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Abstract ; Investigates the convergence criteria of the modified Ishikawa iteration process with errors for the iterative

approximation of fixed points of asymptotically hemicontractive type mappings in a real Hilbert space.
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Throughout this paper, let H be a real Hilbert space with norm || . || and K'be a nonempty convex subset of
H. Let T:K — K be a mapping and F(T) denote the set of all fixed points of Tin K .
Definition 1 A mapping T:K — K is said to be
(1) nonexpansive if
IT°x - Tyl < J]x -y, n=1,%,y € K (1)
(ii) an asymptotically hemicontractive type mapping if F(T) # (& and
T -x"P< s =2 P+ flx - =), n=1,x e Hix" € F(P. (2)
(ii1) uniformly L -Lipschitzian if there exists a positive number L > 0 such that
I ~ Tyl < Lls - yll, 5> 1, 5,y € K
(iv) compact if T is continuous and maps each bounded subset into a relatively compact subset.

It is easy to see that the class of nonexpansive mappings with fixed points is a subclass of the class of as-
ymptotically hemicontractive type mappings.

Definition 2 (i) The Modified Ishikawa Iteration Process with Errors. Let K be a nonempty convex sub-
set of H, T:K — Kbe a mapping, x, € Kbe a given point, and {q, },{b,},{c,}, {a’ },{b' Yand {¢' 2}
be four sequences in [(,11 . Then the sequence {x,} defined by
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' (3)

X1 =@, x5, +0, Ty, +c,u,

{yn =a' %, +b Tx, +c' v, n=1
is called the modified Ishikawa iterative sequence with errors of T, where {y 1} and {y } are two bounded se-
quences in K.

(ii) The Modified Mann Iteration Process with Errors. In (3), ifa’, = land¥’, =¢’, = 0, theny, =
x,. The sequence {x_} defined by
Xy =a,% +b0Tx, +c,u,nz=l, (4)

is called the modified Mann iterative sequence with errors cf T.

Recently, Hu *'introduced the concept of p — asymptotically hemicontiractive mappings inp — uniformly
convex Banach spaces, and studied the problem of approximaiing {ixed points of this class of mappings by the
modified Mann and Ishikawa iteration processes. ilis results include Liu’s corresponding results “®’as special
cases. But, unfortunarely, his convergence criteria for the modified Mann and Ishikawa iteration processes are
hard to be checked since these criteria involve the constant appearing in the norm inequalities inp — uniformly
convex Banach spaces.

The purpose of this paper is to investigate the convergence criteria for the modified Ishikawa iteration
process with errors for the iterative approximation of fixed points of asymptotically hemicontractive type map-
pings in a real Hilbert space. In the setting of Hilbert spaces, our results generalize, improve and develop
Hu's results “''in the following aspects: (i) Our convergence criteria do not involve the constant appearing in
the norm inequalities; (ii) Our results extend Hu's result *'* from the modified Ishikawa iteration process to
the modified Ishikawa iteration process with errors; (iii) Our results remove Hu's stronger restriction “'*,

O<esa, sB8,sb<1,
imposed on the iterative parameters {q, }, {#,} in the modified Ishikawa iteration process. Moreover, our re-
sults also develop and generalize Chidume and Moore’s results “*'since our results extend their method for
studying hemicontractive mappings to that for studying asymptotically hemicontractive type mappings. In addi-
tion, in the setting of Hilbert spaces, our results are the extension and improvements of the corresponding re-
sults of Tan and Xu “**and the author * ~"1.

We shall make use of the following results as we go on.

Lemma 1'>!  Suppose that {p,}, {1 are two sequences of nonnegative numbers such that for some re-

al number Ny =z 1,p,,, <p, +0o,, n =N,

(i) If Z o, < © , then lim p, exists.
ne n—»

o

(i) I 2 o, < » and {p }has a subsequence converging to zero, then ,.li.nl p. = 0.

We sha;l allso use the following well — known identity for Hilbert spaces H:

[ - s +ayfP = A = 0llF+A yl2 =2 A = 0l ~ 5P, 2,7 € Ha e 10,13, (5)

Lemma 2" Let £ be a normed space and K be a nonempty convex subset of E. Let T:K — Kbe a u-
niformly L -Lipschitzian mapping and {q_}, {5 },{c, },{a’ },{b’,},{c’,} be real sequences in [(,1] witha,
+b,+c,=a’ +b' +¢', = 1. Let {y_}, {p }be bounded sequences in K. For an arbitrary x; ¢ K, generate
a sequence {x_} by the modified Ishikawa iteration process with errors (3). Then for alln = 1,

I, = Tyl < 1, = Tayll + LCL 4 D2y, = 70y |+ L1+ Dey -yl 2,y

+ L (1 + L)C',,_1||1)"_1 - x"_1|| + Le, 1|« - T""x,,_ln-

n-1
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Now, we prove the following main result of this paper.

Theorem 1 Let K be a nonempty bounded closed convex subset of a real Hilbert space H, and T:K — K
be a uniformly L -Lipschitzian and asymptotically hemicontractive type mapping. Let T"be compact for some m
= 1. Let {q },{b, 3}, {c,},{a’,},{b' Yand {¢’' I be real sequences in [0, 1] satisfying the following condi-

tions :
(i)a, +b, +¢c, =a’, +b , +c', =1, n=1;
(ii) X bb', = @ , ¥ bby <
n=1 n=0
(ili) Y, <o, Y, <o
n=1 n=1
(v)0<q,=<B,<1, n:z vherea,: =0, +c,,8,: =b, +c,.

For an arbitrsiy x. ¢ K, define 2 sequence {x }7_  iteratively by the modified Ishikawa iteration process
with errors (3), where {u,t,{v, 1 are arbitrary sequences in K. Then, { %, 17 _  converges strongly to a fixed
point of T.

Proof Since T'is an asymptotically hemicontractive type mapping, it is known that F(T) # . Letx”
e Kbhe an arbitrary fixed point of T. Using the identity (5) , we obtain the following estimates; For some con-
stants M, =2 O.M, = O,

ly, =2"IP = (1 = gI(x, = 2") +B,(T°x, —x") =, (Tx, — )|’ <
("(1 -B2x, -x") +B,(Tx, - x")“ + C',,HT"xn - 1),.")2 =
A =gz, - 2" I + Bl Tx, - =™ |
=B.1 - B x, - T, [* + '\ My,
1 - gox, - T +BTx, - Ty) - (Tx, — o) <
A =gz, - Ty, [P + Bl Tz, ~ Ty, I
=B =B, ~ Tx, [* +¢'u Mo

Now, utilizing the estimates above and the fact that T is an asymptotically hemicontractive type mapping,

Iy, - 7y 1"

we have
1772, = =" [P < llx, = 2" I + [z, - T, I,
1y, — 2" P < llya = 2" P + Iy, - Ty, =
-8z, —s" P+ BT, -5 [F = BuC1 = B lx, - T, |
+ 0 =B x, - Ty, P + B, T, -~ Ty, I
—B(1 = B lx, - T'x, [P + ', M,
where M; = M, + M,. Therefore, for some constant M, = 0,
Iz, = 2" P < 1 - @)z, - 2" | + 0Ty, - 2" |
-, (1l -a)lx, - Ty, | +c, M, <
1 -a)lz, ~2" I + aulllz, - =" [’
=B (1 =28 llx, - T, P + (1 - B &, = Ty, I
+BuTx, - Ty, I + My, 1- 0, (1 - )|z, - Ty, I + ¢, M, =
Iz, = 2" IP = @ BuC1 =28 D lw, - T, [P
ta, B Tx, - Ty, P = (B, ~ @) Iz, ~ Ty, [PMsCe, + '), (8)
where M; = max (M, ,M,), sincea, < 1. LetM, = diam(K). Then from the uniformly L -Lipschitzian conti-
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nuity of 7', we obtain
172, - Ty, | < Llx, -y, < L6%| T, - 5,]| + Le',llo, - 2,1l < B, LM

n=1

Note that ZC,, < o, Zc’n < w, Zb,,b',, = o and Zb"b’i < . Since
n=1 n=1

n =1

., B, = (b, + )b, +¢') =bb, +bc', +b ¢, +cc,,
2
o, B2 = bb? + (be', +b', ¢, +c,e' Db+ a, B,

we deduce that Zan B, = « and zan B < .
n=1

n=1

Since a, < B,, n = 1, it follows from (8) and (9) ibar
oy oy =" P <l -2 I - @ Bulla, = T, 1P + 2.8, Mg
+o, B LM - a8, - a)x, - Ty, I + MsCe, + ') <
lx, - x* > - @ Bullx, - T°x, I + 2, B2 M;
+a,B I'M; + My(c, +¢'), (*)
which hence implies that
@, Bullz, - a2 < Jx, - 5" P = lay o0 - 5" [P + 20, B0 Mg + 0, B L’Mg + M(c, + ¢’ ). (10)
Let "liniinf lx, - T°x, > = & = 0. We claim that5 = 0. Suppose that this is false, that is, § > 0. Then,

there exists an integer N, = 1 such that ||y - "% | = %, n = N,. Hence, from (10) it follows that

n n

)
LY aB < Y ablx, - Tl <
= ey
n
g, = 5 = bty - 27+ 2 3
=N

n n
2542
+LM62anm+M5' Z (e, +c')D) =
E=MN k=M

n

2 2

+2M; a, B

N

k=N

+L2M§2a"ﬂ:+M5' Z (cn+c’").

ESM =N

*

lay, -

o« ]
Letting n — o , we get 2 a, B, < «. This contradicts the fact that 2 a, B, = » . Hence, the claim is
n =N n=1

valid. In view of Lemma 2, we get
e, = Ta | < fn, = T | + LC1 4 D, , ~ T "%, _,|
+ L1+ De, yflu, - %,
+ L1 + ey v, =%, + Le, |z, , - T ', _,|
This implies that ,.linl Ix, - Tx, | = 0.
Next, observe that
1775, - 2| < |77, = Tw, | + [T, - 5, <
1775, - Tz, | + 17, ~ Tx, | + |Tx, - 5, ]<

m~1

v YT, - TP, + ITx, 5l

j=1
(1 +(m-10D llTxn—xnI,——»()asn-—»oo.
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Hence, lim ||T"x - x, | = 0. Since {x,} is bounded and T™is compact, {T"x_} has a convergent sub-
sequence {T"x_}. Suppose lim T'"x,,j = p. Then
3 ] =

Iz, ~ pI < llz, - T, | + |77, - p >0 asj— o.

Thus, lim x, = p. Since

f e
o~ 7ol < lp = %, | + I, = Te, | + 175, - Tpll<
(1 + D sy - pll + I, - Tx, | =0 asj— o ,
we obtainTp = p,ie,p e F( .
On the other hand, it follows from ( * ) that for any elemem «* e F(P),
M,y =22 < o, = o P + 20, €0 M3+ 6, 2 LM + My(e, +¢'))

By Lemma 1, we conclude that lim ||,»;r N
n-+ o0

- x| exists. In particular, lim |z, - p|*exists. Since
lim x, - pl* = Y ||z, - pl* = 0, we know that, {x }converges strongly to the fixed pointp e F(T) .
n— jo e i n

The proof is completed.

Remark 1 The conclusion of Theorem 1 remains true if condition (ii) in Theorem 1 is replaced by the

@ o
condition ; 2 o, B, = ®© and 2 a B < ». A prototype of our parameters is as follows:
n=1 n=1

1 ) 1 1 . 1

a, = - T —— Fa,; 0, = - = n3Ca = = C,n
" Vn + 1) " JSa+ D (n+1)? (n +1D?
for all integers n = 1. Observe that

@ ® 1 w - )
Tobo= L= o md Tafi= X pm <

n=1 ,._1(n+1

Corollary 1 Let K be a nonempty compact convex subset of a real Hilbert space H, and T:K — K be a
uniformly L -Lipschitzian and asymptotically hemicontractive type mapping. Let {q },{b ¥,{c },{a’ },{b' ?}
and {¢’ } be real sequences in [(,1] satisfying the following conditions

()a, +b, +c, =a’,+b' +c', =1, n=z=1;

n

(ii) Zlanﬂ" = ® , Zanﬁi < ®;

n=0
(iii) 20n<oo, ZC’,,<0°;
n=1 n=1
(v)0€a,<B, <>, Yn=1,wherea,: =b, +¢,,8,: =b', +c,.

For an arbitrary x, € K, define a sequence {x }*_iteratively by the modified Ishikawa iteration process
with errors (3), where {y 3, {y } are arbitrary sequences in K. Then, {x }7_,converges strongly to a fixed
point of T.

Proof The existence of a fixed point of T follows from Schauder’s fixed point theorem. So, F(T) # O.

It is easy to see that T: K — Kis compact. Utilizing Remark 1, we can deduce that the conclusion of Corollary
1 is true.

Corollary 2 LetK,H,{q },{b,},{c,},{a’,},{b' },{c',},a,,B,be what we mentioned in Corollary
1. LetT: K — Kbe a nonexpansive mapping. For an arbitrary x; e K, define a sequence {x }*_iteratively
by the modified Ishikawa iteration process with errors (3), where {4 }, {y } are arbitrary sequences in K.
Then, {x, }7_ converges strongly to a fixed point of T.

Proof The existence of a fixed point of T follows from Schauder’s fixed point theorem. So, F(T) # .
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Since T is nonexpansive, T is a uniformly 1 -Lipschitzian and asymptotically hemicontractive type mapping.

Therefore, the conclusion of Corollary 2 follows from Corollary 1.

Remark 2 Clearly, from Theorem 1, Corollaries 1 and 2, we can immediately obtain the corresponding

results on the modified Mann iteration process with errors, respectively.
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