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ABSTRACT

The time-dependent hydraulic flow over the sill of a tidally energetic fjord, Observatory Inlet, British Columbia,
is studied. Acoustic observations of streamlines and velocity were made near the sill crest during the summer
of 1982, a time when freshwater runoff into the inlet had created a distinct surface layer. While the tide is
accelerating, a simple, three-layer, hydraulic model accurately simulates the flow near the sill crest. However
once the tide begins decelerating the observed flow undergoes a transition which the three-layer model cannot

explain.

It is estimated that during the period of observation the hydraulic flow utilized only about 5% of all the energy
removed from the barotropic tide. This suggests that other processes, such as the internal tide, are removing

most of the energy from the barotropic tide.

1. Introduction

The tidally driven motion in the vicinity of under-
water.sills can be very nonlinear and result in consid-
erable mixing, as observed, for example, in Massachu-
setts Bay (Haury et al.,, 1979), Knight Inlet (Farmer
and Smith, 1980), Puget Sound (Geyer and Cannon,
1982), and Observatory Inlet (Farmer and Freeland,
1983). In this paper the tidal flow in Observatory Inlet,
a fjord located on the coast of British Columbia, is
analyzed.

Many theoretical analyses do not allow for the dis-
sipation of energy and so are inadequate when it comes
to describing flows in which mixing processes are im-
portant. One common theoretical method for studying
steady, inviscid, nonlinear flows over sills involves using
special upstream conditions that reduce the problem
to linear form. Often, it is assumed that all of the
streamlines originate upstream of the sill and that the
upstream density gradient is linear, This method has
been used, for example, by Long (1953, 1955), Drazin
and Moore (1967), Miles (1968), Miles and Huppert
(1968, 1969) and Huppert and Miles (1969), and has
proved to be reasonably accurate in describing the lee-
wave field downstream of the sill. However, the ex-
periments of Davis (1969) on flows of this type have
shown that the total drag on the sill can be much greater
than the wave drag predicted by this theory. That is,
from an energetic point of view, sill processes such as
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hydraulic jumps and boundary layer separation are of-
ten more important than the lee waves.

Nonlinear sill flows can also be analyzed by solving
the nonlinear, shallow water equations. These equa-
tions are hydrostatic and so lee waves cannot be part
of the solution, but hydraulic transitions, i.e., hydraulic
jumps, in the vicinity of the sill can be readily analyzed.
A number of studies, e.g., Long (1954), Yih and Guha
(1955), Houghton and Kasahara (1968) and Houghton
and Isaacson (1970), have shown the usefulness of this
method for analyzing hydraulic flows.

Acoustic observations of streamlines and water ve-
locity taken in Observatory Inlet (Fig. 1) during the
summer of 1982 suggest that there is intense mixing
in the hydraulic jumps that occur downstream of the
sill. The energy driving these flows is obtained from
the barotropic tide, and because of their apparent in-
tensity one might expect them to utilize a large per-
centage of the total energy extracted from the tide.
However, a calculation by Stacey (1984), which ignores
the nonlinear processes occurring near the sill, shows
that almost all of the power withdrawn from the baro-
tropic tide in Observatory Inlet can be accounted for
by a linear model of the internal tide. Obviously, be-
cause the model is linear the influence of nonlinearities
on the internal tide could not be taken into account
and no estimation of the amount of energy going into
nonlinear processes could be made. However, if non-
linear processes do in fact extract a significant amount
of energy directly from the surface tide, they may have
an important influence on the rate at which energy is
fed into the internal tide. Therefore, a major goal of
this study was to estimate the amount of energy going
into the nonlinear sill processes in Observatory Inlet.
This has been done by solving the time dependent,
nonlinear, shallow water equations for a tidally driven
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FIG. 1. Plan view and longitudinal section of the inlet system. CTD stations are indicated by
the solid circles in the plan view and, for the three stations closest to the sill, by alphanumeric
symbols in the longitudinal section. Tide gages are located at Lizard Cove (L), Salmon Cove (S),

and Pearson Point (P).

flow over a sill. This method has been used because 1)
hydraulic transitions probably dissipate more energy
in the inlet than lee waves, and 2) there is a data base
to which models of this type of flow can be compared.
An interesting analytic, quasi-steady, hydraulic analysis
of the flow in Observatory Inlet has recently been de-
veloped by Farmer and Denton (1985), but the com-
plementary numerical approach presented here permits
more detailed comparisons with the available data,
particularly in the lee of the sill where most of the dis-
sipation occurs. Also, by using a time dependent model
one can investigate how the temporal variability of the
tide influences the structure of the sill flow. A three-
layer model predicts that only about 5% of all the energy
removed from the barotropic tide is utilized by the
hydraulic flow, a result consistent with the calculation
of Stacey (1984). Although this result strictly applies
to Observatory Inlet, we feel it is rather general and
probably applies to other inlets with similar flow char-
acteristics.

A related goal of this study was to determine if the
hydrostatic model could simulate the observed
streamlines and velocities. They varied significantly
during a tidal cycle, and while the tidal velocity is in-
creasing the flow is adequately represented by a three-
layer model. While the tidal velocity is decreasing,
however, the model fails to reproduce the observed
flow, possibly because mixing modified the density
gradient of the real flow in such a way that a layered
interpretation of the motion became unrealistic.

2. The inlet

Observatory and Portland Inlets (Fig. 1) are located
on the coast of British Columbia just south of the
Alaska Panhandle. Portland Inlet is about 5 km wide
and Observatory Inlet is about 2.5 km wide. The sill
which separates the two inlets is located about 50 km
from the open ocean. It has an average depth of about
50 m but ranges between 30 and 60 m in depth
(Fig. 2).

The major source of freshwater runoff is the Nass
River, which flows into Portland Inlet about 5 km from
the sill. During the summer months, maximum runoff
occurs due to increased meltwater flow (Fig. 3). This
large runoff results from a fresh surface layer that is 10
m thick in the region of the sill (Fig. 4).

Observations of the flow evolution over Observatory
Inlet sill were made during two ebb tides on 19 and 20
June 1982. The rapidly changing flow field was mon-
itored using acoustic flow visualization and Doppler
profiling techniques (Zedel, 1985). A towable profiling
CTD was used to record changes in the density struc-
ture.

Flow visualization is provided by a 100 kHz echo-
sounder attached to the hull of a ship. As the ship moves
along the inlet the echosounder produces images which
in many ways are similar to hydrogen bubble photo-
graphs: as passive acoustic scatterers such as plankton
and temperature inhomogeneities are swept over the
sill, they outline motions of the water column. Indi-
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FIG. 2. Cross sections (a), longitudinal sections (b) and plan view (c)
of the inlet system near the sill. )

vidual scatterers trace out short streamlines that allow
an inference of the overall flow regime (Fig. 5).
Remote measurements of flow speed are made with
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FIG. 3. Monthly freshwater discharge from the Nass River
for the year 1982.

a 215 kHz range gated Doppler probe. This instrument
projects acoustic pulses along a narrow beam (1° 3 dB
beamwidth) and determines the flow speed along the
beam axis from the Doppler shift of the backscattered
sound (e.g., see Pinkel, 1980). In collecting the Obser-
vatory Inlet data, the acoustic beam was directed down-
inlet at 62° below horizontal (Fig. 6). Because of the
position of the probe, the velocity in the fresh surface
layer was not obtainable. Also, the velocity close to the
bottom cannot be accurately determined; in this region
contamination of the acoustical signal by reflections
off the inlet bottom introduces a bias that cannot easily
be removed (Zedel, 1985).

Data were collected during traverses of the sill by
simultaneously operating the echosounder, the Doppler
probe, and towing the CTD at a fixed depth; ship po-
sition was monitored with a microwave positioning
system. At the end of each sill traverse, a CTD cast
was made to provide a density profile.

The observations, which were taken over a relatively
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FIG. 4. Sigma-¢ profiles near the sill during 12 June 1982.

shallow region of the sill during a spring tide, show
that the tidally forced flow in the region of the sill is
very complex and can exhibit a number of different
kinds of motion. Figures 5a and 5b show streamlines
typical of Observatory Inlet that were observed during
the same tidal cycle shortly before and after maximum
tidal velocity. Figure Sc (also Fig. 4c in Farmer and
Denton, 1985) shows anomalous streamlines that were
observed the following day near maximum tidal ve-
locity. Otherwise the flow that day was similar to the
flow in Fig. 5a before maximum tidal velocity and to
the flow in Fig. 5b after maximum tidal velocity. One
of the most noticeable features of the flow is the finite
amplitude lee wave or hydraulic jump that occurs in
the lee of the sill. It exists for a major portion of each
tidal cycle and appears to be associated with intense
mixing. Also, its shape appears to depend on whether
the tidal velocity is increasing or decreasing. While the
tide is accelerating, the streamlines extend almost hor-
izontally downstream of the sill crest for about 60 m
and then abruptly plunge downwards. After maximum
tidal velocity, however, the streamlines begin deepening
immediately downstream of the sill crest. This leads
one to suspect that the response of the flow depends
on the rate at which the tidal forcing is changing. One
can investigate this possibility with a time-dependent
model.
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The flow must in some sense be supercritical over
the sill before a hydraulic jump can exist. Farmer and
Smith (1980) find that the hydraulic response of sill
flows can be crudely categorized in terms of the internal
Froude numbers

= U (1)

Ci

where U is the sectionally averaged flow velocity over
the sill crest and c; the phase speed according to linear
theory of the ith internal mode over the sill crest. The
sectionally averaged velocity is given by

S
A dt

Us )

Distance (m}

Distance (m)

FIG. 5. Streamlines of the ebb tide, (a) 2.8 h after slack tide on 19
June 1982, (b) 3.7 h after slack tide on 19 June 1982 and (c) 3.1 h
after slack tide on 20 June 1982. The times given are for when the
streamlines at the sill crest were observed. The flow is from left to
right towards the mouth of the inlet. In fact, what one is seeing is a
plot of the acoustic image versus time. The abscissa has been changed
from time to distance by taking into account the speed with which
the ship was moving. As a reference, the arrows indicate where the
bottom topography intersects the abscissa.
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FIG. 6. Profiles of velocity measured along the acoustic beam axis. (The corresponding streamlines
are shown in Fig. 5.) The sloped line along which each velocity profile is plotted corresponds to
the line of the acoustic beam axis. Flow to the right (left) is indicated by the profile curve being
located on the right- (left-) hand side of the reference line. Vertical exaggeration in the figure
makes the slope of the reference line appear greater than the 62° below horizontal at which the
acoustic beam was directed. Above the dashed line the velocities are accurate to within £2 cm

~!. Below the dashed line the measurements are biased by reflections off the bottom of the inlet.

where S is the surface area of the inlet landward of the
sill, A the cross-sectional area of the inlet over the sill
crest, and 7, the tidal height. According to (2), the max-
imum flow velocity over the sill is about 90 cm s™!
during spring tides and about 30 cm s™! during neap
tides. During 1982, CTD stations were taken at two to

three month intervals along the axis of the inlet system
(Fig. 1), and estimates of the phase speed c; in (1) were
made from these collected density profiles. By taking
the sill crest to be at a depth of 60 m and using density
data collected during the second week of June, the
mode one phase speed over the sill is calculated to
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have been 120 + 10 cm s™. This result comes from
three separate estimates of ¢; that were calculated from
the density profiles collected from the three CTD sta-
tions closest to the sill (Fig. 4). Since the sectionally
averaged tidal velocity over the sill crest during spring
tides is about 90 cm s~!, it can be seen from (1) that
the flow over the sill was at all times subcritical to the
mode one response. Although the Froude number has
been crudely defined and can only be used as an in-
dication of what the flow conditions were like, this sug-
gests that the hydraulic jump was not primarily a mode
one response except possibly near maximum tidal ve-
locity. Farmer and Denton (1985) consider the flow in
Figure 5c, which is near maximum tidal velocity, to
be critical with respect to the first mode. The mode
two phase speed over the sill on the other hand was 35
+ 1 cm s~!, which is significantly less than the maxi-
mum tidal velocity at the sill crest during spring tides.
Therefore, for a substantial portion of each tidal cycle
during spring tides, the mode two response likely could
have been a hydraulic jump. This observation has in-
fluenced our analysis of the flow, as will be seen later.

3. The equations

Since the flow is very complex our concentration
has been focused on a particular process, namely the
hydraulic transitions in the lee of the sill. One way to
analyze these transitions is with the nonlinear, shallow
water equations. When using the shallow water equa-
tions the water column is approximated as a number
of uniform layers of different density. For an N-layer
flow in which there are no cross-channel variations we
have, forl <i< N

du; 9 [u? 1dp, e, o M
() -2 [E (T W]

ot gc po Ox j=0 L Po 9x k=j+1
C i+1
- TD ~_~21 [ — uplu; — wll  (3)
l<jeN
oh, 0
e (uih;) =0 “)

where u; and 4; (1 < i < N) are the velocity and thick-
ness of the ith layer, Ay, the height of the bottom
boundary above a reference level, p, the surface pres-
sure, g the acceleration due to gravity, pp = 0, p; (1 < i
< N — 1) the density change across the ith interface,
po a water density representative of the entire water
column (~10° kg m™3), and Cp a dimensionless drag
coefficient (Fig. 7). The interfacial stress terms have
been included in the momentum equations in order
to allow for the vertical transport of momentum by
shear stresses within the body of the fluid. (They turned
out to be unimportant, but there was no way of know-
ing this ahead of time.) The drag coefficient was set
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equal to 0.003, a value consistent with those used for
the drag against solid boundaries.

By restricting the model to two dimensions, we are
forced to ignore both cross channel variations in the
sill depth and Coriolis forces. There are in fact signif-
icant variations in the sill depth (Fig. 2a), but it is be-
yond the scope of this paper to include these variations.
Relative to the first mode internal wave, the Rossby
radius of deformation is about 10 km, which is much
greater than the width of the inlet. Relative to the sec-
ond mode (we examine a three-layer flow in section 4)
the Rossby radius is about 4 km, so Coriolis forces
could influence the large scale mode two response. They
probably have only a minor influence on the nonlinear
processes occurring downstream of the sill, however.
A particle of water traveling at 50 cm s~! would take
less than ten minutes to move the distance from the
sill crest to the trough in the streamlines of Fig. 5 (=100
m). This time interval is much shorter than the rotation
period of the earth.

Another simplification is made by approximating
the surface of the inlet as a motionless rigid lid. This
should have little effect on the model results because
1) the changes in tidal height only cause about a 10%
variation in the total depth over the sill crest, and 2)
the phase of the barotropic tide only varies by a few
degrees along the inlet. When this simplification is
made, the surface pressure p; in (3) becomes the pres-
sure along the rigid lid.

The maximum depth in the modeled flow has been
limited to 125 m, a depth we feel is representative of
the upstream blocking depth and downstream bound-
ary layer separation depth of the flows in Figs. 5a and
Sb. There is obviously considerable uncertainty in this
value, but for our purposes we feel we do not need to
determine it precisely. The streamlines in Figs. 5a and
5b, which were observed over one of the shallowest
regions of the sill, indicate downstream flow separation
at a depth of about 100 m. (Note the dark band of
scatterers at that depth.) This observation is consistent
with the experimental results of Huppert and Britter
(1982), which found the point of separation to occur
directly beneath hydraulic jumps. Separation appears
to occur near the sill crest in the anomalous flow (Fig.
5b) and we will not attempt to model it in this paper.
The blocking depth is much harder to determine, but
we estimate from the velocity profiles in Figs. 6a and
6b that it cannot be shallower than about 60 m. In
general, both the blocking and separation depths are
functions of the tidal forcing, but no attempt will be
made here to simulate this time dependent property
of the flow. A schematic of the modeled flow is shown
in Fig. 7.

Some manipulation can change (3) and (4) into a
form more suitable for solution. From (4) we obtain

dH

a N
E‘*’&(E M)=0 %)



1068

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 16

surface (rigid lid)

blocking

pl = Piv1 — Py

separation

FiG. 7. Diagram of an N-layer flow. The maximum depth in the model is the depth of upstream
blocking and flow separation, and the top of the upper layer in the model is a rigid lid.

where M; = u;h; and
(6)

Since H is not a function of time, (5) can be integrated
to obtain

N
> M;= F@)

i=1

)

where F(¢), the total volume transport at any position
along the inlet, is a prescribed function. We see from
(6) and (7) that if the volume transport and thickness
of N — 1 layers are known, then the volume transport
and thickness of the remaining layer are also known.

In this paper the flow in the lower layers has been de- .

termined from the differential equations, and the flow
in the surface layer determined from the constraints
that the total water depth and total volume transport
" are known. Also, instead of solving for the velocity and
thickness of the layers, the volume transport and thick-
ness have been calculated. Substituting (4) into (3) one
obtains

M 8 (Mﬁ) _ ~hidps
ax\ h; po Ox
a N+1
w3 [EE (3 )]
_)—-20 Po ax k=j+1 y
i+1
- Cp 2 [~ uplu;—ull. (8)

Jj=i—1
1sjeN

Using (6) and (7), and the equation for M, to eliminate
the surface pressure, we obtain, for 2 <i <N,

M; _ =3 (M7 20 (”*‘
o ax ( h; ) & Z I:Po ox ;,zﬂ hk)]
i+1

-Cp 2 [(ui—

j=i-1
lsj<N

BB EE(E )]

i @) o

which can be solved together with the continuity equa-
tions

w)|u; — wjl)

oh; OM;
— + a4
at ox

The momentum and continuity equations, (9) and (10),
are now in the form in which they were solved, except
for diffusion terms that were added to help maintain
the stability of the solutions. These terms are of a type
given in Richtmyer and Morton (1967), and are de-
scribed in detail at the end of this section.

The barotropic forcing enters the problem via the
boundary conditions and the total volume transport
F(¢), the derivative of which appears as a forcing term
in (9). Since we are interested in the baroclinic response
to tidal forcing, F(¢) is given a sinusoidal dependence
on time and is expressed as

=0. (10)
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F(¥) = Fy sin(wt) (11)

where F, is a constant indicative of the strength of the
tide and w the angular frequency of the tide. The
boundary conditions (at x = —L and L) are specified
far from the sill so that any influence the boundaries
have on the flow will not have propagated into the
region of the sill before the numerical calculation is
over. They are given by

hi(_L’ t) = hi(_La 0) ]
hi(L, 1) = hi(L, 0)
o k(=L :
M(=L, D) = F) =22, 2 < i< N (12)
Y )
ML, t) = Ft) — 57 H(L)

The two-step version of the Lax-Wendroff integra-
tion scheme (e.g., see Richtmyer and Morton, 1967)
was used to solve (9) and (10), after first adding dif-
fusion terms so that the solutions would remain stable.
It is a numerical scheme commonly used when solving
problems of the type being presented here. For ex-
ample, versions of this scheme were used by Houghton
and Kasahara (1968) and Houghton and Isaacson
(1970). In cases where interfacial shear stresses have
not been included in the equations, i.e., when Cp = 0,
it has been found that an artificial viscosity must at
times be added to the equations before stable solutions
are obtained (Richtmyer and Morton, 1967; Houghton
and Isaacson, 1970). In the present case the interfacial
drag has a stabilizing influence on the solutions, but
artificial viscosities were still required to aid in
smoothing out small wavenumber oscillations in the
region of the sill. Diffusion terms of the form

2 o) -2
x xX1ox/ % | 1<i<N (13)
9 (( Ay |2 aM)zgg
ox ox ox

were added to the rhs of (4) [also (10)] and (8) respec-
tively, where a is a dimensionless constant (set equal
to 0.5) and Ax is the distance between the grid points
of the numerical model. These terms are very similar
to those described by Richtmyer and Morton in con-
nection with the Lax-Wendroff integration scheme. It
is important to note that the value for a has also been
taken from Richtmyer and Morton. It has not been
adjusted so that the model results (section 4) would
~ agree as closely as possible with the observations pre-
sented in section 2.

Since the terms (13) are very small, except in the
region of the hydraulic jump and where high wave-
number oscillations develop, they were simplified in
order to make the calculations easier. Assuming the
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derivatives of E; with respect to time are small, (9) is
modified by the diffusion terms added to (4) and (8)
to take the form

oM; _ oD; h a Y
o Ve w2 09
The constraint (7) becomes
N
2 (M; — E;) = FQ). (15)

i=1

It is much more difficult to calculate A, from (15)
than from (7) because (15) contains within it the term
|0u; /x]|. Therefore, the approximation :

N
F—- 2 M
~ O\ 2 (16)
= ox h]

Ouy
ax

has been used so that

N
M, =uh ~Fi)— 2 (M; - E)

i=2

N
Fty— 2 M,
+ (adxP|— \——2— Q’ﬁ. an
ax h] ox

The differenced equations are listed in the Appendix.
The distance between grid points was set at 10 m and
a time step at 2 s was used to give the results shown in
the next section.

For the purposes of modeling the flow over the sill
of Observatory Inlet, it is necessary to divide the water
column into at least three layers. If the water column
is divided into only two layers, there can be only the
mode one response which, even during spring tides,
remains subcritical over the entire tidal cycle (section
2). When a third layer is added, one obtains the mode
two response that is supercritical over the sill crest for
a substantial portion of each tidal cycle during spring
tides. Therefore, a three-layer flow is the simplest model
capable of producing the observed hydraulic transi-
tions.

4. Comparison with data
a. Before maximum tidal velocity

First, we consider the streamlines in Fig. 5a (also
shown in Fig. 8a) and the corresponding velocity pro-
files in Fig. 6a.

The acoustic measurements of water velocity are that
component of the total velocity parallel to the axis of
the acoustic beam. To compare these observations to
the layered numerical model, the measurements were
put into a more practical form by assuming that the
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total velocity Urwas everywhere horizontal and parallel
to the axis of the inlet system. Then

Uy
U T ——
T cosd

where U, is the velocity measured along the beam and
6 the angle of the beam to the horizontal. There is of
course some error involved in making this transfor-
mation because the flow obviously will not aiways sat-
isfy the assumptions. The magnitude of the error cer-
tainly varies with position and is hard to estimate. It
is likely reduced, however, by using averaged values of
Ur. This was done by dividing the water column below
the surface layer into two layers, thus making three
layers in total, and then calculating the average value
of Uz in the lower two layers. Recall that the velocity
in the surface layer could not be measured by the
Doppler probe (section 2). The division was done ar-
bitrarily by picking a particular streamline to be the
boundary between the layers. For the flow in Fig. 5a,
a streamline passing about 15 m above the sill crest
was chosen. It is a level where reflectors are concen-

{a)
o cus

\\HBDELED LRYER 2 4 9BSERVED LAYER 2

MODELED LAYER 3 + OBSERVED LAYER 3

=40 T T T T T T T

(c)

g1
8

300 200

Distance (m}

FIG. 8. (a) Predicted interface positions for a three-layer flow plotted
over the observed streamlines (also shown in Fig. 5a). One dashed
line indicates the bottom profile used in the numerical model, and
the other two indicate the predicted interface positions. (b) Predicted
and observed velocities in the lower two layers. The forcing in the
model was adjusted to make the predictions and observations agree
at the sill crest. In order to compare the acoustically measured ve-
locities with the model predictions, it has been assumed here that
the observed flow is everywhere horizontal. (c) Sigma-f trace obtained
by drifting a CTD across the sill crest at a depth of approximately
25 m.
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trated and also forms a lower envelope of the trough
downstream of the sill. The averaged velocities for the
layers (and the model results, which are described later)
are plotted in Fig. 8b.

Upstream of the sill, the velocity in both layers in-
creases towards the sill crest with the velocity in the
middle layer being systematically larger than that in
the lower. The velocity measurements in the lower layer
downstream of the sill crest exhibit more scatter than
those in the upper layer, and they may indeed be more
variable because of the influence of localized variations
in the bottom topography. However, the scatter is also
due at least in part to contamination of the acoustical
signal by reflections off the bottom of the inlet (Zedel,
1985). At the sill crest the velocities in each layer are
comparable at about 60 ¢m s™!. Since the measure-
ments were made 2.8 hours into the tide, this velocity
is approximately the maximum value. It is significantly
less than the 90 cm s™! calculated from measurements .
of the tidal height and suggests that water is being pref-
erentially directed to deeper parts of the inlet in a man-
ner analogous to the flow around mountains. The sill
depth was about 30 m where the measurements were
made (Fig. 8a) whereas parts of the sill are as much as
60 m in depth (Fig. 2a). The flow velocity was probably
greater over the deeper parts of the sill. The significance
of this will be discussed at the end of this section, after
first developing the model to reproduce the observed
velocities and streamlines.

The acoustic observations indicate a sill depth of
about 30 m; however, the sill profile used in the model
and shown in Fig. 8a has a minimum depth of 40 m.
Since there is substantial cross-channel variation in the
topography this difference between the model topog-
raphy and that observed acoustically is felt to be ac-
ceptably small. In fact, it will be shown later that a sill
depth of 50 m is probably the most appropriate for
modeling the streamlines.

The velocity in the model was initially set equal to
zero. The forcing was adjusted so that the predicted
velocity over the sill crest would, at the proper time
during the tidal cycle, be the same as the observed ve-
locity. This meant setting F, in (11) equal to 20 m?
s”!. The angular frequency in (11) was set equal to
1.405 X 107 57!, the value for the M, tide (T = 12.42
h). The surface layer was given an initial depth of 10
m and a density change across its interface of 20 kg
m~>. This is consistent with the observed profile (Fig.
4). The interface separating the lower two layers was
chosen to correspond to the streamline used in calcu-
lating the velocities in Fig. 8b. Because the interface
rises with time over the sill crest as the tidal velocity
increases, the interface was given an initial depth only
5 m shallower than the modeled sill crest. The density
difference across the lower interface was adjusted to
make the predicted streamline match the observed
streamline. It turned out that a density difference of
0.2 kg m 3 produced quite good results. The suitability
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of this choice for the density difference will be discussed
in more detail at the end of this section when the in-
fluence on the flow of cross-channel variations in the
inlet is examined.

The theoretical interface positions corresponding to
the flow in Fig. 8a have been drawn in and we sce that
they compare favorably to the observations. The large
trough in the immediate lee of the sill is well simulated.
The lee waves downstream of the trough are not re-
produced because the model is hydrostatic. Note in
particular that the lower interface of the model deepens
suddenly about 60 m downstream of the sill crest. This
sudden deepening is also evident in the observations.

The theoretical velocities in the bottom two layers
have been plotted over the data in Fig. 8b. In accord
with the observations, upstream of the sill crest the
theoretical velocity is greater in the middle layer than
in the lower. As the flow approaches the sill, the inter-
face separating the bottom two layers rises, and this
causes the velocity in the middle (lower) layer to in-
crease (decrease). The good agreement indicated in this
part of the flow suggests that flow velocity upstream of
the sill crest did not have a strong cross-channel com-
ponent. Any redirection of water to deeper parts of the
inlet must have occurred primarily outside the region
spanned by the observations.

Downstream of the sill crest the agreement between
the modeled velocities and the observations is not as
good. Immediately downstream of the sill crest, just
preceding the trough, the observed middle layer veloc-
ities are appreciably higher than the model velocities
as a result of the strong downward flow occurring there.
That is, the assumption of horizontal flow that was
used to convert the velocity observations fails in this
region. The streamlines suggest that the flow is down-
ward at approximately 60° to horizonal. Based on the
Doppler speed measurement of 25 cm s™! along the
acoustic beam axis, the net horizontal velocity is ac-
tually ~ 13 cm s™!. This estimate cannot be considered
accurate but it does indicate that the reduced model
velocities of this region are reasonable.

The peak in the theoretical velocity below the trough
is not readily discernable in the observed velocities be-
cause of the scatter in the observations. Also, as ex-
pected, the theory begins to diverge noticeably from
the observations once the lee waves downstream of the
trough are encountered.

Considering the number of assumptions that have
been made, we feel the model is adequately simulating
the observed flow before maximum tidal velocity. Still,
it must be remembered that the density difference
across the lower interface has been used as a free pa-
rameter, and that the measured velocity at the sill crest
is less than that calculated from measurements of the
tidal height. This problem will be addressed after first
examining how the modeled flow evolves with time,
to see if it can simulate the observed transition in the
flow after maximum tidal velocity.
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b. The evolution of the flow with time

In Fig. 9 the theoretical interfaces and velocities at
different times during the tide are plotted in order to
show how the flow evolves with time. We see that the
flow is qualitatively the same before and after maxi-
mum tidal velocity (Fig. 9c, d). Contrary to the obser-
vations, the predicted streamlines do not change dra-
matically as soon as the flow rate begins decreasing.
Instead, for most of the tide they remain similar to the
observed flow in Fig. 8a with the streamline which sep-
arates the bottom two layers extending almost hori-
zontally beyond the sill crest before plunging steeply
downwards. It is only just before slack tide that the
trough in the lee of the sill migrates upstream (Fig. 9f).

It is possible that the transition observed in the flow
at maximum tidal velocity was caused by the temporal
variability of processes not accounted for in the model."
For example, it may be that the rate of change in the
level of flow separation and nonhydrostatic effects had
an important influence on the hydraulic response near
the sill crest. Also, note that the predicted velocity in
the surface layer is relatively insensitive to variations
in the bottom topography, and therefore that the ve-
locity shear between the surface and middle layers can
be substantial immediately upstream of the sill crest.
This means that during the tidal cycle vertical mixing
may have significantly altered the density structure over
the sill crest, and consequently altered the dynamics
of the flow. In addition, once the tide began deceler-
ating, horizontal pressure gradients caused by intense
downstream mixing may have forced the streamlines
closer to the sill crest. They may even have induced
reversals in the flow direction, and thereby caused sub-
stantial modification of the streamlines. The stream-
lines appear to lose their integrity downstream of the
sill after maximum tidal velocity (Fig. Sb), so perhaps
a layered interpretation of the flow becomes inappro-
priate.

As an aside, it is interesting to note that near slack
tide (Fig. 9f, 1) the height of the lower interface and the
velocity in the middle layer are greater upstream of the
sill than downstream. As the tidal forcing goes to zero
and then reverses, this inequality in height and velocity
also reverses, and an internal wave is generated. This
wave is beyond the scope of this paper and will not be
discussed further.

¢. Modification of the model’s parameters

The value used for the density difference across the
lower interface will now be examined. Recall that the
streamlines in Fig. 8 are well predicted as long as the
density difference across the lower interface is set equal
to 0.2 kg m™. Observations of the density, however,
make this value hard to support. Figure 8c shows a
density trace that was made by drifting a CTD at con-
stant depth across the sill. We see that the density
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FI1G. 9. Theoretical interface positions and velocities at hourly intervals during the ebb tide
when the tidal period is 12.42 h. The velocity in the bottom layer is given by the solid line, the
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by the dashed line.

changed by about 1 kg m~3 across the trough, which
is a value five times greater than that used in the modél.
This large discrepancy can be reconciled by considering
both the forcing that was used in the model and the
Froude number of the flow.

Recall that the forcing was adjusted to give the ob-
served velocity at the sill crest, and that this velocity is
less than the maximum velocity of 90 cm s™! calculated
from the observations of the tidal height. Taking 50 m
to be a depth representative of the sill crest as a whole,
the forcing required to give a maximum sectionally
averaged velocity of 90 cm s™! can be determined from
(11). One obtains

layer is given

Fy=(09ms )50 m)
=45m?s™!

which is 2.25 or V5 times greater than the forcing of
20 m?s™! actually used. This means that the barotropic
velocity on both sides of the sill would be increased by
a factor of 2.25 if Fy were increased to 45 m? s~

The mode-2 Froude number is

U .
Fy ~ 5 (18)

where U is the barotropic velocity and ¢, is the mode-
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2 phase speed according to linear theory. For a three-
layer fluid we find from (3) and (4) that

o = gothi(hy + hs) + gobhs(hy + hy)

2 2H
_ l:(gpllhl(hz + h3) — gpahs(hy + hz))2
2H
h h 2 172
+ (B o] a9

which, for the layer thicknesses being used here, reduces

to
7 172
0 ~ [5’2”—2’5] (20)
hy + hy
when p) > p5. Note that when p5 = 1 kg m~* and the
bottom is set at a depth of 60 m, i.e., iy = A3 = 25 m,
one obtains from (20) that ¢; = 35 cm s~!, which is
equal to the average value calculated for ¢, from the
measured density profiles (section 2). Therefore, when
p5 = 1 kg m~3 the model flow and the actual flow should
have similar mode two responses near the sill crest.
Also, we see from (18) and (20) that increasing the
density difference by a factor of five and increasing the
volume flux by a factor of V5 leaves the mode-2 Froude
number on either side of the sill unchanged. This im-
plies that the shape of the lower interface should also
be unchanged. In Fig. 10a the theoretical streamlines
for this new flow are plotted over the observations. The
topography in the model has been changed only in that
the sill is not allowed to become shallower than 50 m.
We see that, as long as the imposed forcing is repre-
sentative of the sectionally averaged velocity, the theo-
retical streamlines correspond closely to the observa-
tions when the measured density difference is used. By
adjusting the topography in the lee of the sill and the
depth of flow separation, the predicted streamlines can
be brought into even closer agreement with the obser-
vations. However, these cosmetic changes are hardly
warranted, since there is substantial cross-channel
variability in the topography. The results presented here
imply that the streamlines are being influenced more
by the sectionally averaged velocity than by the local
value. That is, the streamlines appear to be weak func-
tions of the cross-channel position even though the
velocities may vary substantially. It is reasonable to
expect therefore that the observed streamlines are rep-
resentative of what the flow was like over much of the
width of the sill.

Figure 10b shows the velocities corresponding to the
theoretical streamlines in Fig. 10a. They may be more
representative of the flow as a whole than the measured
velocities. Although they are qualitatively similar to
the corresponding velocities shown in Fig. 8b, they are
larger because of the increased forcing. Note that even
though the maximum barotropic velocity over the sill
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FIG. 10. Theoretical interface positions (a) and velocities (b) when
the sill depth is set equal to 50 m, the forcing is increased to give the
calculated barotropic velocity over the sill crest, and the density dif-
ference across the lower interface is set equal to a value consistent
with the sigma-¢ trace in Fig. 8c. One dashed line in (a) indicates the

bottom profile used in the numerical model, and the other two indicate
the predicted interface positions.

crest is 90 cm s}, speeds in excess of 100 cm s™! are

produced because of the baroclinicity of the flow.

5. Dissipation

We want to estimate the energy dissipated by the
hydraulic flow so that we can compare it to the total
amount of energy removed from the barotropic tide.
Stacey (1984) shows that, averaged over a spring-neap
cycle, energy was removed from the barotropic tide
during June 1982 at a rate of approximately 25 mega-
watts.

In the model presented here, both the exchange of
momentum between the layers and the diffusion of
momentum within each layer cause energy to be dis-
sipated. The terms representing this dissipation can be
calculated from (8) and (10) with the diffusion terms
(13) included. They are

+o N—1
P =W [ X pCplAu;|(Au)ldx
- oy 1)
- me .N u; 2 dx
Po=w| [z pA,-hi( ax) ]

where W is the width of the inlet near the sill (2.5
km), N the number of layers, Aw; the velocity difference
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across the ith interface and 4; the eddy viscosity in the
ith layer. In the model being used here

Ou;
ox

Only the dissipation up until maximum tidal velocity
will be calculated because that is when the model sim-
ulates the flow the most accurately. After maximum
tide, mixing that the model cannot take into account
is probably responsible for a significant amount of the
dissipation. However, it is unlikely that the energy uti-
lized by the flow after maximum tidal velocity was an
order of magnitude greater than the amount utilized
before. It is also unlikely that an order of magnitude
more energy was dissipated while the tide was flowing
in the opposite direction, since the topography on either
side of the sill is not dramatically different.

Averaged over the quarter of a tidal cycle of interest,
the rate at which energy is dissipated is

4; = (aAx)? ) (22)

4 /4 -
P, = —f (P, + Pydt. (23)

T Jo
Since the model is simulating a flow observed during
a spring tide, P,, is the dissipation averaged over one
quarter of a semidiurnal tidal cycle during a spring
tide. In Observatory Inlet, the dissipation averaged over
a semidiurnal tidal cycle during neap tides is much less
than this, because then the tidal currents are less by a
factor of three and dissipation depends roughly on the
cube of the velocity. Averaged over a spring-neap tide,
therefore, the rate at which energy is dissipated is

5  Pay

P ~ 2 0
.The average dissipation P,, was calculated using a sill
depth of 50 m, a maximum barotropic velocity over
the sill crest of 90 cm s/, and a density difference across
the lower interface of 1 kg m™>. Recall that these pa-
rameters produced the flow in Fig. 10. One obtains P,,
~ 3 megawatts or P =~ 1.5 megawatts, which is only
6% of the total power removed from the tide. Also,
P, /P, = 0.14, so the interfacial shear stresses were rel-
atively unimportant and need not have been included.
Almost all of the dissipation is due to P,, and, as ex-
pected, almost all of this occurs in the immediate vi-
cinity of the hydraulic transition in the lee of the sill.
According to this calculation, the hydraulic flow uti-
lized only a small percentage of all the energy removed
from the tide. .

From this calculation of the dissipation, total drag

coeflicients can be determined. One has

(24)

D _P+P
1oU?hy  LpU°hy

Cr(®) =

where D is the total drag on the siil, U the barotropic
velocity far from the sill and &, the height of the sill
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(e.g., see Turner, 1973). Here, A, is taken to be the

height of the sill above the level of upstream blocking
and flow separation. The total drag coeflicient Cr(f)
changes as the tidal forcing changes. In Fig. 11, Crhas

. been plotted against F,™! [see (18)] for various tidal

exchange rates over the measurements of Davis (1969).
Davis measured the drag on a thin obstacle in a linearly
stratified fluid, i.e., N = Brunt-Viisild frequency
= constant, and determined the drag coefficient as a
function of k = Nk, /= U, which is like an inverse Froude
number. We see that the drag coefficients calculated
from the model are similar to those measured by Davis.
There is, of course, no reason to expect them to cor-
respond exactly, since the stratification and topography
are not the same in the two cases, and the model does
not take into account all of the nonlinear processes
that can occur in the vicinity of a sill. Nonetheless, the
fact that they are of the same order of magnitude is
encouraging. '

It is realized that this numerical calculation of the
dissipation must be treated with caution. However, it
is felt to be accurate to within an order of magnitude
because 1) the model, when using a reasonable forcing
function and density structure, adequately describes
the observed flow up until maximum tidal velocity even
though the parameter ¢ in (22) was not adjusted to
tune the model, and 2) as just described, values cal-
culated from the model for the total drag coeflicient
are of the same order of magnitude as those measured
by Davis (1969). The implication is that, although the
hydraulic flow is certainly very important in the vicinity
of the sill, it probably does not directly make a signif-
icant contribution to the energy budget of the inlet as
a whole.

As a check on the above calculation, one can esti-
mate the dissipation across the hydraulic jump by de-
termining the energy flux (both kinetic and potential)
on either side of the jump. In a steady state flow, the
difference in energy flux across the jump is equal to

-
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F1G. 11. Theoretical drag coefficients plotted over
_ the data of Davis (1969).
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the rate at which the jump is dissipating energy. There-
fore, to check the dissipation calculation, the energy
flux (the kinetic energy flux in the lowest two layers
and the potential energy flux due to the lower interface)
towards the sill 500 m upstream of the sill crest, and
away from the sill 500 m downstream of the sill crest
was calculated as a function of time. The average
change in energy flux across the jump could then be
determined. This gives the dissipation due to the drag
coefficient, eddy viscosity and numerical scheme, i.e.,
the numerical dissipation, and, because the flow is time
dependent, includes an amount of energy that will not
be dissipated locally but rather will eventually be trans-
ported away from the sill as part of the internal tide.
The calculation therefore has the advantage of taking
into account numerical dissipation, but the disadvan-
tage of being an overestimate. It does however put an
upper bound on the dissipation. It is calculated, re-
membering to divide by 2 [see (24)], that energy ac-
cumulated in the region of the sill at a rate of 2.3 mega-
watts, which is still only 9% of the total power with-
drawn from the barotropic tide.

6. Conclusions

The nonlinear flow over the sill of Observatory Inlet
has been examined using a time dependent, hydraulic
model. In particular, the flow of a spring tide during
the summer of 1982 has been analyzed. During the
time of the observations there was substantial fresh-
water runoff, and so the inlet had a distinct surface
layer.

When the tide is accelerating, a three-layer hydro-
static model adequately simulates the flow. The
streamlines extending almost horizontally beyond the
sill crest and the hydraulic jump which follows down-
stream are well simulated. The lee waves downstream
of the hydraulic jump are not reproduced because the
model is hydrostatic. Differences between the acous-
tically measured velocities and those calculated from
measurements of the tidal height suggest that the cur-
rent velocity was sensitive to cross-channel variations
in the bottom topographys, i.e., water was preferentially
directed to deeper parts of the sill in a manner analo-
gous to the flow around mountains. The model’s suc-
cessful simulation of the streamlines in spite of this
suggests that the streamlines were not greatly influenced
by the cross-channel topographic variations in the inlet.

When the tide began decelerating the observed flow
underwent a transition that the three-layer model does
not predict. Since the model is time dependent, its fail-
ure to predict this transition suggests that the change
was not caused solely by the rate at which the tidal
forcing was varying.

It is estimated that the hydraulic flow utilized only
about 5% of all the energy removed from the barotropic
tide. Although this result is probably accurate only to
within an order of magnitude, it suggests, in agreement
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with Stacey (1984), that processes other than those
studied in this paper are withdrawing most of the energy
from the barotropic tide.
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APPENDIX

The Two-Step Integration Scheme Used
to Solve the Shallow Water Equations

Definitions

Let B, be a propérty of the ith layer at time nAt
and position pAx, where p and #n are integers.

- Bigsn * By

Then (B}, 7
n By — B,
8.(B}) = A‘%‘;——"

First Time Step: Calculation of intermediate values of
M, i and h,’.

and is known

Let F" = A sin(wAtn)
dar"
7 = wA cos(wAtn)
H, = % Ky, which is independent of ¢
i=1

N
M}, =F"- 2 M},
i=2

N
hjy=H,— X2 h,

i=2

n
ul = Ah{f”
ip
= <AZ§,)2
ip
N+1
R = > h.
k=j+1
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Then the intermediate values of M; and 4; 2
are

<i<N)

—(n+1)

ity = (M7, { 8 (J7, ) + (Hf,

X'y (g”’ 5x(R ,,)) +Cp
j=0 \Po

x 3 <u,p—u,,,><|u,,,—u,,,|>} {ﬁ_l

j=i-1 <HP>

l<jsN
Fn
x 2 [y 2 (Lomp) + o]+ &1
Jj=0
(A1)
R0 = (i - 2L s (A2)

Second Time Step Calculation of new values of M;
and A;.

— 2
Let D:'p =a Iu;'p - uf‘(p_l)I(M{}, - M;'(p_l))
] —_— g2
El, = a*lul, — ulp-pl(hl, — Hip-1)

N
M7, = F"™D — zM + X E

i=2
Yid
_, _Mj,
Up n
ip
2
o _ (M)
p n
ip

N
2 ki + (v )-

k=j+1

Then the new values of M; and 4; (2 < i < N) are

MO = My, - At{ NUABRUN z [g”f 8x(R7, ]
Jj=0 Po
i+t

+Cp 2 il —

j=i-1
1<jsN

@l — @l — 8Dl }
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