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ABSTRACT

Because of the strong variation with temperature of the thermal expansion coefficient of seawater, both
horizontal and vertical mixing that perturb the gradients produce changes of volume, usually a decrease, that
shift mass relative to the earth’s gravitational field resulting in significant changes of gravitational potential
energy (GPE). For sufficiently large temperature gradients, these changes may serve as energy sources to
supplement the tidal, internal wave, and other processes that mix the ocean waters and limit the gradient
magnitudes. The hypothesis examined here is that for overall stable ocean stratifications of temperature and
salinity, the GPE conversions must be positive with respect to local perturbations by diffusion, mixing, or other
disturbances. Thus, for the long-term steady state of the oceans to exist, the GPE structure must be stable,
including the nonlinear effects.

A dynamical description of the conversion process for GPE changes to kinetic energy for mixing has not yet
been developed. The evidence for the significance of the process is based on observational data. Examples are
given for several oceans to show the limiting effects of the nonlinear Equation of State properties on the main
thermoclines.

1. Introduction

The density structures in the major ocean basins are
created by circulation resulting from the thermal strat-
ification produced by equatorial heating and polar cool-
ing. The structures are modified further by salinity strat-
ification resulting from evaporation and precipitation
and by wind-driven circulation. These processes create
gradients and fronts within the ocean interiors that are
smoothed by turbulent mixing powered by internal
waves, gravitational instabilities, double diffusion, and
other sources.

The objective of the present paper is to describe how
the nonlinear effect of contraction on mixing of sea-
water, referred to as ‘‘cabbeling,’’ may determine major
features of the ocean’s temperature and salinity struc-
tures. The hypothesis is that the oceans are at a stable
minimum gravitational potential energy (GPE) with re-
spect to local perturbations. If vertical temperature gra-
dients exceed a limiting value, the excess GPE released
due to cabbeling will enhance local mixing and shorten
the timescale necessary to eliminate the ‘‘instability.’’

The nonlinearity of the Equation of State (EOS-80)
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results from the strong dependence of the thermal ex-
pansion coefficient on temperature. The nonlinearity is
strongest for freshwater at 48C and atmospheric pres-
sure, and decreases with increasing temperature, salin-
ity, and pressure. The first and second derivatives of
specific volume are shown in Fig. 1. The first derivative
with respect to temperature varies by an order of mag-
nitude over the oceanic range of temperature, salinity,
and pressure. The variation of specific volume with sa-
linity is nearly linear. Thus, the major contributor to the
nonlinear effects is the variation of the thermal expan-
sion with temperature as can be seen from Fig. 1d. Fig-
ure 1 also compares the standard EOS-80 values with
those computed from the more recent equations of Feis-
tel and Hagen (1995). The differences are negligible for
the present discussion. The EOS-80 has been described
in detail by Fofonoff (1985).

A smaller, but important, effect is the variation of
compressibility with temperature. Water is more com-
pressible at low temperatures. Thus, a cold seawater
layer overlying warmer water can become unstable with
an increase in pressure. This effect was described for
freshwater by Eckel (1949). A similar process was de-
scribed by Ekman (1934) and Gill (1973) for the Ant-
arctic thermocline.

The effect of cabbeling on ocean processes has been
studied by many authors, starting with Witte (1902).
Mamayev (1975) and Fofonoff (1995) have reviewed
some of the earlier papers. More recent studies are by
McDougall (1987). Effects of cabbeling have been in-



2170 VOLUME 31J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

corporated in recent numerical models by McDougall
and Dewar (1998). Earlier studies of the GPE changes
of a water column were made by Fofonoff (1961) and
Fine et al. (1978).

2. Gravitational potential energy changes
The gravitational potential energy of a vertical col-

umn of seawater extending from a level z0 to the surface
zs is defined as

z zs s

GPE 5 rg(z 2 z ) dz 5 p dzE 0 E
z z0 0

M

5 pa dm, (1)E
0

where r is density, a specific volume, g gravity, p pres-
sure, and m 5 r dz is the mass variable measuredz#z0

from z0 of the water column of total mass M. By using
a mass variable, the column shifts relative to the grav-
itational field are taken into account while conserving
mass. Variations of gravity with depth are neglected.

The changes of GPE can be estimated from the hy-
drodynamic equations by evaluating the contributions
from changes of pa. The local volume changes produced
by advection and mixing cause global shifts of the water
column relative to the geopotential field and conversions
between GPE and kinetic energy. Expanding pa in terms
of adiabatically and isentropically conserved variables
yields

Dpa dpa dpa
5 1 ujDt dt dxj

]pa Dh ]pa Dp ]pa Ds
5 1 1 , (2)1 2 1 2 1 2]h Dt ]p Dt ]s Dt

p,s h, s h,p

where h is entropy and s salinity. The changes relative
to an adiabatic pressure change along streamlines are
given by

Dpa ]pa Dp
2 1 2Dt ]p Dt

h,s

]a Dh ]a Ds
5 p 1 . (3)1 2 1 2[ ]]h Dt ]s Dt

p,s h,p

Substituting for Dh/Dt, the thermodynamic relation-
ship:

Dh ]h DT ]h Dp ]h Ds
5 1 11 2 1 2 1 2Dt ]T Dt ]p Dt ]s Dt

p,s T,s T,p

C DT ]a Dp ]m Dsp
5 2 21 2 1 2T Dt ]T Dt ]T Dt

p,s p,s

C Du ]m Dsp
5 2 ,1 2T Dt ]T Dt

p,s

where T is temperature, u potential temperature, Cp spe-
cific heat, m chemical potential of salt in seawater, and
substituting

]a ]a ]a ]h ]h
5 1 21 2 1 2 1 2 1 2 @1 2[ ]]s ]s ]T ]s ]T

h,p T,p p,s T,p p,s

]a ]m
5 1 G ,1 2 1 2]s ]T

T,p p,s

where

T ]a
G 5

C ]Tp

is the adiabatic temperature gradient, yields

Dpa ]pa Dp
2 1 2Dt ]p Dt

h,s

]a Du ]a Ds Dx
5 p 1 5 , (4)1 2 1 2[ ]]T Dt ]s Dt Dt

p,s T,p

where the substantial derivative Dx/Dt is the rate of
change of GPE due to nonadiabatic contributions.

The changes of potential temperature and salinity by
mixing and diffusion can be estimated as flux diver-
gences and local sources; that is,

q sdF dFDu Dsj j
5 2 1 q, 5 2 , (5)

Dt dx Dt dxj j

where Cp is the heat flux and Cpq the heat producedqF j

by local dissipation of kinetic energy. The salt flux sF j

is assumed not to be accompanied by any local sources.
Making the substitutions and rearranging the equation

into a flux divergence plus source terms produces the
equation for estimating nonadiabatic contributions to
GPE:

Dx d ]a ]a d ]aq qs5 2 p F 1 p F 1 p Fj j j1 2 1 2Dt dx ]T ]s dx ]Tj j

d ]a ]a
s1 p F 1 p qj1 2dx ]s ]Tj

xdF j
5 2 1 x 1 x , (6)s qdxj

where

]a ]a
x q sF 5 p F 1 p Fj j j]T ]s

d ]a d ]aq sx 5 p F 1 p Fs j j1 2 1 2dx ]T dx ]sj j

]a
x 5 p q. (7)q ]T
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TABLE 1. Location of Fig. 2 CTDs.

Ocean Station File Latitude Longitude

(a) Arctic
(b) Antarctic
(c) Indian
(d) Indian
(e) Pacific
(f) Atlantic

94700124.CTD
HYD13.TXT
I08S0027.WCT
I07N75901.CTD
KFp41.CTD
018F.LIS

898589N
668539S
42809S
0809
34809N
348399N

918419E
688569W
95809E
578169E

144809E
728529W

The fluxes are the contributions from the heat andxF j

salt fluxes, xs the local source contribution, and xq the
positive contribution from local dissipation of kinetic
energy.

For an isolated segment of the water column, assum-
ing no fluxes across the boundaries and neglecting the
small contribution from local dissipation of kinetic en-
ergy, the equation reduces to

dx d ]a d ]a
q s. x 5 p F 1 p F . (8)s z z1 2 1 2dt dz ]T dz ]s

The fluxes can be estimated using different models, but
the minimum fluxes are assumed to be by molecular
diffusion and small-scale mixing and can be approxi-
mated by

dT ds
q sF . 2k , F . 2k , (9)z T z sdz dz

where kT, ks are the diffusion or turbulent transfer co-
efficients for temperature and salinity.

The equation becomes

d ]a dT d ]a ds
x 5 2k p 2 k p . (10)s T s1 2 1 2dz ]T dz dz ]s dz

At small scales, the molecular diffusion of salt is
negligible in comparison with that of heat; that is, kT

k ks. The thermal stability parameter is, therefore, de-
fined as

d ]a dT
E 5 2 p (11)ther 1 2dz ]T dz

and must be positive for a stable stratification. For equal
transfer rates for heat and salt by small-scale turbulent
mixing and for a linear EOS, the stability expression
reduces to

]a du ]a ds
2x 5 krg 1 5 kN , (12)s 1 2]T dz ]s dz

where N 2 is the local stability parameter and k the trans-
fer rate. For turbulent exchange, the temperature gra-
dient is replaced by the potential temperature gradient
du/dz.

A limiting vertical diffusive temperature gradient (dT/
dz)diff is defined by Ether 5 0, or p]a/]T constant with
depth. For p]a/]T to be constant with depth, the thermal

expansion must decrease sufficiently rapidly to offset
the pressure increase, indicating a strong decrease in
temperature. Thus, plotting p]a/]T against temperature
provides a sensitive diagnostic tool to identify critical
regions in the oceans. Examples are given in Fig. 2 and
Table 1 for several ocean regions.

At the diffusive limit, the linear and nonlinear con-
tributions to GPE are of equal magnitude and opposite
sign. The nonlinear contribution is always negative and
destabilizing. The limiting diffusive temperature gra-
dient is obtained by solving the equation:

2d ]a ]a ] a
p 5 2rg 1 p1 2 1 2[ ]dz ]T ]T ]T]p

2 2] a dT ] a ds
1 p 1 5 0, (13)

21 2[ ]]T dz ]T]s dz
diff

which yields

2 2]a ] a ] a ds
rg 1 p 2 p1 2 1 2[ ]]T ]T]p ]T]s dpdT

5 . (14)1 2dz 2] adiff
p

21 2]T

The diffusive limit (dT/dz)diff apparently sets a strong
upper bound at all depths to the magnitudes of the ver-
tical temperature gradients that can persist in the ocean.
Gradients above this limit must be actively forced as,
for example, in surface thermoclines below the wind
mixed layer. An example from the main thermoclines
of the Atlantic and Pacific subtropical basins is shown
in Fig. 3. The measured gradients fluctuate about the
diffusive limit within the main thermocline. The inter-
pretation is that mixing converts sufficient GPE to pro-
vide the energy to form the ‘‘slippery’’ layered struc-
tures that move relative to each other to force the mixing
at the interfaces. A mechanism for creating slopes at
the thermocline, such as internal waves, may enhance
the process. A crude analogy is a block resting on a
sloping surface. When a movement produces a GPE
change greater than the frictional dissipation at the in-
terface, the surface becomes ‘‘slippery’’ and the block
begins to slide.

A vertical average shows a balance between the en-
ergy production by cabbeling and the dissipation by
diffusion within the thermocline yielding a neutral ther-
mal stability. Thus, the nonlinear effects limit the in-
tensity of the thermocline stratification that is formed
by the convergence and divergence of the large-scale
basin circulation. At this limit, the mixing is strongly
powered by the nonlinear internal sources.

3. Thermal and turbulent stability parameters

For comparison to the thermal and local stability pa-
rameters, Fofonoff (1998) defined a turbulent stability



2172 VOLUME 31J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 1. Magnitudes of the first- and second-order derivatives of specific volume with respect
to temperature and salinity. The lines are calculated from EOS-80 and the crosses (1) from the
Feistel–Hagen (1995) equations of state of seawater. Variations are plotted with respect to tem-
perature 22(2)40, salinity 10(10)40, and pressure 0(1000)5000. (a) Thermal variation of specific
volume ]a/]t. (b) Saline variation ]a/]s. (c) Pressure variation of ]a/]t. (d) Variation of the
second derivatives with respect to temperature and salinity. The same geometric scale is used
for the temperature and salinity units.

FIG. 2. Examples from several oceans showing thermoclines at or near the critical thermal
gradient. The CTD station locations ( ) are given in Table 1. The polar stations have destabilizinga–f
temperature gradients of the same magnitude as the cabbeling instability.
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FIG. 3. Vertical temperature gradients compared with the diffusive limit (dT/dp)diff for Station
018F.LIS from the North Atlantic and Station KFp41.CTD from the North Pacific subtropical
basins.

parameter Etot based on a vertical adiabatic exchange of
two mass elements followed by mixing of the elements
with a mass fraction e of surrounding water. The pa-
rameter can be expressed as

e
E 5 E 1 E 2 E , (15)tot loc ext mix1 1 e

where

]a du ]a ds
2E 5 N 5 rg 1 , (16)loc 1 2]T dz ]s dz

]k du ]k ds
E 5 2gp 1 , (17)ext 1 2]T dz ]s dz

where
21k 5 a (]a/]p)a

is the adiabatic compressibility coefficient and

2 22 2 2] a du ] a du ds ] a ds
E 5 p 1 2 1 (18)mix 2 21 2 1 2[ ]]T dz ]T]s dz dz ]s dz

is the cabbeling contribution.
The thermal stability parameter can be expressed in

a similar form:

E 5 ET 1 ET 2 ET ,ther loc ext mix (19)

where

]a dT
ET 5 rgloc ]T dz

2] a dT
ET 5 rgpext ]T]p dz

22 2] a dT ] a ds dT
ET 5 p 1 .mix 21 2[ ]]T dz ]T]s dz dz

The major difference between the thermal and tur-
bulent stability parameters is that Etot can have stabiliz-
ing or destabilizing contributions from the vertical sa-
linity stratification and the mixing ratio parameter e that
determines the magnitude of the nonlinear cabbeling
contribution. A reviewer pointed out that the turbulent
stability parameter reduces to the diffusive stability pa-
rameter for complete mixing, e → `, in the absence of
a salinity gradient. This may lead to an alternative in-
terpretation of the thermal stability parameter.

An example from the North Atlantic is shown in Fig.
4. For a mixing ration e 5 1.0, both the thermal and
turbulent parameters approach neutral values. For both
parameters to be equal to zero, we must have

1 ]a du ]a ds
E 2 E 5 0.0 . rg 1 , (20)tot ther [ ]1 1 e ]T dz ]s dz

neglecting small compressibility terms. In terms of the
density ratio,
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FIG. 4. Comparison of the thermal and turbulent stability parameters for Station 018F.LIS in
the North Atlantic subtropical basin near the Gulf Stream. The local stability profile, Eloc, is
repeated in (c) and (d) for comparison. The mixing ratio is e 5 1.0.

]a du ]a ds
R 5 2r 1 2@1 2]T dz ]s dz

(Schmitt 1981), the relationship is

R . 1 1 e.r (21)

For both thermal and turbulent parameters to be zero,
the GPE sum of the destabilizing salinity gradient and
the cabbeling must balance the stabilizing temperature
gradient. For e 5 1.0, these are equal in magnitude,
yielding a density ratio Rr 5 2. For lower salinity gra-
dients, the mixing ratio would be greater than one.

Another example from the Pacific Ocean is shown in
Fig. 5. The stability parameters show neutral or negative
values at the thermocline where the density ratio is about
4.0. For this region, cabbeling provides about 75% of
the GPE conversion. The temperature fluctuations about
the diffusive limit are greater in magnitude than the
Atlantic example, where cabbeling provides 50% of the
destabilizing energy. The density ratios for the Atlantic
and Pacific stations are shown in Fig. 6.

In polar regions, where destabilizing temperature gra-
dients occur, the vertical temperature gradients can in-
crease until the nonlinear cabbeling contribution to GPE
is of the same order of magnitude as the destabilizing
temperature gradient. The combination of cabbeling and
the destabilizing temperature gradient produces a ‘‘slip-
pery’’ layer which enables intrusive layers to form more
readily.

It is interesting to note that the cabbeling magnitude
does not exceed, on the average, the GPE contribution
from the temperature gradient. Thus, for the polar re-
gions a density ratio of 0.5 is found for the intrusive
layers. Examples are shown for the Arctic and Antarctic
Oceans in Fig. 7.

A useful diagnostic parameter can be formed from
the ratio of the thermal and local stability parameters.
Defining Q as

Q 5 E /E .ther loc (22)

allows the evaluation of contributions of cabbeling, and
temperature and salinity gradients to the overall stability
of the ocean structure. Figure 8 shows the Q profiles
for the stations listed in Table 1. Because the critical
thermocline gradients occur at the maxima of Eloc, the
parameter Q emphasizes the regions where cabbeling is
significant. At other depths, values greater than one in-
dicate a destabilizing salinity gradient found, for ex-
ample, in the deep waters of the Atlantic and Indian
Oceans. The Pacific station shows a linear shift between
the destabilizing temperature gradient and the stabiliz-
ing salinity gradient. This could be a significant feature
to help understand deep water mixing.

4. Conclusions

Based on observations, the nonlinear cabbeling effect
plays a prominent role in the limiting of temperature
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FIG. 5. Comparison of the thermal and turbulent stability parameters for station KFp41.CTD
in the North Pacific subtropical basin. The local stability profile, Eloc, is repeated in (c) and (d)
for comparison. The mixing ratio is e 5 3.0.

FIG. 6. Density ratios for Atlantic (018F.LIS) and Pacific (KFp41.CTD) stations.
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FIG. 7. Density ratios for Arctic (94700124.CTD) and Antarctic (HYD13.TXT) stations.

FIG. 8. Diagnostic ratio Q 5 Ether/Eloc for ocean stations listed in Table 1.
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gradients in the ocean at all depths in all the major
oceans. The critical diffusive temperature gradient de-
termines the vertical gradient magnitude at which con-
version of GPE by a local perturbation begins to exceed
the work necessary to produce the perturbation. At this
gradient magnitude, sufficient energy is converted to
create the microstructure necessary to maintain the mix-
ing although the mechanisms for this conversion remain
unclear.

The effect is pronounced for the main thermoclines
of the world’s oceans where it acts to limit the vertical
gradients. The convergent circulations that intensify the
thermoclines are balanced by formation of layered
‘‘slippery’’ structures within the thermoclines that draw
energy for mixing from the cabbeling process. At the
critical vertical gradients, the energy for mixing is suf-
ficient even in the absence of external mixing forces
such as internal waves, tides, etc. An equivalent tur-
bulent mixing parameter in numerical models would
have to be dependent on the cabbeling process.

Clearly, the dynamical description of the cabbeling
process and its effect on ocean structures need to be
developed and examined in greater detail.
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