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(E-mail: wangy@njxzc.edu.cn)Y R: . (A,B, V,W,ψ, ϕ) 6r> Morita Context, u�r2�C, ψ = 0, ϕ = 0, C =
(

A V

W B

) 62z) Morita Context Q��R��� C � A,B, V,W �`F�Q) π- ��b� semiclean b� Mophic bLQ) Exchgange b� Potent b� GM b)FU�4:.: Morita Context Q� semiclean Q� Morphic Q� exchange Q� Potent Q�
MSC(2000): 16W50; 16E50℄L2?: O153.3q= Morita Context (A,B, V,W,ψ, ϕ) �J�=P A, B, �=<� AVB,B WA Kq1<�IB� ψ : V ⊗B W → A K ϕ : W ⊗A V → B, 
&Gb ψ(v⊗w)v′ = vϕ(w⊗ v′), ϕ(w⊗ v)w′ =

wψ(v ⊗ w′). <Gb���
C =

(

A V
W B

)

=

{(

a v
w b

)

| a ∈ A, b ∈ B, v ∈ V,w ∈W

}��H�.w(r�\5K(V.w(r��5
(

a v
w b

) (

a′ v′

w′ b′

)

=

(

aa′ + ψ(v ⊗ w′) av′ + vb′

wa′ + bw′ ϕ(w ⊗ v′) + bb′

))�q=P��O Morita Context P [1−3].

Morita Context '�5} Morita K ÆQZ [4] �O��E�$PgC( Wedderburn .}4yk(�O{�t�I(_3�Oint�V^$�}[(�
P(S�Bt [5,p75]. %�p�|Morita ContextP{C�P
�(? �#K7��l�{��
3QZ1Morita ContextP!? �I(e0k`in [1−3]. X#� Morita Context P�Jq� 2 × 2 r�Kq�_3
(*�V))er�P��q8��1&M�=<� AVB 6= 0,B WA 6= 0,�o.w ψ : V ⊗BW → A� ϕ : W ⊗A V → B /5�IB�� C =

(

A V
W B

) q5q= Morita Context P�% C �5_3 (*�V) )er�P�Att�q1�B+( Morita Context P5_3)er�P(�KG�'l� A. Haghany[3] 1t�q1�IB( Morita Context P C =

(

A V
W B

) DE� C� A,B, V,W �_E�P( Hopf a�� Hopf a(ET��Q
ZdQZ [3] (in�Q�AI3FE: 2006-07-11; ;JFE: 2007-01-179<QD: H[$$ygTi (10471055).



688 : e j o � � � 27v8P A,B w℄.�$P	�;�YO 1A K 1B. A=(�w�~��Q�AE
(q� Morita

Context Pw℄. ψ = 0, ϕ = 0.

1 5V π- [X7� Semiclean 7W Morphic 7q=P R �O π- ��P�(I1&v a ∈ R, /� s ∈ R K n ∈ N , 2' an = an+1s.0� 1.1 C =

(

A V
W B

) 5 π- ��P ⇔ A,B /5 π- ��P�\C � ⇒ ��- C =

(

A V
W B

) 5 π- ��P�!
I =

(

0 V
W B

)

, J =

(

A V
W 0

)

,� I, J /5 C (}[�ua C/I∼=
θ
A, C/J∼=

ϕ
B.1 ∀a ∈ A, "Æ c ∈ C 2' θ(c̄) = a. }� c 5

π- ��(�D� s ∈ C K n ∈ N 2' cn = cn+1s, !4 c̄n = c̄n+1s̄, an = an+1θ(s̄). } a (&va� A 5 π- ��P�|>z� B p5 π- ��P�� ⇐ ��- A,B /5 π- ��P�� I, J 5(*!.( C (�=}[���
IJ =

(

0 V
W B

) (

A V
W 0

)

⊆

(

ψ(V ⊗W ) 0
WA+BW ϕ(W ⊗ V )

)

⊆

(

0 0
W 0

)

, C/I ∼= A � C/J ∼= B /5 π- ��P�&! c ∈ C, �� s, t ∈ C K m,n ∈ N 2'
cm = cm+1s(modI), cn = cn+1t(modJ). �9- m < n,  0} cm = cm+1s + y(y ∈ I) =

cm · cs + y = (cm+1s + y)cs + y = cm+2s2 + y1(y1 ∈ I) = · · · = cn+1sn−m−1 + y′(y′ ∈ I), z'
cn = cn+1s′ + y′′(s′ ∈ C, y′′ ∈ I). 
} cn = cn+1t+ z(z ∈ J), S���

(cn − cn+1t)(cn − cn+1s′) ∈ IJ ⊆

(

0 0
W 0

)

,!4 (cn−cn+1t)2(cn−cn+1s′)2 = 0,X (c2n−2c2n+1t+c2n+2t2) ·(c2n−2c2n+1s′+c2n+2s′2) = 0,} z' c4n = c4n+1s′′, �� s′′ ∈ C. ���� C 5 π- ��P�- R 5q=P� r ∈ R. � r 5 R (q= Semiclean 	�(I r = p+ u,�� p ∈ P (R) (R(!�	�WN), u ∈ U(R) (R (z�	�WN). � R 5 Semiclean P [6], (I R (Æq=	�/5 R ( Semiclean 	� clean P5 Semiclean P�1� 3 fhP" G K&M�9 p, "P
ZpG 5 Semiclean P� Semiclean P*( n× n r�P5 Semiclean P�0� 1.2 C =

(

A V
W B

) 5 Semiclean P ⇔ A,B /5 Semiclean P�\C � ⇒ ��- C =

(

A V
W B

) 5 Semiclean P�� I, J (.} 1.1 ���( C (�=}[��� C/I ∼= A,C/J ∼= B. sQZ [6, Prop.2.1], *O Semiclean P(IB\� A,B /5 Semiclean P�� ⇐ ��- A,B /5 Semiclean P�&! (

a v
w b

)

∈ C, �"Æ p1 ∈ P (A), u1 ∈ U(A)K p2 ∈ P (B), u2 ∈ U(B), 2' a = p1 + u1, b = p2 + u2. �5
(

a v
w b

)

=

(

p1 0
0 p2

)

+

(

u1 v
w u2

)

.
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(

u−1
1 −u−1

1 vu−1
2

−u−1
2 wu−1

1 u−1
2

) (

u1 v
w u2

)

=

(

1A 0
0 1B

)

=

(

u1 v
w u2

) (

u−1
1 −u−1

1 vu−1
2

−u−1
2 wu−1

1 u−1
2

)

,D (

u1 v
w u2

)

∈ U(C). �- pm
1 = pn

1 (m < n), pk
2 = pl

2(k < l). ! t = (n−m)(l− k) + k, ��
pt
1 = pk

1 , p
t
2 = pk

2 , t > k. �5�
(

p1 0
0 p2

)t

=

(

p1 0
0 p2

)k

.�=� (

p1 0
0 p2

)t

∈ P (C).- R 5q=P� a ∈ R. = a 5 R (q=( Morphic 	�(I R/Ra ∼= l(a). *^,� a5 R (( Morphic 	 ⇔ "Æ b ∈ R 2' Ra = l(b) K Rb = l(a). � R O( Morphic P [7], (I R (Æq=	�/5( Morphic 	�$P��P��Nq:�6(}[(P/5( MorphicP�0� 1.3 C =

(

A V
W B

)5(MorphicP⇔ A,B /5(MorphicP� V = 0,W = 0.\C � ⇒ ��- C =

(

A V
W B

) 5( Morphic P�1&v r ∈ A, �
(

r 0
0 0

)

∈ C, lC

(

r 0
0 0

)

=

(

lA(r) V
lW (r) B

)

,D"Æ (

a1 v1
w1 b1

)

∈ C 2'
C

(

r 0
0 0

)

= lC

(

a1 v1
w1 b1

)

, C

(

a1 v1
w1 b1

)

= lC

(

r 0
0 0

)

.}
(

A V
W B

) (

a1 v1
w1 b1

)

=

(

Aa1 Av1 + V b1
Wa1 +Bw1 Bb1

)

=

(

lA(r) V
lW (r) B

)z' Aa1 = lA(r). 
}
(

A V
W B

) (

r 0
0 0

)

=

(

Ar 0
Wr 0

)

= lC

(

a1 v1
w1 b1

)

,

(

0 0
0 0

)

=

(

a v
w b

) (

a1 v1
w1 b1

)

=

(

aa1 av1 + vb1
wa1 + bw1 bb1

)�
lC

(

a1 v1
w1 b1

)

=

(

lA(a1) Av1 + V b1
Wa1 +Bw1 lB(b1)

)

,

lA(a1) = Ar. %*�S�� Ar = lA(a1), Aa1 = lA(r). At A 5( Morphic P�



690 : e j o � � � 27v&! s ∈ B,� (

0 0
0 s

)

∈ C,|>t*E
z�'"Æ b1 ∈ B 2' lB(s) = Bb1, lB(b1) =

Bs,B 5( Morphic P�s [7, Prop.18] � V = 0,W = 0.� ⇐ ��- A,B /5( Morphic P� V = 0,W = 0, � C =

(

A 0
0 B

)

. &!
(

a 0
0 b

)

∈ C =

(

A 0
0 B

)

, � lC

(

a 0
0 b

)

=

(

lA(a) 0
0 lB(b)

)

. s℄.�"Æ a1 ∈ A K
b1 ∈ B, 2' lA(a) = Aa1, lA(a1) = Aa, lB(b) = Bb1, lB(b1) = Bb. �mq'

lC

(

a 0
0 b

)

=

(

Aa1 0
0 Bb1

)

= C

(

a1 0
0 b1

)

,

lC

(

a1 0
0 b1

)

=

(

Aa 0
0 Bb

)

= C

(

a 0
0 b

)

.�5� C 5( Morphic P�
2 5V Exchange 7� Potent 7W GM- 7q=� 1(P�O ExchangeP [8], (I1 ∀a ∈ R,"Æ b, c ∈ R,2' bab = b, c(1−a)(1−

ba) = (1 − ba). Von Neumann ��P� π- ��P�ÆL�P� clean P/5 Exchange P�T� 2.1
[9] (1) C =

(

A V
W B

) ( Jacobson A J(C) =

(

J(A) V
W J(B)

)

.

(2) {+ ϕ : C/J(C) → A/J(A) ×B/J(B),

(

a v
w b

)

+ J(C) 7→ (a+ J(A), b+ J(B)) 5PIC�0� 2.2 C =

(

A V
W B

) 5 Exchange P ⇔ A,B /5 Exchange P�\C � ⇒ ��- C =

(

A V
W B

) 5 Exchange P��1&v c =

(

a v
w b

)

∈ C "Æ
(

a1 v1
w1 b1

) K (

a2 v2
w2 b2

)

∈ C, 2'
(

a1 v1
w1 b1

) (

a v
w b

) (

a1 v1
w1 b1

)

=

(

a1 v1
w1 b1

)

,

(

a2 v2
w2 b2

) [(

1A 0
0 1B

)

−

(

a v
w b

)] [(

1A 0
0 1B

)

−

(

a1 v1
w1 b1

) (

a v
w b

)]

=

(

1A 0
0 1B

)

−

(

a1 v1
w1 b1

) (

a v
w b

)

.X�
(

a1aa1 a1av1 + (a1v + v1b)b1
(w1a+ b1w)a1 + b1bw b1bb1

)

=

(

a1 v1
w1 b1

)

,

(

a2(1 − a)(1 − a1a) a2(1 − a)(−a1v − v1b) + (−a2v + v2(1 − b)(1 − b1b))
(w2(1 − a) − b2w)(1 − a1a) + b2(1 − b)(−w1a− b1w) b2(1 − b)(1 − b1b)

)

=

(

1 − a1a −a1v − v1b

−w1a− b1w 1 − b1b

)

.



4� Mn�+	u�r2�C,) Morita Context Q (II) 691} J�� a1aa1 = a1, a2(1− a)(1− a1a) = 1− a1a K b1bb1 = b1, b2(1− b)(1− b1b) = 1− b1b.��� A,B /5 Exchange P�� ⇐��- A,B /5 ExchangeP�}QZ [10, Coroll.2.4]� A/J(A) � B/J(B)/5 Ex-

changeP� A,B(�*	;�� J(A), J(B)zF/�xO J(C) =

(

J(A) V
W J(B)

)

, C/J(C) ∼=

A/J(A) ×B/J(B), At C/J(C) 5 Exchange P� ��*	� J(C) zF/�
}QZ [10,

Coroll.2.4] � C O Exchange P��q=P R 5 Potent P [10], (I R (�*	� J(R) zF/� R (&M�J� J(R)((}[/�Jq=:��*	� clean P� Exchange P/5 Potent P [10,11].0� 2.3 C =

(

A V
W B

) 5 Potent P ⇔ A,B /5 Potent P�\C � ⇒ ��- C 5 Potent P� I 5 A (q=(}[ I * J(A), � Ī =

(

I 0
0 0

)5 C (q=(}[ }y} 2.1(1) � Ī * J(C) =

(

J(A) V
W J(B)

)

. �5 Ī ��Jq=:��*	 ē =

(

e 0
0 0

)

, X ē2 = ē. �J� e2 = e ∈ I ⊆ A, D I �J�:��*	 e. 
- J 5
B (q=(}[ J * J(B), � J̄ =

(

0 V J
0 J

) 5 C (q=(}[ J̄ * J(C). D J̄ ��J:��*	 (

0 v
0 f

)

, X
(

0 v
0 f

)2

=

(

0 vf
0 f2

)

=

(

0 v
0 f

)

.�J� f2 = f ∈ J, vf = v. �} (

0 v
0 f

)

6=

(

0 0
0 0

) � f, v ��/O 0, D� f 6= 0. x 
J �J�:��*	 f ∈ B. sy} 2.1(2) � A,B /5 Potent P��⇐��- A,B /5 PotentP� Ī 5 C (q=(}[ Ī * J(C), �"Æ (

a v
w b

)

∈ Ī2' (

a v
w b

)

6∈ J(C) =

(

J(A) V
W J(B)

)

. �J�R� a 6∈ J(A) R� b 6∈ J(B). YÆx	
C ((}[ C

(

a v
w b

)

=

(

Aa Av + V b
Wa+Bw Bb

)

⊆ Ī. (I b 6∈ J(B), � Bb * J(B), Bb��J�:��*	 f , D (

0 0
0 f

) 5 C

(

a v
w b

) �(q=:��*	�(I a 6∈ J(A),� Aa 6∈ J(A), Aa ��J�*	 e = a0a ∈ Aa. }� ea0a = e · e = e 6= 0,

(

e ea0v
0 0

)2

=
(

e ea0v
0 0

)

, D (

e ea0v
0 0

) 5 C

(

a v
w b

) �(q=:��*	�
Asy} 2.1(2) � C5 Potent P��q=P R 5 GM- P [12], (I1&M x, y ∈ R, "Æ�*	 e, f ∈ R K u ∈ U(R) 2'
x− eu, y − fu−1 ∈ U(R). Exchange PI- P�t��h���9( Exchange P�ÆL�P/5
GM- P�0� 2.4 C =

(

A V
W B

) 5 GM- P ⇔ A,B /5 GM- P�



692 : e j o � � � 27v\C S�7W��� R 5 GM- P& j& R/J(R) 5 GM- P�41*�- R 5 GM-P�1 ∀x̄, ȳ ∈ R̄ = R/J(R), ��*	 e, f ∈ R K u ∈ U(R) 2' x − eu, y − fu−1 ∈ U(R), �5� x̄− ēū ∈ U(R̄), ȳ− f̄ ū−1 ∈ U(R̄), D R/J(R) 5 GM- P�7��- R/J(R)5 GM- P�1
∀x, y ∈ R, ��*	 ē, f̄ ∈ R̄ K ū ∈ U(R̄) 2' x̄− ēū ∈ U(R̄), ȳ − f̄ ū−1 ∈ U(R̄). �5� v ∈ R2' (x−eu)v−1 = v(x−eu)−1 ∈ J(R),� z ∈ R2 z(y−fu−1)−1 = (y−fu−1)z−1 ∈ J(R).�mq� a ∈ R 2' a+ (x− eu)v − 1 + a[(x − eu)v − 1] = 0, X (x− eu)v(1 + a) = 1, �=�
x− eu �z��|>,�� v(x − eu) − 1 ∈ J(R) zJ� x − eu (z��!4 x− eu ∈ U(R).I}z� y − fu−1 ∈ U(R). ��' R 5 GM- P�}� C/J(C) = A/J(A) × B/J(B) 5 GM- P ⇔ A/J(A), B/J(B) /5 GM- P ⇔ A,B/5 GM- P�D� C 5 GM- P ⇔ A,B /5 GM- P�->NP
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Morita Context Ring with a Pair of Zero Homomorphisms (II)

WANG Yao, REN Yan-li
(Department of Mathematics, Nanjing Xiaozhuang University, Jiangsu 211171, China )

Abstract: Let (A,B, V,W,ψ,ϕ) be a Morita Context with a pair of zero homomorphisms and C =
(

A V

W B

)

the corresponding Morita Context ring. This paper deals with the relations between C and

A,B, V,W on π-regular, semiclean, morphic propenties and exchange, potent, GM properties of rings.

Key words: Morita Context ring; semiclean ring; Morphic ring; exchange ring; Potent ring.


