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ABSTRACT

A dye dispersion experiment was performed in September, 1979, in the open ocean approximately 180
km off the east coast of Florida. An initially vertical sheet of dye extending from about 60 to 100 meters in
depth and about 10 kilometers long was dispensed into the seasonal thermocline. Its subsequent evolution
was recorded with an instrumented chain that included 25 fluorometers, which was towed back and forth
across the dye sheet by another vessel. The dye sheet was crossed 17 times at ages varying from 6 minutes
to slightly less than 4 hours. Two of the most apparent effects in the data were the importance of vertical
shear and the presence of intermittency in the dye time series. It is found that the depth-averaged width of
the dye sheet grows as time to the 3/2 power. There is good evidence that a shear—diffusion interaction is
responsible for this growth, which implies an effective vertical diffusivity of (1.0 £ 0.5) cm? s™'. Even though
this is an upper-ocean experiment, there is some consistency with predictions based upon the observed
“universality” of deep ocean random background internal waves. It is argued that the observed intermittency
represents a level of detail that is not accessible from the usual partial-differential-equation approach
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employing an effective diffusivity.

1. Introduction

It is the purpose of this work to describe and
present results of a field experiment to investigate the
evolution of a vertical sheet of dye dispensed into the
seasonal thermocline. The experiment was performed
in September 1979, off the east coast of Florida.

There are three basic features of this experiment
that together distinguish it from earlier efforts (for
example, see Ewart and Bendiner, 1981; Kullenberg,
1977; and references cited therein). The first of these
is the use of a towed chain of sensors that included
25 fluorometers and permitted a much greater sam-
pling density than heretofore attained. The second is
the overall geometry of the experiment, in which an
initially vertical sheet of dye was produced, the evo-
lution of which was then recorded. This particular
initial condition, as will be seen, is especially condu-
cive to the comparison of theory and experiment.
The final distinguishing feature is the relatively short
evolution times that were studied, ranging from six
minutes to a little less than four hours.

The rest of this paper is organized into six sections.
In Section 2 the basic experiment and test site are
described. Section 3 is devoted to the analytic ap-
proach and a description of how the data were
processed. In Section 4 various analysis results are
presented. The width growth of the dye sheet turns
out to be particularly amenable to quantitative anal-
ysis, which is presented in Section 5. In Section 6 an
independent justification of a basic assumption is
discussed. Section 7 is given over to a summary and
general comments.
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2. Experiment description
a. Dispensing and measurement systems

The dye dispensing system used to lay a vertical
dye sheet in the ocean was towed by the R.V. Cove.
It consisted of an above-water pumping subsystem,
an in-water dye dispensing subsystem and the tow
system depressor.

The pumping subsystem was located on the ship’s
deck. Fifty-five gallon, closed-head drums strapped to
the deck contained the dye solution. A 20-foot, one-
inch diameter rubber hose connected the barrels and
the bronze gear dye pump, which was driven by a 2-
horsepower motor. To minimize pressure fluctuations
from the pump, an air cushion tank was fitted at the
discharge of the pump. A digital display of the flow
rate was available to the operator for monitoring and
control purposes. The in-line pressure was measured
between the filter and the dispensing system, and the
output pressure was monitored at the pump discharge.

The in-water dye dispensing occurred over a 40—
45 meter vertical section of the tow cable, resulting
in the deposition of a thin dye-sheet in the ocean.
Fastened to the armored cable (strength member) was
a long section of feeder hose which was extended
from the R.V. Cove’s deck to the depth desired for
the upper limit of the dye sheet. The dye was dispensed
from a section of Y-inch-ID hose approximately 53
meters long. This section contained 91 orifices spaced
uniformly at a separation of 0.577 meter.

The towed vehicle used as a depressor for the
dispensing system consisted of an I-beam fuselage
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with “flap-plate” wings and stabilizers. It was fastened
to the bottom of the strength member with a three-
point towing bridle.

The dye system also included equipment designed
to control the dispensing process, to monitor the
system and to record data needed for subsequent
analysis. The four key parameters that were recorded
were dye pumping flow rates, depth of the depressor,
ship’s speed through the water and time of day.

For the fluorometry measurements discussed here,
a dye mixture that contained 10% disodium fluores-
cein and 10% rhodamine WT was used. This particular
mixture was selected in support of an effort to evaluate
various water-soluble organic dyes for their suitability
for ocean use and is not essential to the results
reported herein. The dye mixture was dispensed into
the ocean at a flow rate of 7.6 liters per minute while
the R.V. Cove was traveling at a speed of 4.2 meters
per second.

The primary measurement system consisted of a
vertical array of 25 fluorometers, 40 thermistors, 5
conductivity cells and 6 depth transducers deployed
from the M.V. State Rebel and towed through the
water at 6 knots. The sensor platform consisted of a
lh-inch armored tension towing cable surrounded by
low-drag fairings which were free to rotate around
the strength member. This configuration resulted in
a chain catenary that was nearly vertical with the
bottom-most sensor capable of reaching a depth of
160 meters with 183 meters of scope paid out and
90 meters horizontal offset at 6 knots. An important
feature of the overboarding system was a mechanism
inside the chain winch drum that allowed the wire
pairs to be transferred continuously from the sensors
to their electronics without using connectors or slip
rings. This feature permitted the system to perform
at very low noise levels. Depth maintenance was
accomplished with a depressor attached to the bottom
of the chain.

The 40 thermistors spanned a vertical distance of
56 meters with a vertical separation between adjacent
sensors ranging from 1 to 2 meters. The thermistor
locations bracketed those of the thermometers. The
topside electronics included thermistor bridges whose
design was based on the Sippican XBT circuit.

The 25 fluorometers spanned a vertical distance of
about 45 meters with variable sensor spacings of 1, 2
and 3 meters. Ten fluorometers were made sensitive
to rhodamine WT dye and the remaining fifteen were
made sensitive to disodium fluorescein dye. A brief
description of the fluorometers used in this experiment
has been given by Keys and Hocheimer (1977). The
only differences between the rhodamine and fluores-
cein fluorometers were in their optical filters and
their amplifier gains, which were adjusted to give
similar calibration curves. The sensitivity of these
units is 3 X 107! gm cm™ for rhodamine WT and
fluorescein in clear ocean water and they have a time

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 15

constant of about 0.15 seconds. During this experi-
ment, the fluorometer outputs were sampled at 40
Hz. At a tow speed of 6 knots, these instruments
were able to resolve horizontal scales as small as 0.5
meters.

Several measurement systems provided supporting
environmental and ship’s positional information dur-
ing the experiment. A survey of the test area was
conducted to determine the vertical distribution of
temperature, salinity and density and their horizontal
variability. While underway, a number of XBT probes
were dropped to obtain temperature profiles. Addi-
tional environmental information was obtained from
occasional CTD casts.

Each research vessel was equipped with two Loran-
C receivers for determining continuous own-ship’s
position. Inspection of ship’s tracks generated in real-
time indicated point-to-point noise of about 25 meters.
Periodic system accuracy checks were performed by
comparing Loran-C derived positions with those ob-
tained from satellite navigation.

b. Experimental procedures and data summary

The fluorometry data were obtained during an
experiment performed on 11 September 1979. As
shown in Fig. la, the test site was in the open ocean
in the vicinity of 28°11'N, 78°24'W. A CTD cast of
the upper 200 m of the ocean was made at 28°5.8'N,
78°2.09'W at a time corresponding to the end of the
fluorometry measurements. The results are displayed
in Fig. 2. More local measurements of the temperature
profiles were obtained from the thermistors on the
towed chain immediately prior to each dye trail
crossing. These results are plotted in the scatter
diagram of Fig. 3. As can be seen from these figures,
the dye sheet was dispensed in a depth region where
the buoyancy frequency was markedly nonuniform.

The overall geometry of the experiment is illustrated
in Fig. 1b. It shows the tracks, in earth-fixed coordi-
nates, of the R.V. Cove dispensing dye while main-
taining an eastward course and the M.V. State Rebel
making subsequent dye trail crossings. The initially
thin vertical dye sheet was about 40 m high and 10
km long with its center at a depth of 80 m. All of
the crossings were essentially normal to the trail. The
segments of crossings during which dye was detected
are also indicated in Fig. 1b. The lateral spacings
between successive crossings were typically 300-500
m. The entire exercise was performed in rather calm
seas, so that both dispensing and measurement systems
experienced good depth stability. Data from the pres-
sure transducers indicated rms depth fluctuation
varying from 10 to 62 cm over the 17 crossings.
Table 1 lists by crossing number the time that the
chain of sensors crossed the center of detected dye
for that crossing. Also included are the age of the dye
trail and the rms depth fluctuation of the sensor
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FIG. 1. (a) Map showing location of dye release experiment at 28°11'N, 78°24'W on 11
September 1979 and (b) detailed experiment geometry showing paths of R.V. Cove dispensing
dye (1725 to 1805 GMT) and of M.V. State Rebel (1730 to 2200 GMT) making subsequent
dye trail crossings.



VOLUME 15

JOURNAL OF PHYSICAL OCEANOGRAPHY

698

"M.60'T-8L PUB N08'G,87 18 udje) Louanbayy pliesiEA-junug (q) pue Asuap pue Auies ‘arnjersdwd) (e) Jo saqgoid [eonIdA ‘7 "OLf

0C'LC 099C 08'SC 0Ol'SC Ovvec O0OL€EC 00°€e o
(44/s8}oAd) Aouanbaiy ejesiep-luelg 00°ZE G8'9€ 0L9€ GG9E O0Ov9e GC'9¢ O0L'9¢ (1dd) Anurjes
G¢ 474 Gl oL ] 0 G- 00'0€ 008C 009C 00vZ 002 000Z 008L(0,) asmesadwa)
_ T I I _ 1 I _ I I 00z
- - —sz1
| —~ —0S1
- — —Gcl
O
<D
©
! 00l =
|esiadsip aAp 3
Jo uoibay -
- — —S¢L
— — — 09
1 S
- - F —sz
(a) (e) to
| 1 1 | | | 1 _ | _ 0



JUNE 1985 DAVID P. VASHOLZ AND LARRY J. CRAWFORD 699

| | | [ [ | [ [ ;

60— -

A

o

. RO

Egol- o —
oy
ot
&

a —

100— —

120 | | L1 | ] 1 1 ]

25 26 27

Temperature (°C)

FIG. 3. Scatter plot of averaged thermistor chain data for the 17 dye sheet crossings.

chain for each crossing. Here dye trail age is defined
as the clapsed time between center of dye detection
and closest approach of the dye dispensing system to
the point of detection. The experiment thus covered
temporal scales to slightly less than four hours and
spatial scales up to about 10 kilometers. The basic
dataset consists of fluorometer time series for 25
fluorometers from 17 dye sheet crossings. Examples
from two crossings are shown in Section 3.

TABLE 1. Dye crossing times, dye trail ages and sensor chain
depth fluctuations.

Time of
crossing dye Age of Depth
center dye trail* fluctuations
Crossing (h:min:s GMT) - (h:min) {cm)
1 17:34:47 00:06 17
2 17:42:48 00:14 41
3 17:50:50 00:21 37
4 18:00:37 00:31 62
5 18:10:34 00:40 10
6 18:22:36 00:49 18
7 18:38:43 01:04 20
8 18:52:31 01:15 36
9 19:05:15 01:26 32
10 19:19:57 01:40 34
11 19:36:32 01:53 17
12 19:54:18 02:09 32
13 20:13:09 02:25 27
14 20:34:44 02:43 36
15 20:54:31 03:00 34
16 21:18:52 03:21 31
17 21:45:24 03:45 45

* Dye dispensing occurred from 1725 to 1805 GMT.

3. Analytic approach
a. Basic considerations

We start with the fundamental advection—diffusion
equation obeyed by the dye concentration field c(x,
1). For present purposes it is given by
g + u-Ve — uV?c = s(x, f)
ot
where u is the molecular diffusion coefficient and
u(x, ) is the complete Eulerian velocity field. Here
the source term s(x, f) is the rate (in units of mass
per unit time per unit volume) at which the dye is
being dispensed at position x and time ¢.

It is, of course, not possible to solve (1) directly
for the problem at hand. Nonetheless, it is worth
noting that the dye concentration field appears only
linearly. This strongly suggests that the chances of
confronting theory with experiment are maximized
if the analysis is performed, wherever possible, in
terms of quantities which are themselves linear in the
concentration field.

(D

b. Qualitative inputs

Our analysis approach is also motivated by various
qualitative properties of the data which can readily
be seen in the raw voltage time series. Examples of
fluorometer time series from two of the crossings are
shown in Figs. 4 and 5. Two of the fluorometers were
inoperative during the experiment, so that 23 channels
appear in these figures.
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FIG. 4. Fluorometer time series for the third dye sheet crossing. The dye detected here
has been in the water approximately 21 minutes. The fluorometer outputs have been
arranged to reflect the geometry of the dye distribution.

These figures indicate that there has been a great
deal of relative horizontal motion during the evolution
of the dye sheet. Furthermore, there is no indication
of any significant vertical transport relative to the
depth range swept out by the fluorometers. This
dominance of horizontal motions is not surprising,
in view of the substantial stratification that was
present.

A second qualitative feature readily apparent from
Figs. 4 and 5 is that there is a marked degree of
intermittency in the dye data. In particular, these
figures indicate that intermittency is increasing with

time, a property that is also borne out by the other
crossings. '

Owing to these basic qualitative features in the
data, high priorities are given in the analysis to
quantitative descriptions of the horizontal motions
and the intermittency.

¢. Dye moments

It would appear that the simplest way to describe
horizontal motions while at the same time using
quantities linear in the concentration field is to
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FIG. 5. The same as Fig. 4-but for the fifteenth crossing. The dye detected here has been
in the water approximately 180 minutes. This crossing is aligned so that the fluorometer
chain was towed in the same direction as it was for Fig. 4.

calculate moments for each of the dye time series
and for each of the crossings. Let c;(x) be the dye
concentration as a function of distance traveled by
fluorometer i during crossing j. Then the kth moment
my is defined by

My = f dxxkcij(x). )
For present purposes, only the three lowest moments

are calculated for each combination of i and j.
Together these three quantities specify, for each time

series, the amount of dye present, its center of mass
location and its width. Specifically, if x; and W;
denote respectively the center of mass location and
width corresponding to a particular time series, one
has

- m
\ i=—, ®)
ijo
m; -
w3 = m—ﬂ — (&) @)

ij0

In effect, then, we are decomposing the dye-sheet
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cross section for each of the crossings into a centerline
determined by the x;; and a symmetrized cross-section
determined by the W, as shown in Fig. 6.

To calculate the moments, the fluorometer calibra-
tions were used to convert the voltage time series for
each combination of i/ and j into a concentration
time series having units of gm cm™. Taking into
account the known speed at which the fluorometers
were towed during each crossing, it was straightforward
to compute discretized sums corresponding to the
integral in (2).

d. Intermittency

Moments are of no apparent use in the description
of the observed intermittency. More generally, it
seems very unlikely that quantities linear in the
concentration could be of use in such a description.
The intermittency analysis is therefore based upon
quantities directly suggested by the visual appearance
of the time series with no regard to linearity.

The data processing technique used for intermit-
tency is simply to calculate, for each sensor and for
each crossing, the times at which that sensor moved
into, or out of, a region containing dye.

4. Results
a. Dye conservation

To understand how dye conservation applies to
the experimental data, it is useful to consider (1) in
more detail. Let an orthogonal Cartesian coordinate
system be oriented so that positive z points vertically
upward and the dye dispenser is moving along the y
axis at constant speed f, all the while emitting dye at
a uniform rate A over a vertical aperture z = 0 to z
= L. Also, the initial time is chosen so that the dye
dispenser crosses the origin of coordinates at time ¢
= (. Then the source function may be written as

A
s(x,y,z,1)= I 0(2)0(L — z)6(x)o(y — ft)y  (5)

Z z

e—X(2)

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 15

where 0 is the Heaviside step function. Take (1) and
integrate it over the entire x-z plane and over time
from negative infinity to time z. Noting that several
terms vanish, one obtains

oy, 0+ % J‘:m dt' f dx'dz'v(x', y, z', t")
2 t

Xcex,y,z,t')y—u 5? »

A

/

dt’

X f dx'dz'e(x, y, 7, 1) = ~8(ft — ¥) (6)

where

oy, 1) = f dx’dZ'C(x{, »z,0 @)

and where v is the y-component of the Eulerian
velocity field.

The quantity Q is nonnegative and can be estimated
for each crossing simply by summing appropriately
weighted zero-order moments. The right-hand side of
(6) is also nonnegative and can be calculated from
known experimental parameters. The second and
third terms on the left-hand side of (6) can, of course,
not be calculated from the dye data. However, there
is no reason for either of them to be preferentially
either positive or negative. Hence, it is reasonable to
test the validity of the approximate conservation law

A
oy, 1) =~ 7 8(ft = y). (3)
Note that the step function on the right-hand side of
(8) is simply a reminder that no dye can be detected
in a crossing until the source has gone by.

For the actual measurements, an additional com-
plication was present: two different kinds of dye,
rhodamine and fluorescein, were pumped from the
dispenser in a mixture. Furthermore, each fluorometer
was sensitive to either fluorescein or rhodamine, but
not both. There were 15 fluorescein and 10 rhodamine

W(z)

(a)

(b)

(c)

FIG. 6. Decomposition of a dye-sheet cross-section (a) into a centerline (b) specified
by the x; and a symmetrized cross-section (c) specified by the W;.
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fluorometers. Since equal concentrations of each kind
of dye were dispensed, it is assumed that each fluo-
rometer underestimated the true concentration by a
factor of 2. For the experiment, A/f = .066 gm cm™!.
In Fig. 7 values of Q, as calculated from the m;j, are
plotted in comparison with A/f. Imagine that all the
fluorometers are numbered serially from top to bottom
of the sensor chain. Then the range in Q values
shown in Fig. 7 for each crossing is induced by
variations which result from including only the even-
numbered, only the odd-numbered, or all of the
sensors in the calculation of Q. The more adequate
the vertical resolution, the more tightly clustered
these numbers should be. It is seen that there is
reasonable agreement between prediction and exper-
iment, although the induced range in Q is substantial.
The reason for the dye shortfall that seems to be
present at early and late times is not known.

b. Horizontal advection and shear distortion

We now present results based upon centerlines as
defined in Section 3¢ and illustrated in Fig. 6. It is
clear from Figs. 4 and 5 that ambient vertical shear
plays a substantial role in the evolution of the dye
sheet. If the shear s were perfectly uniform in space
and time, all centerlines would be straight lines.
Furthermore, if 6 is the angle that the centerline
makes with the vertical, we would have tanf = st,
and it would be trivial to measure tané for each
crossing. It is obvious, however, that the shear is
highly nonuniform over the vertical aperture spanned
by the fluorometers. Therefore, tanf is determined
between each adjacent pair of fluorometers and the
depth-averaged value of tan?f calculated, after which
the square root is taken. This is done for each
crossing. Results for all of the crossings are plotted
in Fig. 8. It is seen that a straight line fits these points
rather well (correlation coefficient = 0.95). The slope
of the least squares linear fit drawn in Fig. 8 is equal
to 10.5 X 1073 sec™!.

NN
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FiG. 7. Dye conservation results. The horizontal line
gives the theoretical value.
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FIG. 8. Values of (tanf),s versus dye sheet age. The angle 8 is
chosen so that (tanf)m,; = 0 would mean that the dye sheet is
perfectly vertical.

The foregoing results suggest that, given the linearity
already discussed, the centerlines themselves should
be markedly similar once horizontal stretching with
time is removed. That this may indeed be the case is
already apparent from Figs. 4 and 5. To illustrate
this point, the horizontal coordinates of each centerline
are divided by the corresponding crossing age. This
leaves us with an equivalent horizontal current profile
for each crossing. These profiles are plotted together
in Fig. 9. It is important to note that each of the
profiles has been independently translated along the
abscissa so that its integral over depth vanishes. This
was done because it afforded an objective way to
overlay the profiles in the absence of sufficiently
accurate navigation data to make absolute compari-
sons. The range of velocities seen in Fig. 9 is typical
for background internal wave horizontal velocity
components. The profiles clearly exhibit a strong
underlying similarity.

c. Width results

Moving on to second-order moments, we present
here results based upon the W7 defined in (4). More
specifically, we calculated for each crossing the depth-
averaged sum over j of W#. Only fluorometers reg-
istering dye are included in the summation. This
quantity, which we denote by W? is the depth-
averaged width squared of the symmetrized cross
section shown in Fig. 6, which illustrates the important
point that these are widths that remain after all
kinematic shear distortion has been removed. A plot
of W? versus crossing age is given in Fig. 10. One
sees that a straight line fits the data rather well
(correlation coeflicient = 0.97) in log-log coordinates.
The associated power law dependence is 2.93 + 0.12.

Since the centerline tends to become nearly hori-
zontal for the later crossings and since the fluorometer
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FiG. 9. Equivalent transverse current versus depth for 16 of the dye sheet crossings. This
plot is oriented to be compatible with Figs. 4 and 5. Crossing number 4 is not included
because insufficient dye was detected to produce a good centerline.

chain does experience depth variations as it is towed,
it is necessary to consider the possibility that the
width results have been seriously distorted by these
variations. We have carried out simulations in which
dye sheets with prescribed width-growth power laws
have been crossed by fluorometers moving with the
highly random depth-variation time series actually
experienced during the experiment. It is found that
the effect is serious only when the assumed power
law is very low, such as %%, It is also of random size
from crossing to crossing, so that, as one would
expect from the outset, the correlation coefficient is
seriously degraded from the 0.97 found in Fig. 10. In
particular, when a width growth more rapid than ¢!
is assumed, width distortion is found to be completely
negligible.

d. Intermittency

Using the dye transition times described in Section
3d, various elementary measures of intermittency
were defined and plotted versus age. The results are
shown in Figs. 11-13. It is seen that according to any
of these measures, intermittency generally tends to
increase or to remain the same with increasing age
over the range of experimental values.

5. Theoretical interpretation of width results

It is not difhicult to find theoretical arguments and
approaches which lead to the observed proportionality
of width to the 3/2 power of time. One line of
reasoning notes that geophysical spectra are in general
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FiG. 10. Mean square width versus age for the 17 dye sheet
crossings. The widths are calculated from moments as described in
Section 3.

“red,” with more variance in the larger scales. Since
any two tracer particles are separated most effectively
by velocities having a scale of variation on the order
of the particles’ present separation, it follows that this
separation will tend to accelerate as it is acted upon
by increasingly energetic velocity scales. This is the
content of the empirically derived Richardson’s 4/3
law (Richardson, 1926), which states that, for a wide
range of scales, the effective diffusivity is proportional
to the 4/3 power of the size of the diffusing cloud.

DAVID P. VASHOLZ AND LARRY J.
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This leads directly to a ¢? width dependence. One
may obtain the same result by considering a cloud of
passive contaminant whose extent lies within the
inertial subrange of an isotropic turbulent background.
Then dimensional analysis (e.g., Landau and Lifshitz,
1959, p. 123) leads to the square of the width being
proportional to ez3, where ¢ is the energy dissipation
rate. The experiment discussed here, however, was
performed in an environment that was markedly
anisotropic. .

Another, more detailed, approach focuses upon the
interaction of vertical shear and vertical diffusion.
The basic mechanism is two-dimensional, and can
best be discussed in terms of solutions to the equation

[2- a—2+ (z t)ic(x H=s(x,z1t 9
a o T HE Vg B $

where p is now an effective diffusivity which in effect
parameterizes the vertical motions. The quantity u(z,
t) is the horizontal current as a function of depth and
time.

Equation (9) can be solved exactly for a linear
profile

(10)

where the shear s is assumed constant. It is found
that, if W(?) is the width of an original point source,

uz, t) = sz

w(p) = é us?t, (11)

100—e
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FiG. 11. The average percentage of time that a sensor is actually in dye between
first and last detection for each crossing as a function of age.
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Although it has the right form to agree with our 9. Efforts to explain the widths “locally” in terms of
results, (11) has the serious difficulty that its derivation shears at the same depth have not been successful.

depends upon the linearity of the horizontal current On the other hand, (9) does seem to be a reasonable
profile, a highly dubious proposition in light of Fig. starting point for the problem at hand. It emphasizes
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FIG. 13. Mean width of individual dye patches for each crossing versus age.
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the role of the horizontal current profile, which is
certainly a prominent, rather well-defined feature in
the fluorometer data. By subsuming vertical motion
into an effective diffusivity, one is hoping to include
the important effects of vertical motion while avoiding
the substantial additional complexity of having to
consider it in detail. One would in general expect,
especially in the presence of strong stratification, the
vertical component of the velocity field to be much
smaller than the horizontal components and to vary
over smaller scales in both space and time, properties
that tend to justify incorporation into the diffusive
part of the equation.

a. General solution

What is clearly required is the ability to extract
useful information from (9) for arbitrary u(z, ¢). This
can be done using an approach suggested in recent
work by Young et al. (1982). Multiply (9) by x* and
integrate over x. Upon integrating the current profile
term by parts, one obtains

(s
a M) ua

= ku(z, Omg-(z, ) + sz, ) = rdz, ©)  (12)
where

mz, t) = f dxxke(x, z, 1), (13)

sz, 1) = f dxx*s(x, z, t). (14)

Equation (12) can be solved recursively to yield
for any desired value of k. Using a Green’s function
approach we have

mz, 1) = f dz'dt'g(z — z', t — 'Yz, ') (15)

1 Y2 z2
gz, 1) = 0(1‘)[@] CXD(— 74—‘;;) .

For a dye-sheet source passing through the x-z plane
at ¢ = 0, the source function is a product of Dirac
delta functions given by

s(x, z, £) = co(x)d(r) 17)

where limitations on the vertical extent of the dye
sheet have been ignored. The quantity ¢ is a constant.
It follows quickly from (12)-(17) that

(16)

mo(z, 1) = c(t) (18)

mi(z, 1) = ¢ f dz'dt'g(z — z', t — t)u(z', t')6(t') (19)
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my(z, 1) = 2¢ f dz'dt'dz"dt"g(z — z',t — t')
X w(z', ez — 2", t' — t")u(z", t")6(t"). (20)

Write u(z, {) as a Fourier transform in vertical wave-
number k and temporal frequency w according to

wz, t) = f dkdwa(k, w)e™*", 21
The current profile is real, so that
a(k, ) = a*(—k, —w) (22)

for all k and w. Let W?(z, t) be the width squared of
the dye profile at time ¢ and depth z. That is,

myz, ) [mn(z, t)]2
my(z, 1)  Lme(z, 1"

Wiz, 1) = (23)

Upon substituting the appropriate expressions into
(23) and utilizing (16) along with (21), we find

Wz, f) = f dkdgdwdoe™ 9
X a(k, w)a*(q, 0)B(t; k, g, w, 6) (24)

where
B(t; k, g, w, 0)

= e—ﬂ(k—q)zl[

ei(a—w)H-y(k—'q)zt — l
plk — gy + i(o — w)]

1 1
X +
(uq2 +ioc  pk®— iw)
g e—iwr+p(k2—2kq)t -1
— e '{ - -
[u(k® — 2kg) — iw](ng® + io)

eiot+u(q2—2kq)l -1
+
(u(g® — 2kg) + io)(uk® — iw)}

e—iwt — e—ukzt (eiat _ e—uqzl)
- . (25
( pk? — iw ) g’ + io 23

b. Early time behavior

When the quantity B is expanded in powers of
time, it is found that the constant, linear and quadratic
terms all vanish so that

B(; k, g, w, 0) = S pkat® + - -+, (26)
Hence, to lowest order in ¢, W? will grow with the

observed ¢* dependence. Integrating the leading term
in (26) and ignoring higher-order terms, we obtain
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WAz, 1) = % us¥z, 0)3 @7
where s(z, 0) is the shear at depth z and time ¢ = 0.
It therefore follows that, for ¢ sufficiently small, the
width at each depth is governed by the shear at that
depth. If (27) is averaged over depth, we have

W1) = § us?t’, (28)

Insofar as time dependence is concerned, (28) has its

confirmation in Fig. 10. If values of W?(#)t™> are
calculated for each of the crossings, one obtains the
estimate

ps? = (2.3 £ 1.1) X 107* cm? s>, (29)

Using the regression in Fig. 8, we have s> = 1.1
X 107* s72, or

p=2.1+10)cm?s™" (30)

It is also interesting to analyze fluctuations in
W*(z, {) with depth. From (27) it follows that

V) = 227 — 57,

(31)

N-1 -8

where

V@) = Wiz, ) — WP (32)

The left-hand side of (31) is readily evaluated from
the data. These points are plotted in Fig. 14, where
the slope of the regression line indicates a 78023
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' dependence. It is straightforward to calculate s using

the same approach described in Section 4b for s
When this is done, a different estimate for u arises
given by

u=2.6=*14) cm?s", (33)

Hence there is agreement in both the exponent and
the coefficient associated with (31).

¢. Implications of universality

One of the main developments in recent internal
wave research (for recent reviews see Olbers, 1983;
Levine, 1983) is the emergence of a degree of univer-
sality in spectra associated with the deep ocean back-
ground (Garrett and Munk, 1972, 1975). In this

~ work, the current components are treated as stationary

random processes. Although the data discussed here
have been collected in the seasonal thermocline, it is
reasonable, and in fact customary, to compare upper
ocean results with those implied by the “universal”
spectral forms. .

To see what these implications are, it is only
necessary to treat the Fourier components in (24) as
random quantities. In particular, for u(z, ¢) a stationary
random process in space and time one has

{alk, w)a*(q, 0)) = q*8(k — @)d(w — 0)P(g, )

where ®(k, w) is the shear spectrum. Taking the
ensemble average in (34) yields

(34)

109

pa—

108

2)
AT T IO T I0 70 T T T

-—
-
o

g—nml ottt ol

100

Age (min)

FIG. 14. Variance of W?(z, t) over depth versus age for the 17 dye sheet crossings.
These quantities are defined and calculated as described in Section 5b.
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(Wi(z, 1)) = f dgdwF(t; g, w)¥(g, @)  (35)
where
F{t; g, w) = g4 + u?q*)?
X [w? = 3u%q* + pg*t(w? + p2q%) + dug’e ™"

X (ng? coswt — w sinw?) — (o + pg*)e1%). (36)

One new feature that immediately emerges is that,
for large ¢,

®(g, w)

wz + u2q4 . (37)

<W2(Z, 1)) =~ 2ut f dgdw
For short times, we of course have the usual result,
which in the present context can be written as

Wz, D) =~ 3 w(s?H

where (s?) is the mean-square shear.

Hence the rate of expansion eventually slows from
cubic to linear in time. It is intuitively clear that
there must be some kind of slowdown, since a
perpetually accelerating width would demand the
existence of arbitrarily large relative horizontal veloc-
ities such as are very difficult to envision if u(z, ?) is
to be a stationary random process. On the other
hand, for a linear velocity profile over an infinite
depth range as in (10), perpetual acceleration is
clearly possible. The exact manner in which the
transition from cubic to linear occurs depends of
course upon the details of ®.

The first of our spectral assumptions is that it
factors into a spatial and a temporal part according

to
(g, w) = S(@P(w). (39)

The spatial factor S(q) is set equal to a simplified
version of the composite shear spectrum proposed by
Gargett et al. (1981):

S(@) = (s + In(gi/g0)]'%6', 0<g<qo
= (D[ +In(gi/go))'a7', G <g<aq

(38)

(40)

where g, and ¢, correspond to wavelengths of 10
meters and 1 meter, respectively. Equation (40) is a
simplification in the sense that wavenumbers greater
than g, are ignored. The contributions of high wave-
numbers to (W?) are, however, strongly suppressed
by the form of F. For the temporal factor we use

P(w) = (%)w"(wz -2 w<w<N (4])

as suggested in the Garrett-Munk models (e.g., Munk,
1981). Here w is the inertial frequency, N is the
buoyancy frequency, and
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= cos~! = 42
7 = COS N 42)

Incorporating these assumptions for & into (35) yields

2
(Wz, 1)) = %2 V@) + L(en)]  (43)

where
LIt
Jir) = —f dg f duG(r, ag?, secu), (44)
1 +InrnJdo 0
i 1 {"dg ("
Jo(7) = - f 4 f duG(r, ag?, secu),  (45)
1+Inrndi g Jo
2
a=20 = g/g=10 (46)

G(r, x, y) = x7'(x? + yH)[y? — 3x2 + 2x7(x? + »?)
+ 4x7(x cosyr — y sinyr)e ™™ — (x2 + y?)e ). (47)

The quantities J, and J, are readily calculated nu-
merically using a Monte Carlo technique. In Fig. 15,
(W)} is plotted versus &t for a variety of vertical
diffusivities. Also included are the experimental points
shown in Fig. 10. The value of u(s?) indicated in
(29) is used throughout. This insures that the levels
of the three curves and that of a ¢3 line drawn through
the data will coincide as ¢ approaches zero. The range
of diffusivities represented by the curves corresponds
to the range within which most other measurements
of this quantity also fall (Garrett, 1979).

It is interesting to note that the data in Fig. 15
tend to favor values of u that are below the range
indicated in (30). If we regard us* as fixed at the
value indicated in (29), we are led to the possibility
that simply squaring the slope in Fig. 8 leads to an
underestimate of s This is plausible because of the
finite spacing of the fluorometers, which produces the
effect of a low-pass filter. In particular, one has

{u(z + Az, 1) — u(z, H*)(Az)™?
=2(A2)2 f dgdwq (1 — cosqAz)P(q, w) (48)

where Az is the vertical separation between adjacent
fluorometers. The left-hand side of (48) can be cal-
culated from the data. Note that, as Az — 0, the
right-hand side of (48) approaches (s2>. In practice,
Az =1, 2, or 3 meters. From (39)-(41) we have

2 s?

[z + Az, 1) — u(z, D )(Az) qo(1 + Inr)(Az)®

q0 q1
X U; %(l — COSqAz) + qo f %(1 - coquz)].

q0

(49)

The left-hand side is now calculated over all available
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data for each of the three separations. For Az = 1, 2,
and 3 meters, (49) becomes respectively

163.2 = 0.72 (%)
90.7 = 0.52 (s%)
78.5 = 0.40 () (50)

in units of 107¢ s72, This leads directly to an estimate
of mean-square shear of

(s = (200 % 25) X 1076 52, 51)

Hence the estimate of mean-square shear increases
by almost a factor of 2 when (40) is postulated for
the spectrum. (It is assumed here that ensemble
averages can be equated with vertical averages.) That
the values of (s?) implied in (50) are more closely
spaced than the left-hand sides of these relations
lends credence to the spectral assumption. If (29) and
(51) are used we have, instead of (30),

p=(1.0=%+0.5cm?s™" (52)

6. Raster plot geometry and shear

A basic question that immediately arises in the
interpretation of towed fluorometer chain data is how
much information these data really contain, since
they are only two-dimensional slices of a three-
dimensional world. So far, it has been freely assumed
that no problems arise from ignoring the existence of
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the spatial dimension along which the dye source
travels. This is particularly true in (8) and (9). Of
course, in these cases the agreement of theory and
experiment furnishes some evidence that this is a
good approximation. In the present section, however,
we examine an important question in which the
validity of the approximation can be examined more
quantitatively. In particular, to what extent can the
shear estimate at some depth, as calculated from a
Raster plot (such as Fig. 4), and a knowledge of
crossing age be equated to the oceanic shear compo-
nent transverse to the path of the dye source?

The striking similarities in shapes and magnitudes
of the equivalent current profiles shown in Fig. 9
almost directly suggest a lowest-order kinematic model
for the dye centerlines. The model can most easily
be derived by assuming that all molecular diffusion
and vertical dye motion can be ignored and that the
horizontal current u is a function of z alone. Under
these assumptions, the dye signals for any crossing
form a pattern congruent with the centerline. Consider
a small piece of dye that is emitted at some particular
depth z by a source moving with a horizontal velocity
v. This source may be viewed as a vertical line that
continuously emits dye over a continuous range of
depths as it is towed with velocity v. Upon emission,
the piece of dye is transported by an ambient current
u(z), which is assumed to have only horizontal com-
ponents. Let 7, be any convenient initial time and let
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FIG. 15. Plots of (Wz, 1)) versus ¢ as given in (43) for different values of the vertical diffusivity
p. The units of u are cm? s™'. All three curves are for u (s%) = 2.3 X 107* cm? 57, as given in

(29). Also shown are the experimental points.
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ro be the corresponding source position vector. Then
the source position at any time ¢ is given by

r=ry+ vt — &). (53)

Suppose the piece of dye has been in the water a
length of time 7 before it is detected at position r
and time 7. For this to happen, one must have

r—ryg— V(t - to) = (54)

Equation (54) defines the dye sheet geometry model.
The interpretation is made that each fluorometer
passes through the center of mass of its signal at a
space-time point (r, ¢) that satisfies this relation.

Suppose now that the moving surface described by
(54) is “cut” by a vertical line of dye sensors moving
with crossing velocity f. Let the inverse slope (at some
depth z) of the centerline as recorded on the Raster
plot be denoted by dx/dz. Let the age of the crossing
(as defined in Section 2) be denoted by a. Then, after
a bit of algebra, one obtains

1 @ _ 51+ Asy(uy/v)
adz sina — Mu/f)(1 — f;/v)

7[u(z) — v].

(55)

where s, and s are respectively shear components
transverse and parallel to the source direction. Also,
a is the crossing angle such that cosa = f+ ¥, and

= (1 - u“/v) l. (56)

It is seen from (55) that, by conducting the exper-
iment in such a way that sina ~ 1, fy < v, and v, f
> u, all need to be concerned with axial components
disappears and the two-dimensional approximation
is a good one. These conditions were met for the
experiment described in this work.

7. General comments and conclusions

The results presented in previous sections suggest
an interrelated pattern of effects that can be more or
less arranged in order of increasing “sophistication.”
The most obvious such effect is the strong kinematic
advection that acts in the horizontal. Qur findings
are consistent with the horizontal currents associated
with a random internal wave background being the
primary mechanism for the observed centerline dis-
tortion. The high correlations observed from crossing
to crossing are consistent with these currents being
dominated by an inertial time scale, and also imply
that the horizontal correlation extends to many ki-
lometers. In these particular respects, the upper ocean
data considered here agree with the Garrett-Munk
model of background internal waves.

Although vertical motions are much smaller by
comparison and were not directly observed in this
experiment, they must play an essential role. Without
them, there would be no way for the observed width
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growth to occur. The success of (28) is good evidence
that this width growth is in fact the combined effect
of vertical diffusion and shear. The value of vertical
diffusivity in (52) is consistent with what has been
described in a recent review (Garrett, 1979) as the
“traditional” value, although it is substantially larger
than values derived from microstructure. As the
review points out, however, the general subject of
vertical diffusivities in the ocean is a complicated one
which is by no means closed. Another point of
consistency is that with u in the ranges implied by
(33) or (52), the dye did not have enough time to
diffuse vertically to any significant extent beyond the
fluorometer aperture, in agreement with the observed
absence of a progressive decrease in the amount of
dye detected from crossing to crossing. The question
of how long the 1> growth is sustained can only be
answered when something is known about the a(qg,
w). If “universality” in the form of (39)-(41) is
assumed, we find from Fig. 15 that (W*(z, 1)) is
nearly cubic to sufficiently large times for consistency
with the data. A final point of agreement is that both
theory and experiment indicate a power-law depen-
dence which is a bit less than cubic in time. In this
regard, it would be of particular interest to conduct
an experiment out to perhaps an order of magnitude
greater maximum dye sheet age in order to observe
the transition from cubic 1o linear behavior.

The “highest order” effect considered here, at least
in the sense of being the most difficult to understand
quantitatively, is that of intermittency. The basic
problem is that on one hand intermittency consists
of apparent discontinuities in the dye concentration
field as sampled by horizontally moving fluorometers,
whereas on the other hand there is no reason to
believe that a solution to (9) with a source term given
by (17) has any possibility whatever of developing
discontinuities in the horizontal at finite times. In
other words, the observed intermittency is a more
detailed effect than can be understood on the basis
of (9). When the object is to explain intermittency, it
is evidently an oversimplification to parameterize the
vertical motions with an effective diffusivity. It would
appear that the only way to attack the problem is
actually, either numerically or theoretically, to track
individual particles in an appropriately chosen Euler-
ian velocity field.

A key experimental decision which greatly facili-
tated the analysis was the selection of the dye sheet
geometry. This configuration leads to the very simple
boundary condition (17), which is perhaps the best
possible from the viewpoint of confronting (9) with
experimental data. The results of Section 6 further
support the choice of experimental parameters, im-
plying in the process that theoretical analyses that
exclude the longitudinal dimension merit considera-
tion.
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