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Abstract

Many questions in macroeconomics lead to random discrete dynamical systems
Yye+1 = w;i(y:) where the map w; is contractive and it is chosen in a given set
with probability p;. The aim of this paper is to study the inverse problems for a
macroeconomic stochastic growth model. Roughly speaking, solving an inverse
problem means to find a model converging to a fixed optimal target. In practical
cases, the solution of the inverse problem can be used to know if a given system
may converge to a given steady state, forecasting the behaviour of the model.

M.S.C. 2000: 37N40, 91B62, 91B64.
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§1. A new macroeconomic growth model

In a macroeconomic system it is well known that we have an equilibrium at the
time ¢ if the aggregate demand D; is equal to the its income Y;, that is Dy = Y5,
Vvt € IN. The aggregate demand is the sum of the consumptions Cy, the investments
I; and so the previous relation become

The quantity of consumption C; is a function of the income of the previous year by
a linear relation as C; = aY;_1, where the stochastic coefficient o can take values
in a given set C = {s1,2,...5,} C (0,1) with probability p;, Y.~ p; = 1. If the
level of investments if fixed, say Iy (the initial quantity of investments), the previous
equation becomes

(1.2) Y, =Yy + Lo,

and so the stochastic growth model of the income is described by the system of
equations

Yiy1 = s1Y: + Iy with probability p;

(1.3) Yiy1 = s2Y: + Iy with probability po

Yit1 = $mY: + Iy with probability p,
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Remark. In the sequel, we think C, Y; and I as elements of [0, 1]. In other words
we are studying the behaviour of the weights (in terms of political and economical
decisions) of the involved variables.

To establish if this model converges (and in which sense it converges) and to
characterize the eventual attracting point of the system is known as direct problem.
To find the solution of the direct problem we consider the space H([0, 1]), built with
all compact subsets of [0, 1], and the following metric, known as Hausdorff metric on
H([0, 1),

h(A, B) = max{ max min |z — yl, max min |z — yl}.

In [19] is shown that the space (H([0,1]),h) is a complete metric space. Now let
M([0,1]) be the space of all probability measures on [0,1]. Define a metric on
M([0,1]) as

dH(,U,,l/) = Sup fdﬂ'_/ fdl/, H’aVEM([O7 1])7
feLy J[0,1] [0,1]

where

Ly ={f:[0,1] = R[|f(z) = f(y)| < |z =y}
This is the Monge-Kantorovich metric, referred to in the IFS literature as ” Hutchinson
metric”. The space (M([0,1]),dy) is a complete metric space [10]. Now let w =

{w1,ws, ... wy} denote a set of N continuous contraction maps on [0, 1], i.e. w; :
[0,1] — [0,1] and

|wi(x) — wi(y)] < cile —y|, z,yel0,1], 0<¢ <1, i=1...N.

Definition. The couple ([0, 1], w) is called Iterated Function Systems (briefly IFS).

The IFS were born in 1985 ([1]) as applications of the theory of discrete dynam-
ical systems and as useful tools to build fractals and other similar sets. It will be
convenient to define the maximum contractivity factor of the IFS as

c= max ¢; < 1.
i N

i=1...

Associated with these maps is a set of non-zero probabilities p = {p1,p2,... pn},
N
pi>0and > ;" p=1.
Now for a set S € H([0,1]), denote w;(S) = {w;(z),x € S} and denote the
”parallel” action of the set of maps w; on S as:

N
w(S) = U w;(.S).

i=1
Also define the iteration sequence w"1(S) = w(w™(S)) n =1,2.... Two important

results for contractive IFS are given below:

Theorem 1.1. ([19]) i) There exists a unique compact subset A € H([0,1]), the
attractor of IFS {[0,1],w} (indipendent of p) such that
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and h(w™(S), A) — 0 as n — oo for all S € H([0,1]).
ii) Define the following ”"Markov operator” M : M([0,1]) — M([0,1]),

N
M) = Zpiuowfl.
i=1
Then there exists a unique measure 1 € M([0,1]), termed the invariant measure,

which obeys the fized point condition

My = p.
Moreover, supp(p) = A.

If one builds the random sequence

Yer1 = wi(y;) with probability p;
Y1 = wa(y) with probability ps

Yir1 = wp(yr) with probability p,,

Yyo € [0,1], n €N, ¢ = 1...IN, then for almost every code sequence {s1, sz2,...} the
set U2, {y;} is dense on the attractor A of the IFS (see [19]). This random walk is
called Chaos Game in IFS literature [9]. Furthermore there is a relation between the
invariant measure p and the Chaos Game:

u(S) = lim —— 5" Is(y), S 0,1],
k=0

n—+oon + 1

that is, u(S) is the limit of the relative visitation frequency of S during the chaos
game.

§2. The inverse problem and applications

In the previous section we have seen that the convergence of the dynamical system
(1.3) can be characterized by the invariant measure of the associated Markov operator.
So the inverse problem can be formulated as follows: ”given a measure p, find a
dynamic model which converges to p”. In other words, the inverse problem of (1.3)
consists, given a target measure p*, of finding the maps w; and the probabilities p;,
i = 1,2, such that the Markov operator built with these parameters has p* as fixed
point. Referred to the growth model in the previous section, the inverse problem
consists of finding the parameters of the model (economical parameters) which allow
to reach the fixed goals of economic policy. Anyway, in practical cases one has the
maps w; and the unknown data are only the probabilities p;. Finding all the solutions
of the inverse problem, one can establish if the system may converge to a given steady
state. Furthermore, following the random sequence and estimating the probabilities
through the frequencies, one may forecast the behaviour of the model.
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2.1. Formulation of the inverse problem.

Let 1 be a given measure. Let w; : [0,1] — [0, 1] be contractive and affine maps,
that is w;(z) = s;x + a4, |s;] < 1. Clearly for affine maps the contractivity factor
¢ = |sil-

Theorem 2.1. Let M : M([0,1]) — M([0,1]) be a contractive Markov operator,
associated to an IFS, with contractivity factor ¢ € [0,1). Let u* be the fized point of
M. If dg(Mp, p) < € then dg(p*, pn) < =

l—c”

Proof. In fact we have:

A (p, ") < d(p, Mp) + dag (Mp, Mp®) < €+ cdu(p, 1*).

So dp(p, p*) < 1%. O

The previous theorem states that the inverse problem can be studied through
the function Fy(w,p) := dg(Mp,p). This is a function of the maps w; and the
parameters p;; however, in the sequel, we will use a fixed family of contractions
W = {wy,ws,...} with associated probabilities {p1, pa,...}. Associated to each map
w; there is a probability p;; so the inverse problem consists of finding only the prob-
abilities p;, putting p; = 0 when the corresponding map is not used in the Markov
operator. We will write M, to put in evidence this fact. It is clear that the optimal
solution is to find p* such that F(p*) =0, Zf\ilp;‘ = 1; in fact in this case p = p*,
that is the map M has exactly p as fixed point. In the other cases Theorem 2.1 gives
an estimate of the fixed point.

Theorem 2.2. Let u € M([0,1]) and WY = {w1,wa,...wn} CW be the subset
of the first N maps of W. Then the map Fa(p) = dg(Mpp, i) : R™ — R is convex.

Proof. In fact for all py,ps € R”™ and t € [0, 1] one has:

Fy(tpr + (1 = t)p2) = du (Myp, +1—t)p2pt, b) =

sup { JdMep, +(1—typa bt — / fdu} =
feLy J[o,1] [0,1]

sup {Z(tpu + (1 —t)p2i) /[0 . fowidu — /[o . fdu} <

fel, i=1

sup t{ZPlz‘/ fowidﬂ_/ fdut+
VIS 2 R— [0,1] [0,1]

sup (1 — t){ngi/ fowidu— / fdu}y =
i=1 (0,1] [0,1]

fer,
tF(p1) + (1 — ) F(p2).
O

To solve the inverse problem means to find p*, Ef\il pf =1, such that Fy(p*) =
0. The function F); is not differentiable; however, since Fj; is convex, then it is
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locally Lipschitzian and then semismooth [17]. So for solving the nonsmooth equation
Fy(p) = 0 one can use the nonsmooth version of Newton’s method due to Qi and
Sun [17]. When the inverse problem has not solution, one can solve the following
optimization problem:

mlnFM(p)a 0 sz S la ZpZ = 1a

i=1

which gives a lower bound for the approximation. In this setting, this bound can be
improved only increasing the number of contractions w; (that is sending N — +00).
Necessary and sufficient conditions for the previous optimization problem can be given
by Kuhn-Tucker conditions with Clarke’s subdifferential. However, in the next section
we will show how the previous optimization problem can be reduced to a quadratic
optimization problem. This represents a significant simplification since quadratic
programming problems can be solved computationally in a finite number of steps.

2.2. Moment matching and quadratic optimization problem.

The aim of this section is to show how the previous problem can be reduced to a
quadratic optimization problem by moment matching.

Suppose that v = Mv; then for each continuous function f : [0,1] — R we have
fdy= [ fd(Mv)= }jm [ o wi(x)dp(x).
[0,1] [0,1] [0,1]

We now consider the moments of v and ~ defined as

%:/ ﬂw,mzf "y,
[0,1] [0,1]

where go = hg = 1. From the previous equation with f(x) = 2™, we obtain

Z W{sz o,

k:O

with n € IN. Let

D([0,1)) = {9 = (90, 91,92, ---) | gn = /[o . x"dv,n € N,v € M([0,1])}.

So it is possible to identify each operator M : M([0,1]) — M([0,1]) with a linear
map A : ([0, 1)) — D([0, 1))
Moment matching for the approximation of measure can be justified by the fact

that the convergence of moments is equivalent to the the weak convergence of mea-
sures. This is summarized in the following theorem.

Theorem 2.3. ([3]) Let X =10,1], v,17 € M(X), j € N, with moments defined

by
gn:/ x"dv, g,;:/ z"dv?, n eN.
X X
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Then the following assertions are equivalent:

i) g/ — gn when j — +o0, ¥n € IN;

ii) the sequence V7 converges weak® to v, i.e. for any continuous function
F0,1 =R, [ fdut) — Jioay fdn, as j — +oo;

ili) dg(v?,v) — 0 when j — +o00.

‘We now consider the sets:

I2(N) = {c: (co,c1,¢2,...) | ci € R, Hc||12—2 Z

?v\m
H,_/

and
I2(N) = {c € IB(N) | ¢o = 1} C I2(N).

It is easy to prove that D(X) C I2(N) C I2(N).

Proposition 2.1. Let v,v" € M([0,1]), with moments g, g™ € D([0,1]). Then
Hg - gn”fz — 0 when n — 400 if and only if dy (v, l/n) — 0 when n — +oc0.

Proof. The proof follows from the results of Theorem 2.3. a

__ Proposition 2.2. Define the following metric on D([0,1]): for u,v € D([0,1]),
da(u,v) = |lu —vll;. Then (D([0,1]),d2) is a complete metric space.

Proof. Let g™ = (gén),ggn), ...) € D(]0,1]) be a Cauchy sequence in lp. Let
v(™ € M([0,1]) be the probability measures whose moments are the components of
— (0™, o™ () _ M g
=\ " 4 = 9o an

the g(”). Now consider the sequence a(™ ,...) where a

(n) , k € N. Tt is clear that a(™ is a Cauchy sequence in I?(N) and then,

by completeness of I2(N), there exists an a € I?(N) such that [|a(™ — alj;, — 0 as

(n)

n — +oo. Now let g = (go, 91, ...) where go = 1 and g; = kay. Since |a;’ — ar| — 0

as n — 400 we obtain that |gl(€") —gk| — 0 asn — +00. Now a € [?(N) and then g
is an element of 12(N). We now show that g € D([0,1]). A necessary and sufficient

condition for an infinite set of real numbers ¢ = (¢g, ¢1, . . .) be the moments of a unique
probability measure p € M([0,1]) is that they satisfy the Hausdorff inequalities

J 4!
z j = Z Wcj#»m > 0,
=0

i,j € IN. Since g,(cn) are the moments of the measures (™ € M([0,1]), they must

satisfy inequalities as the previous one and then, taking the limit as n — +o0, we
obtain:

i
Wgﬁm >0,

OM“

i,7 € IN. These are the Hausdorff inequalities for the sequence g and these imply that
gk are the moments of a unique measure v € M([0,1]). Thus g € D([0,1]). O
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Recall that for each Markov operator M : M([0,1]) — M([0,1]) there exists a
linear operator A : D([0,1]) — D([0, 1]).

Proposition 2.3. The linear operator A is contractive in (D([0,1]), da).

Proof. In the standard basis {e; = (0,0,...,0,1,0,...)}22, the infinite matrix
representation of A is lower triangular. Hence, A has eigenvalues:

N

n

A0 = @0,0, A = Qnp = E DiS; s
i=1

with n > 1. Thus, [As| = [an,»| <" <1 and, for any u,v € D([0, 1]), [[A(u—v)[|; <

c|lu — v||z;, which implies the contractivity of A. O

From Proposition 2.3 results that there exists an unique solution ¢g* € D([0,1]) of
the equation Ag = g. So the inverse problem on M([0,1]) can be analyzed with the
following result.

Theorem 2.4. Let p € M([0,1]) with moment g € D([0,1]). Let (w,p) be a
contractive IFS map with contractivity factor ¢ € [0,1), such that da(g,h) = ||lg —
hllz; <€, where h € D([0,1]) is the moment of the measure v = Mv. Then

R % 6
d2(gag )< 1—07

where g* is the moment of the invariant measure v*.

The proof is trivial and we omit it. Let WY = {w,ws, ... wy} and

N
On = {p" = (p1,p2,- -, on) i i > 0721% =1}
i=1

Obviously Qn C RY is compact. Let p € M([0,1]) be the target measure with
moments g € D([0,1]). For a given let p € Qn and M, be the Markov operator
corresponding to the IFS ({wq,ws, ... wy},p). Furthermore v = My with vector of
moments h € D([0,1]). The distance between the moments of v and - is

Alp) = llg = hll5;-

Let A : D([0,1]) — D([0,1]) the linear operator associated to M. Then h = Ag,
where h,, = vazl A, ip; and

- n!
Ani = / (wiz + a;)"dp = ———sial gy
[0,1] ];) (n — k)'k)'
Then if S(p) = (A)?(p), with trivial calculus, one can show that S(p) = p? Qp+bT p+c,
p,be R”™. The element of the symmetric matrix () are given by

o0

Aniln .

qm‘:z%, i,j=1,2,...N.
n=1
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Furthermore,

n

=23 IOt 12N
n=1

and

w‘ﬁw

— g
c= .
>
n=1
Since 0 < A, ; < 1, then the infinite sums converge.

Thus, given a target measure p with moment vector g, the inverse problem be-
comes the one of finding an IFS such that the collage distance dy(g,h) = 0, where
h = Ag. When this problem has not solution one may solve the following quadratic
programming problem with linear constraints

N
min SV (p), Zpi =1, 0<p; <1

=1

This represents a significant simplification, since quadratic programming problems can
be solved computationally in a finite number of steps. Furthermore, this minimum
represents a lower bound for the approximation and it can be improved only increasing
the number of maps w; (that is, sending N — +00).

§3. Conclusions

Starting from some classical macroeconomic models introduced by Ramsey, Do-
mar, Nardini [2, 4, 16] we have built a new model in which the public expenditure
is part of a shock factor and the level of investments is a linear function of the in-
come. For this model we have formulated and studied the inverse problem; roughly
speaking, it means to find a set of parameters such that the dynamic model converges
to a fixed optimal target of the public decision makers. Finding all the solutions
of the inverse problem, one can establish if the system may be converge to a given
steady state, forecasting the behaviour of the economical phenomena. The inverse
problem is a nonsmooth equation and when it has not solution, it is possible to solve
a nondifferentiable convex optimization problem on R" which gives a lower bound
of the approximation. Necessary and sufficient conditions for this problem can be
given with Clarke subdifferential calculus. Furthermore, by moment matching we
have shown that this problem can be reduced to a constrained quadratic program-
ming problem with linear constraints. This represents a significant simplification since
quadratic programming problems can be solved computationally in a finite number
of steps.

References

[1] Barnsley M.F., Demko S., Iterated function systems and the global construction
of fractals, Proc. Roy. Soc. London A399 (1985), 243-275.

[2] Blanchard O., Macroeconomics, Prentice-Hall, 1997.



On the optimal target of a macroeconomic growth model 25

[3]

[16]

[17]

[18]
[19]

Cabrelli C.A., Forte B., Molter U.M., Vrscay E.R., Ilterated fuzzy set systems, a
new approach to the inverse problem for fractals and other sets, J. Math. Anal.
Appl., 171 (1992), 79-100.

Domar E.D., Essays in the theory of economic growth, Oxford University Press,
1957.

Forte B., Lo Schiavo M., Vrscay E.R., Continuity properties of attractors for
iterated fuzzy set systems, J. Austral. Math. Soc., Ser. B 36 (1994), 175-193.

Forte B., Vrscay E.R., Solving the inverse problem for functions and image ap-
prozimation using iterated function systems, Dynamics of Continuous, Discrete
and Impulsive Systems, 1 (1995), 177-231.

Forte B., Vrscay E.R., Solving the inverse problem for measures using iterated
function systems, a new approach, Adv. in Prob., 27 (1995), 800-820.

Forte B., Vrscay E.R., Theory of generalized fractal transforms, Fractal Image
Encoding and Analysis (Y.Fisher ed.), Springer Verlag, New York, 1996.

Forte B., Mendevil F., Vrscay E.R., "Chaos game” for iterated function systems
with grey level maps., STAM J.Math.Anal., to appear.

Hutchinson J., Fractals and self-similarity, Indiana Univ. J. Math., 30 (1981),
713-747.

La Torre D., Dynamical systems and fixed point theorems, Proceedings of the
XXIT AMASES Conference, 1998.

Lucas R.E., Prescott E.C., Investment under uncertainty, Econometrica, 5
(1971), 659-681.

Mirman L.J., Zilcha 1., On optimal growth under uncertainty, Journal of Eco-
nomic Theory, 11 (1975), 329-339.

Montrucchio L., Privileggi F., Fractal steady states in stochastic optimal control
models, Annals of Operation Research, 88 (1999), 183-197.

Tapan M., Montrucchio L., Privileggi F., The nature of stochastic steady state
in a model of optimal growth under uncertainty, Proceedings of XXIV Amases
Conference, 2000, 567-574.

Nardini F., Technical progress and economic growth, business cycles and stabi-
lization policies, Springer Verlag, 2001.

Qi L., Sun W., A nonsmooth version of Newton’s method, Math. Program., 58
(1993), 353-367.

Rockafellar R.T., Wets R.J-B., Variational analysis, Springer, 1998.

Vrscay E.R., Iterated function systems, applications and the inverse problem,
Fractal Geometry and Analysis (J.Belair and S.Dubuc eds.), Kluwer Academic
Publisher, 405-468.



26 Massimiliano Ferrara and Davide La Torre

Authors’ addresses:

Massimiliano Ferrara
Dipartimento di Discipline Economico Aziendali, Universitd degli Studi di Messina,
via dei Verdi, 75, 98122, Messina, Italy
E-mail: mferrara@unime.it

Davide La Torre
Dipartimento di Economia Politica e Aziendale
Facolta di Scienze Politiche
Universita degli Studi di Milano
via Mercalli 23, 20122, Milano, Italy
E-mail: davide.latorre@Qunimi.it



