinusoidal long waves. There
is very little indication of nonlinear steepening, sug-
gesting a predominantly linear behavior. A linearized
version of the contour dynamics model is presented in
the appendix and reproduces qualitatively the results
obtained in this section.

The wave pattern obtained in this work resembles the
ones obtained by Pratt (1988), which dealt with the long-
wave limit of the PS86 model. The former author ob-
tained the same fairly slowly dispersing wave pattern
on an infinite domain, as found for initial disturbance
amplitudes considered here. It should be emphasized
that he explicitly filtered out short wavelengths, which
our model does not. The presence of the western bound-
ary and the zonal shear region it creates seems to some-
how impose the long-wave approximation. To verify this
finding, we use a simple linear calculation that considers
an infinite jet similar to PS86’s but with a linear zonal
gradient in some region of the domain. The role of such
structure is to mimic the boundary effect. The center
jet velocity is then given by

u(x, 0) 5 mx, (27)

where m is a constant coefficient.
The linearized PS86’s potential vorticity front evo-

lution equation is

]h ]
1 [uh 2 c] 5 0, (28)

]t ]x

where c satisfies

(¹2 2 1)c 5 22d(y)h(x, t). (29)

If we assume a solution for h of the form
ti[k(t)x2∫ v(t9)dt9]0h 5 Ae , (30)

use the Green’s function method in Eq. (29) to solve
for c, and apply Eq. (27), we obtain

]k k
x 1 mk 5 v 1 im 2 . (31)1 2 2]t Ïk 1 1

By collecting the O(x) terms, we determine the wav-
enumber evolution

]k
5 2mk, (32)

]t

which has a solution of the form

k(t) 5 k0e2mt, (33)

where k0 is the dominant wavenumber in the initial dis-
turbance. This result indicates that if the jet is perturbed
in a region of the alongjet shear, the wave structure will
have progressively smaller (larger) wavenumbers
(wavelengths) no matter how large k0 is. Therefore, the
system will rapidly approach the long-wave limit in ac-
cordance with our model results.

We may again use linear theory to explain why the
b-plane experiments yielded shorter waves than the f -
plane results. The (nondimensional) linearized phase
speed c expression (derived by PS86 for the infinite jet
problem and modified to include b)

1
c 5 1 2 2 b (34)

2 1/2(k 1 1)

is plotted in Fig. 14 for b 5 0 (solid curve) and b 5
0.1 (dashed curve). Our model results indicate that the
coastline causes the waves with phase speed close to
zero to be favored. From Fig. 14, we see that the slowest
waves are shorter when b is nonzero.
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2) THE TILTED BOUNDARY CASE

Now we consider the case in which the boundary is
tilted. In contrast to the cases in the previous section
where large input disturbances caused a momentum im-
balance and a quasi-stationary wave pattern, here the
tilt is responsible for the imbalance. The details of the
momentum imbalance in the tilted boundary case are
made explicit in the linear model formulation, which is
presented and discussed in the appendix.

In Run s8, the case for b 5 0 and a tilt of u 5 p/4
is considered first. The initial condition used simply
corresponds to the shape of the c0 5 0 streamline. Fig-
ure 15 shows that, when the model is ‘‘turned on,’’ a
positive potential vorticity anomaly develops close to
the coast and a negative anomaly develops to the east
side. Long waves are then excited (as in the cases of
the previous section) and a spatially damped wave pat-
tern results. However, in contrast to the (u 5 0, b 5 0)
cases, a slow linear temporal growth occurs.

Analogously to the meridional coast case, the results
from the contour dynamics model do not differ quali-
tatively from the linear solution (see appendix) where
a temporally growing, spatially damped long-wave pat-
tern is also obtained. The average growth rates, given
in terms of the time rate of change of latitude of a front
particle at the coast, is 20.03 and may be regarded as
the time variation in the separation latitude between the
two current systems.

The next model experiment (Run s9) repeats Run s8
except with b 5 0.1 (Fig. 16). The same wave pattern
is obtained, but with a higher linear growth rate. As in
the u 5 0, nonzero b experiments, the waves excited
are about 30%–40% shorter than the f -plane cases [see
Eq. (34) and Fig. 14]. The amplitudes are about 20%
higher.

A simple explanation for the growth rates in the long-
wave amplitudes that may be given is to regard the
steady momentum input as a forcing. Then, the linear
growth would occur due to resonant nearly stationary
waves (close to zero phase speed) being excited. The
role of ‘‘forcing’’ of the coastline tilt becomes partic-
ularly clear when the contour evolution equation in the
linear model [Eq. (A18) in the appendix] is examined.
There, the coastline tilt effect explicitly acts as a steady
forcing term and drives the slowly growing long waves
in the linear experiments. We believe that this is a result
of unbalanced alongshore momentum fluxes in the un-
disturbed velocity fields.

The southwestward migration of the separation lati-
tude in unbalanced converging current systems was also
obtained by Agra and Nof’s (1993) model. These au-
thors examined steady states for converging jets that
were made possible by the steady migration of the whole
current system.

Our results are also somewhat similar to those from
the barotropic broad jet model by Campos and Olson
(1991). Those authors studied quasi-stationary wave

patterns on a spatially constant zonal mean flow, using
a model which included a meridional western boundary
and lateral Laplacian dissipation. Despite the different
physics, they obtained temporally growing spatially
damped wave patterns similar to our results. In that
model, the frictional boundary works as a permanent
sink of potential vorticity. In the inviscid model con-
sidered here, the tilt creates a source of potential vor-
ticity which excites the near-stationary waves. Another
interesting similarity between the two models is that
larger b values were associated with shorter damped
waves despite the different representations of the b ef-
fect.

b. The asymmetric model results

In this section, we will emphasize f plane asymmetric
model experiments (Table 3). Examples of asymmetric
currents on the b plane will be reported in section 4.

1) THE MERIDIONAL BOUNDARY CASE

In order to isolate the effect of asymmetry, we con-
sider experiments with u 5 0 and only positive a values,
given the symmetry between the two halves of the mod-
el domain. All experiments used the shape of the stream-
line c0 5 a as initial conditions.

In the first experiment (Run a1), a very small asym-
metry (a 5 0.05) is considered. This results in the north-
ward current being about 10% more intense than the
southward one (Fig. 17a). There is a striking similarity
to the tilted boundary problem: slowly temporally grow-
ing, dispersing waves that resemble a damped wave pat-
tern are generated. Similar patterns are obtained in the
experiments with increasing asymmetry, corresponding
to a 5 0.22 (Run a2, Fig. 17b) and 0.65 (Run a3, Fig.
17c), respectively.

In Fig. 18, we plot the latitude of the northernmost
particle in the front for the three experiments at t 5 100
(circles). We included the three corresponding a , 0
cases, given

y(x, y, 2a) 1 h(x, y, t, 2a)

5 2[ y(x, y, a) 1 h(x, y, t, a)].

The zero a case corresponds to the symmetric model
steady-state result.

It is seen in Fig. 18 that the asymmetry strengths and
wave amplitudes vary linearly. The wavelengths excited
are approximately the same in the three experiments.
These results clearly indicate that the asymmetry in cur-
rent transport plays a role similar to that of the coastline
tilt. In other words, the asymmetry introduces a mo-
mentum imbalance in the alongshore direction as in the
symmetric, tilted boundary model. This imbalance caus-
es near-stationary waves to be excited as before. There-
fore, it is possible to think of the asymmetry effect also
as a forcing, related here to some sort of inertial over-
shoot.
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FIG. 15. Symmetric model experiment with u 5 p/4, b 5 0 (Run
s8). Initial conditions are given by the shape of the streamline c0 5
0. The y-axis scale is amplified about four times relative to the x-
axis scale.

FIG. 16. Same as Fig. 15 but using b 5 0.1 (Run s9). The y-axis
scale is amplified about four times relative to the x-axis scale.
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TABLE 3. Summary of numerical experiments with the asymmetric
model.

Run u a Initial conditions

a1
a2
a3
a4
a5
a6
a7
a8
a9
a10

0
0
0

p/4
p/4
p/4
p/4
p/4
p/4
p/4

0.05
0.22
0.65
0.05

20.05
0.22

20.22
0.65

20.65
20.47

c0 5 a streamline shape
c0 5 a streamline shape
c0 5 a streamline shape
c0 5 a streamline shape
c0 5 2a streamline shape
c0 5 a streamline shape
c0 5 2a streamline shape
c0 5 a streamline shape
c0 5 2a streamline shape
c0 5 2a streamline shape

FIG. 18. Position of the northernmost particle in the front at t 5
100 as a function of the asymmetry parameter a for u 5 0 (circled
curve) and u 5 p/4 (starred curve); b is zero for all the simulations.

FIG. 17. Asymmetric model experiment results with u 5 0, b 5
0 at t 5 100 for (a) a 5 0.05 (Run a1), (b) a 5 0.22 (Run a2), and
(c) a 5 0.65 (Run a3). The y-axis scale is amplified about four times
relative to the x-axis scale.

Agra and Nof (1993) were able to find steady-state
solutions for asymmetric, inviscid converging jets in the
f plane. In their model, a static steady state was possible
only when the converging currents had the same ve-
locity at the coast. When the velocities were different,
they found a steady migration of the stronger current
system toward the weaker one. Unlike the model pre-
sented in this work, the departing jet veering angle is a
result of their calculations. In ours, it is prescribed at
infinity to make the jet zonal in the ocean interior. This
assumption probably sustains the alongshore momen-
tum imbalance that triggers the long waves.

Cessi (1991) found steady states in her viscous bar-
otropic quasigeostrophic converging jet model. Retro-
flection patterns were obtained, as in our results. In some
of her experiments, a steady retroflection eddy was
formed at the western boundary. If the statement about
the momentum imbalance in our model is correct,
Cessi’s (1991) result may be indicative that friction is
needed to obtain steady states in an asymmetric con-
verging jet system.
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2) THE TILTED BOUNDARY CASE

In this series of experiments the coast is tilted in the
presence of asymmetric coastal currents. In doing so,
the symmetry in the geometry of the upper and lower
halves of the model is lost and experiments with positive
and negative a values are conducted.

The results from the two previous sections suggest
that the forcing by the tilt and asymmetry will be ad-
ditive when a . 0 and will oppose each other for the
a , 0 cases.

The first pair of experiments employed a very small
a, but with opposite signs. Run a4 (Fig. 19a) corre-
sponds to a 5 0.05, and Run a5 (Fig. 19b) to a 5
20.05. As expected, the forcing by the tilt is much larger
than the asymmetry effect and both results resemble the
a 5 0 case (Fig. 17), with the waves having slightly
higher (lower) amplitudes in the positive (negative) a
values. Also, the wave pattern is evidently translated by
a distance x0 from the coast.

When we make a 5 60.22 (Runs a6 and a7, Figs.
19c and 19d, respectively), about a third of the u value,
the forcing by asymmetry comes more effectively into
play. The much smaller wave amplitudes and different
pattern make evident the competition between the op-
posing forcing effects of tilt and asymmetry in Fig. 19d,
for which a is negative.

The asymmetry is of the same order as u in Runs a8
and a9 (Figs. 19e and 19f), with a 5 60.65. As ex-
pected, when the two O(1) asymmetry and tilt effects
add up, the highest amplitude waves among all f -plane
experiments in this work are produced. On the other
hand, when a , 0, the asymmetry effect dominates and
the wave amplitudes (Fig. 19f) resemble the ones ob-
tained for the meridional boundary, small asymmetry
case. The dominance of asymmetry in the balance is
due the fact that the front is separated by about one
deformation radius from the coast (x0 5 1.05) and the
effect of the tilted coastline decays eastward (see Fig.
A1 in the appendix). In other words, even with both
effects having approximately the same strength, they
are applied at different locations, and the front is closer
to the influence of the asymmetry forcing.

From Fig. 18 (circled curve) we could infer that there
is possibly no steady state for an asymmetric converging
current system (in our inviscid, equivalent-barotropic
ocean on an f plane) when the western boundary is
oriented meridionally. The results from section 3a(1)
also suggest that there is no steady state for a symmetric
converging current system when the coastline is slanted.
However, when the tilt and asymmetry parameters have
opposite signs (note that in Fig. 18 the starred curve
intersects the zero), the effects cancel each other, making
a steady solution possible.

We chose to estimate the a value corresponding to
the steady state for an asymmetric converging current
system when the coastline is slanted by u 5 p/4 by

employing the Lebedev and Nof (1996) momentum ratio
formula:

m 2 msouth northtanu 5 , (35)1 2m 1 msouth north

where

`

2m 5 y | dx (36a)south E y→2`

0

`

2m 5 y | dx (36b)north E y→`

0

are the momentum transport for southern and northern
boundary currents, respectively. Lebedev and Nof’s ex-
pression, in terms of the coastline angle, assures the
momentum balance in our asymmetric current config-
uration. Using the c0 definitions, u 5 p/4, and Eqs.
(35)–(36), we obtain a value of a 5 20.47. In fact, we
do find a numerical steady-state solution for the a 5
20.47 and u 5 p/4 values within our standard contour
dynamics model resolution. The results of Run a10 are
presented in Fig. 20.

4. Applications

In this section, we apply the model to three well-
known western boundary current systems: the Gulf
Stream, the Brazil Current, and the North Brazil Current.
The variable scales and nondimensional parameters used
in the three cases are presented in Table 4. The hori-
zontal velocity scales U were estimated by matching the
jet transport of our model with the observed transports.

a. The Gulf Stream

The Gulf Stream case is modeled as the convergence
between the Gulf Stream and the slope water near Cape
Hatteras to form the Gulf Stream extension. Schmitz
and McCartney (1993) find that the transport in the up-
per kilometer of the Gulf Stream near Cape Hatteras,
where it leaves the coast, to be about 55 Sv (Sv [ 106

m3 s21) when it leaves the coast, and that the slope water
transport is about 15 Sv. In terms of this model, the
separating Gulf Stream is an asymmetric current system
with a 5 0.55. Since a and u have opposite signs, the
effects oppose each other, with the asymmetry effect
dominating. Consistent with PS86’s scaling analysis, the
b parameter is virtually negligible compared to the cur-
rent vorticity gradient (about 1/60).

The results for the Gulf Stream run (Fig. 21a) reveal
small amplitude, long meanders (ø15 Rd or about 450
km). These wavelengths are similar to those seen in the
mean satellite image composite of the north wall by
Cornillon et al. (1986). The maximum meander ampli-
tude occurs at a distance of 10 Rd from the coast, and
for t 5 100 it is about 0.35 Rd or 10.5 km. Using the
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FIG. 19. Asymmetric model experiment results with u 5 p/4, b 5 0 at t 5 100 for (a) a 5 0.05 (Run a4), (b) a 5 20.05 (Run a5), (c)
a 5 0.22 (Run a6), (d) a 5 20.22 (Run a7), (e) a 5 0.65 (Run a8), and (f ) a 5 20.65 (Run a9). The y-axis scale is amplified about four
times relative to the x-axis scale.
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FIG. 20. The steady state obtained for asymmetric model experi-
ment Run a10 with u 5 p/4, b 5 0, and a 5 20.47. The y-axis
scale is amplified about four times relative to the x-axis scale.

FIG. 21. The boundary current applications: (a) the Gulf Stream case
at t 5 100 (u 5 p/4, b 5 0.014, a 5 20.55); (b) the Brazil–Malvinas
confluence case at t 5 100 (u 5 p/6 b 5 0.033, a 5 0.33); and (c) the
North Brazil Current case at t 5 40 (u 5 p/4, b 5 0.348, a 5 0.3).

TABLE 4. Scales and nondimensional parameters for the three
study cases.

Current system

Length/
scale
(km)

U
(m s21) u a b

Gulf Stream
Brazil Current
North Brazil Current

30a

30d

110g

1.2b

0.5e

0.8h

2p/4
p/6
p/4

0.55c

0.33f

0.03i

0.014
0.033
0.348

a Calculated by G. R. Flierl as Rd using a section of the SYNOP
dataset from Hall and Fofonoff (1993).

b Estimated from Schmitz and McCartney (1993).
c Estimated from Schmitz and McCartney (1993).
d Estimated as Rd from Houry et al. (1987).
e Estimated from Gordon and Greengrove (1986).
f Estimated from Gordon and Greengrove (1986).
g Estimated as Rd from Houry et al. (1987).
h Estimated from transport calculations using the Western Tropical

Atlantic Experiment dataset (F. L. Bub 1996, personal communica-
tion).

i F. L. Bub (1996, personal communication).

position of the northernmost particle in the front, we
can estimate the speed at which the largest lobe is mov-
ing eastward. Dimensionally, the main lobe ‘‘phase
speed’’ is 8.7 km d21. This value compares reasonably
well with the measurements of Tracey and Watts (1986),
who found phase speeds of about 14 km d21 for the
wavelength range of 450–500 km close to Cape Hat-
teras.

It is not a surprise that an equivalent-barotropic, sin-
gle-front model does not agree with many aspects of
the observed configuration of the Gulf Stream extension
with its growing meanders and ring production. Using
a two-layer version of the PS86 jet model, Meacham
(1991) showed that baroclinic instability can produce
large amplitude meanders and eddy shedding of similar
character to the ones observed for the Gulf Stream ex-
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tension. A barotropically unstable version of the PS86
model, presented by Pratt et al. (1991), also produced
eddies that resembled the warm outbreak events in the
Gulf Stream. However, our model lacks baroclinic and
barotropic instability mechanisms. The incorporation of
baroclinic instability mechanisms into a version of the
present model is in progress.

b. The Brazil–Malvinas confluence

The Brazil Current separates from the continental
margin at approximately 388S where its warm subtrop-
ical waters meet the cold subantarctic waters of the Mal-
vinas Current to form the Brazil Current extension and
later the South Atlantic Current (Olson et al. 1988;
Stramma and Peterson 1990). According to Gordon and
Greengrove (1986), Brazil Current geostrophic transport
in the upper 1000 m is about 20 Sv and twice the trans-
port for the Malvinas Current. Therefore, a Brazil Cur-
rent experiment, analogous to the Brazil–Malvinas con-
fluence (in the Northern Hemisphere, for convenience)
with a 5 0.33, was conducted.

In contrast to the Gulf Stream situation, u and a have
the same sign in this case and therefore reinforce each
other. Given the much less intense flow of the Brazil
Current, its b scale is twice the value of its Northern
Hemisphere counterpart.

The results for the Brazil Current run (Fig. 21b) are
similar to the wavelength of about 450 km (at t ø 100)
found for the larger lobes of the previous f -plane ex-
periments (b is small). As the South American coast is
less deviated from a north–south orientation, |u| is small-
er than for the Gulf Stream case. Thus, the maximum
amplitude value of about 1.9 Rd (or 57 km at t 5 100
lies in between the two curves of Fig. 18.

The width of the larger lobes is in agreement with
the 500 km found in Olson et al.’s (1988) analysis of
satellite images. However, the amplitudes are reduced
by a factor of 5. The large amplitude meanders and
coastal eddy shedding observed by Gordon and Green-
grove (1986) and Olson et al. (1988) can be attributed
to barotropic or baroclinic instabilities. Numerical ex-
periments with the Miami model by Campos and Olson
(1991) indicated that barotropic instability caused me-
andering growth and eddy shedding in their simulations
of the Brazil–Malvinas confluence.

c. The North Brazil Current

We now model the separation of the near-equatorial
North Brazil Current as the convergence of its 45 Sv
with a broader and slower southward branch of the
North Equatorial Current, carrying about 35 Sv (Johns
et al. 1990; F. L. Bub 1996, personal communication).
The convergence forms the western part of the North
Equatorial Countercurrent. Since the separation occurs
at about 78N, the deformation radius is about four times
larger than those for the midlatitude examples. Also, the

nondimensional Rossby parameter b is 0.35, one order
of magnitude higher than the previous examples.

The results for the North Brazil Current run (Fig. 21c)
show that the retroflection is reproduced and that the
wavelengths present at t 5 40 are about 700–900 km.
These values are consistent with Richardson and Rev-
erdin (1987) and Richardson et al. (1994). The larger
value of b causes the contour to be pushed against the
boundary, and the main lobe grows northward (in a
mechanism similar to the one described in Run s3). We
acknowledge that the way the b effect is modeled here
is somewhat arbitrary, since one could move the cb 5
0 streamline north or south. However, the results in Fig.
21c show striking resemblance to the maps of the North
Brazil Current retroflection in charts derived from sat-
ellite images presented by Johns et al. (1990) and sur-
face drifter tracks by Richardson et al. (1994). In par-
ticular, the stretching of the retroflection bulge prior to
shedding an eddy has been observed. Unfortunately, this
model does not result in the complete eddy detachment.
Instead, it shows a slow linear stretch of the retroflection
bulge northwestward.

In contrast to the previous current system examples,
there is no evidence in the literature that either baroclinic
or barotropic instabilities may play a role in the North
Brazil Current eddy shedding. It appears the processes
governing the detachment in this case are yet to be
uncovered.

5. Summary and conclusions

In this paper we have explored the effect of coastline
orientation and transport asymmetry in converging
western boundary currents that form a zonal eastward
inertial jet. A single-vorticity-front contour dynamics
model based on PS86’s infinite jet model is developed
to explore this system. The b effect is introduced in the
model in such a way that the contour dynamics tech-
nique requirement of a piecewise constant potential vor-
ticity field is satisfied. The b term is compensated for
by including a time-independent flow field similar to
the edge between two Fofonoff gyres. The parameter
space of the model is spanned, including the coastline
tilt angle u, the transport asymmetry a, and the non-
dimensional Rossby parameter b.

For the case of a north–south coastline orientation (u
5 0) and symmetric converging currents (a 5 0) that
form a zonal jet, a steady state is known to exist. The
PS86 experiments with isolated disturbances are re-
peated and the effect of the boundary is investigated. It
is found that in the presence of the boundary, long waves
are often excited and very little nonlinear steepening
occurs as the flow evolves. The input of large potential
vorticity anomalies leads to a slowly temporally decay-
ing (growing) damped long-wave pattern in our f -plane
(b-plane) calculations within the time length of our runs.
This pattern resembles the quasi-stationary wave motion
observed in western boundary current extensions. Rel-
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atively shorter waves occurred in the b-plane experi-
ments. Coastal eddy detachment in these cases appears
unlikely, even if fairly extreme boundary conditions are
used. These results differ from the infinite jet experi-
ments of PS86, where eddy shedding became possible
when the same initial conditions were used. The pres-
ence of the western boundary—through the zonal gra-
dient in the undisturbed cross-shore velocity component,
required to satisfy the zero normal flow condition at the
coast—causes a stretching of the disturbances so that
the long-wave limit is reached rapidly and prevents
wave breaking on the west side of the anomaly.

When either a nonmeridional coastline or converging
current asymmetry are considered, a steady state is not
obtained numerically. The tilt in coastline orientation (u
± 0) imposes a momentum imbalance that creates a
steady source of potential vorticity at the coastward end
of the departing jet. This source drives temporally grow-
ing, spatially damped long waves. The linear slow
growth observed in the wave pattern is probably as-
sociated with the steady input of alongshore momentum
in the model. If the tilt effect is thought of as a steady
forcing, as the linear model in the appendix suggests,
the quasi-stationary long waves excited are close to the
resonance (zero) frequency and may account for the
slow linear growth of the amplitudes. Similar responses
can occur when there is asymmetry in the coastal current
transports, without coastline tilt.

For the cases in which we allow both u and a to be
nonzero, the dynamical effects of asymmetry and tilt
can reinforce or oppose each other. When the coastline
is tilted westward relative to the stronger current direc-
tion, they reinforce each other, generating the retroflec-
tion type of separation (Fig. 1b). When the coastline tilt
is eastward, following the stronger current, the two ef-
fects oppose each other, accounting for much smoother
separations. These results agree with Ou and De Ru-
ijter’s (1986) model results and Campos and Olson’s
(1991) description of boundary current separations.
Steady-state solutions may be obtained for the latter case
by means of total cancellation between tilt and asym-
metry forcings.

The application of the model to three different sep-
arate boundary current systems qualitatively reproduces
the separation patterns, and the observed wavelengths
are within the observed range.

We acknowledge that the model is unbalanced in all
unsteady runs described above. However, we believe
that the model has shown that an inertial system can
reproduce the patterns observed in separating boundary
currents by introducing a momentum imbalance locally
(i.e., close to the coast) through tilting the coastline or
making the current system asymmetric. The downstream
condition of constraining the jet to be zonal is also in
agreement with observations of most boundary current
extension flow patterns. In the real ocean, we expect
that other forces (such as pressure forces and friction)

would balance the system as whole, and a steady-state
retroflection pattern may be possible.

Also, as one anonymous reviewer pointed out, from
the works of Moore and Niiler (1974) and Cushman-
Roisin et al. (1993), steady states for separating (sym-
metric and asymmetric) jets are possible on the b plane,
while our results seems to suggest otherwise. Those
authors found solutions consisting of spatially uniform,
long stationary meanders in the ocean interior (the free
jet region). Within the length of our runs, we found no
indication that our b-plane experiments approach a
steady state. We are, however, bounded by computa-
tional constraints. The Lagrangian nature of the contour
dynamics code makes extremely long runs unviable, and
we can only speculate about such disagreement. The
path equation method by Moore and Niiler (1974) as-
sumes that downstream variations are slow compared
to cross-stream ones, and that, clearly, does not hold at
the coast. There could be steady meanders in the far
downstream free jet. S. P. Meacham (1996, personal
communication) has found full steadily propagating 1 -1

2

layer states using contour dynamics and iteration. His
results perhaps indicate that steady states can be found
if the parameters and initial conditions are just right.
All we can say from our results is that starting from a
flat downstream state does not lead to a steady state
within reasonable lengths of time.

In preparation is a version of the present model that
incorporates baroclinic instability mechanisms by con-
sidering a 2 -layer configuration.1

2
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APPENDIX

The Linear Symmetric Model

a. The model formulation

The contour dynamics model developed in section 2a
allows the nonlinear investigation for any coastline tilt
[the angle u may be O(1)]. Here, we consider the lin-
earized case in which the coast orientation is either me-
ridional or only slightly tilted from the north–south di-
rection, that is, u K 1.

For easier manipulation of the equations, we first de-
fine a nonorthogonal coordinate system (x, j), where x
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is still the cross-shore direction and j is the cross-front
direction defined by

j 5 y 2 y(x) (A1)

or, using Eq. (4),

j 5 y 1 x tanu. (A2)

In terms of the new coordinate system, Eq. (3) becomes

2 2 2] ] ]
21 2 tanu 1 (1 1 tan u) 2 1 ĉ 1 bj cosu

2 2[ ]]x ]x]j ]j

5 21 1 2H (j 2 ĥ), (A3)

where the carets denote the fields for the linearized mod-
el.

Equation (17b) is also rewritten, with as the newŷ
cross-front velocity:

d ]ĥ ]ĉ ]ĥ
ĥ 5 2 5 ŷ (x, ĥ, t). (A4)

dt ]t ]j ]x

Under the u K 1 assumption, Eq. (A2) can be re-
written as

j 5 y 2 ux 1 O(u2) (A5)

and can be expanded in the asymptotic seriesĉ
2ĉ 5 ĉ 1 uĉ 1 O(u ).0 1 (A6)

In the linear regime, is O(u) so thatĥ
2H(j 2 ĥ) 5 H(j) 2 d(j)ĥ 1 O(ĥ ).

We can substitute Eqs. (A5) and (A6) into Eqs. (A3)
and (A4) and collect the lowest terms to obtain

2 2] ]
1 2 1 ĉ 1 bj 5 21 1 2H (j) (A7)02 2[ ]]x ]j

and

ĉ (x, 0) 5 0, (A8)0

respectively. No restriction was imposed on the size of
b to allow the model to be applied for conditions where
b . u.

The field is partitioned into ‘‘undisturbed’’ andĉ ĉ0 00

‘‘beta’’ parts that satisfyĉ0b

2 2] ]
1 2 1 ĉ 5 21 1 2H (j) (A9)002 2[ ]]x ]j

and

2 2] ]
1 2 1 ĉ 5 2j, (A10)0b2 2[ ]]x ]j

respectively. Note that if we replace y with j and con-
sider u 5 y 5 0, Eqs. (A9) and (A10) are of the same
form as Eqs. (6) and (7). So are the boundary conditions
and the solutions. Therefore, the solutions in Figs. (4a)
and (5a) also respectively represent the solutions for

and in the (x, j) space.ĉ ĉ00 0b

Defining

]ĉ0û 5 2 , (A11)0 ]j

the O(u) equations are

2 2] ] ]û0
1 2 1 ĉ 2 2 5 22d(j)ĥ (A12)12 2[ ]]x ]j ]x

and

]ĥ ] ]ĉ1
1 (û ĥ) 5 (A13)0]t ]x ]x

evaluated at j 5 0. We can also split the field intoĉ1

and , which satisfyĉ ĉ11 12

2 2] ] ]û01 2 1 ĉ 5 2 (A14)112 2[ ]]x ]j ]x

2 2] ]
1 2 1 ĉ 2 5 22d(j)ĥ, (A15)122 2[ ]]x ]j

respectively. It can be seen in the equations above that
all time dependence of is contained in its com-ĉ ĉ1 12

ponent through Hence the time-independentĥ(x, t).
is determined by iteration. The required boundaryĉ11

conditions for Eq. (A14) can be determined by consid-
ering the b 5 0 case, in which the x-dependence of û0

is confined to small values of x and j (see Fig. 4a). Thus
it is reasonable to assume that should also decay asĉ11

x → ` and j → 6`. The solution for is shown inĉ11

Fig. A1.
The field is obtained in terms of Green’s functionsĉ12

G1 and G2, as defined in Eq. (12), and written in the
(x, j) space according to

` `

ĉ 5 22 dx9 dj9[G 1 G ]d(j)ĥ(x9, t).12 E E 1 2

0 2`

(A16)

By applying the d-function properties to Eq. (A16)
and evaluating it at j 5 0,

`1
ĉ 5 dx9[K (|x 2 x9|) 2 K (|x 1 x9|)]ĥ(x9, t).12 E 0 0p 0

(A17)

The contour evolution Eq. (A13) for the linear model
can be written in terms of and ,ĉ ĉ11 12

]ĥ ] ]ĉ111 [û ĥ 2 ĉ ] 5 (A18)0 12]t ]x ]x

or using Eq. (A16) to get
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FIG. A1. The ‘‘mismatch’’ streamfunction in the (x, j) space:ĉ11

(a) in the model domain, (b) along j 5 0, and (c) its zonal gradient
along j 5 0.

`]ĥ ] 1
1 û ĥ 2 dx90 E5]t ]x p 0

3 [K (|x 2 x9|)2 K (|x 1 x9|)]ĥ(x9, t)0 0 6
]ĉ115 . (A19)
]x

Equation (A18) [or Eq. (A19)] is a first-order wave
equation for which is steadily forced by (Fig.ĥ, ŷ (0)11

A1). For the cases in which the coast is tilted, existsĉ11

and the time-independent part of streamfunction field
does not coincide with the contour. Thus the quantities
in the linear model 1 , where accounts forĉ uĉ ĉ0 11 11

the mismatch between the contour and streamline (as
seen in Figs. 4b and 5b) can be related to the corre-
sponding quantities in the nonlinear model: the c0 1
bcb field.

Prior to the discretization of Eq. (A18), the integrals
in Eq. (A17), as in Eq. (15), need to have the logarithmic
singularity removed. Here, the desingularization is done
in a slightly different manner from the method employed
on the contour dynamics scheme. We follow the PS86
method here.

As an example, consider the first integral of the right-
hand side of Eq. (A17). In the |x 2 x9| # e interval
where e K 1, the integral is singular. Hence, we can
split the integral into nonsingular and singular parts, as
follows:

`

dx9 K (|x 2 x9|)ĥ(x9, t)E 0

0

5 dx9 K (|x 2 x9|)ĥ(x9, t)E 0

|x2x9|.e

x1e

1 dx9 K (|x 2 x9|)ĥ(x9, t). (A20)E 0

x2e

Note that the singularity is now confined to the second
integral on the right-hand side.

Using the e K 1 assumption, we can approximate
in the singular integral of Eq. (A20) byĥ(x9, t)

,ĥ(x9, t) 5 ĥ(x, t) 1 O(e) (A21)

which yields
x1e

dx9 K (|x 2 x9|)ĥ(x9, t)E 0

x2e

x1e

5 2ĥ(x, t) dx9 ln(|x 2 x9|) 1 O(e), (A22)E
x2e

given that K0(r) 5 2ln(r) 1 O(e) for r # e.
The integral on the right-hand side of Eq. (A22) can

be easily integrated by parts to obtain

x1e

dx9 ln(|x 2 x9|) 5 22e[ln(e) 2 1] 1 O(e),E
x2e

(A23)

With Eqs. (A22) and (A23) in Eq. (A20), we get
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FIG. A2. Linear symmetric model experiment results at t 5 100
for (a) u 5 0, b 5 0 (Run l1), (b) u 5 p/40, b 5 0 (Run l2), and
(c) u 5 p/40 b 5 0.1 (Run l3). The y-axis scale is amplified about
four times relative to the x-axis scale.

`

dx9 K (|x 2 x9|)ĥ(x9, t)E 0

0

5 dx9 K (|x 2 x9|)ĥ(x9, t)E 0

|x2x9|.e

2 2e[ln(e) 2 1]ĥ(x, t) 1 O(e). (A24)

A similar procedure should be applied to the second
integral on the right-hand side of Eq. (A17).

Having desingularized the integrals in the ex-ĉ12

pression, we can discretize Eq. (A18). The numerical
procedure used in this model is based on an Eulerian
scheme, unlike the Lagrangian contour dynamics al-
gorithm. Therefore, values for will be evaluatedĥ(x, t)
on a grid of fixed ‘‘x’’ values. Hence, considering

x 5 iDx for i 5 0, M (A25a)(i)

(n)t 5 nDt for n 5 0, N, (A25b)

we use a modified Lax finite difference scheme to ap-
proximate Eq. (A18) as

1
(n11) (n) (n)ĥ 2 [ĥ 1 ĥ ](i) (i11) (i21) (n) (n)û ĥ 2 û ĥ2 0 (i11) 0 (i)(i11) (i)1

Dt Dx
(n) (n)ĉ 2 ĉ ĉ 2 ĉ12 12 11 11(i11) (i) (i11) (i)2 5 , (A26)

Dx Dx

which is solved together with

Dx Dx
(n) (n) (n)ĉ 5 K (|x 2 x |)ĥ 2 ln 2 1 ĥO12 0 (i) ( j) ( j) (i)(i) 1 2[p 2j±i

(n)2 K (|x 1 x |)ĥO 0 (i) ( j) ( j)
j±0

Dx
(n)1 ln 2 1 ĥ d( j) , (A27)(i)1 2 ]2

where

1 for j 5 0
d( j) 5 50, otherwise

and e was taken to be equal to Dx/2.
For the beginning of the domain (i 5 0), we simply

use
(n) (n) (n) (n)(n11) (n) û ĥ 2 û ĥ ĉ 2 ĉĥ 2 ĥ 0 (1) 0 (0) 12 12(0) (0) (1) (0) (1) (0)1 2

Dt Dx Dx

ĉ 2 ĉ11 11(1) (0)5 . (A28)
Dx

The far-end boundary condition is obtained by choos-
ing an M large enough to guarantee that 5 0.(n11)ĥ(M)

The numerical stability criteria is given by

Dt
û # 1. (A29)0MAX) )Dx
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b. Numerical results

In this section we repeat some of the initial value
problems described in section 3a using the linear phys-
ics.

The meridional boundary case. For the u 5 0 case,
y(x) and are also zero, and Eq. (A18) becomes ho-ĉ11

mogeneous. We then perform the Run l1 experiment,
which is the linear analog of Run s2. In Fig. A2a, it
can be verified that the same wave pattern as in the
nonlinear model is obtained. The waves have approxi-
mately the same wavelengths, but the apparent spatial
‘‘damping’’ seem stronger.

The tilted boundary case. By including a slight tilt
in the coastline, for example, u 5 p/40, the linear model
also repeats the behavior of its contour dynamics coun-
terpart. Run l2 (Fig. A2b) and Run l3 (Fig. A2c) rep-
resent the linear analogs of the Run s8 and Run s9
respectively. The steady input of alongshore momentum
is made explicit by the velocity. Even though weŷ 11

just show the final time step of both model runs in Fig.
A2, it is verified that the growth rate in the wave pattern
is similar to the nonlinear calculations.
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