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ABSTRACT

Using a barotropic coastal ocean model with a straight coastline and uniform cross-sheif bottom slope,
seven different cross-shelf open boundary conditions (four of which are applied in either implicit or explicit
form) are compared in three numerical experiments. 1) A mound of water is allowed to collapse and radiate
waves toward the open boundaries. 2) A uniform alongshelf wind stress is applied at zero time over the
entire shelf and held constant for the duration of the experiment. 3) A uniform cross-shelf wind stress is
applied at zero time over the entire shelf and held constant for the duration of the experiment.

The boundary condition which is most transparent to waves consists of a sponge at the outer edge of the
model domain with an Orlanski radiation condition at the outer edge of the sponge. Several open boundary
conditions perform adequately in the wind stress experiments, but the Orlanski radiation condition alone
(without a sponge) appears to give the best total performance (of those tested) through all of the experiments.
It is adequate at transmitting wave energy, and its response is entirely acceptable in the wind stress
experiments.

The results suggest that a clamped open boundary is probably the worst choice of cross-shelf open
boundary condition for barotropic coastal models. In fact, any open boundary condition which significantly
restricts the cross-shelf open boundary should probably be avoided.
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1. Introduction

Numerical models of finite coastal ocean regions
inevitably involve the treatment of open boundaries
(typically two cross-shelf and one offshore) where the
numerical grid ends, but where the fluid motion
should be unrestricted. Ideal open boundaries are
transparent to motions which are generated within
the computational domain and which are felt at the
open boundaries (i.e., waves, mean flows, etc.). Un-
fortunately, there is no numerical treatment of open
boundaries which achieves this ideal for general mod-
els which include two (or three) dimensions, rotation,
variable depth, bottom friction and wind stress forcing,
Consequently, it has been suggested that approximate,
ad hoc open boundary conditions (OBCs) may be the
most reasonable approach to the problem at this time
(Bennett and Mclntosh, 1982).

Since any ad hoc OBC will introduce inaccuracies
into the numerical solytion, it is important to evaluate
each OBC and to choose the most effective one.
Typically, one of two approaches is taken. First, the
model may be suitably simplified so that analytical
solutions exist, thus allowing a quantitative compar-
ison of numerical results with analytical solutions

* Woods Hole Oceanographic Institution Contribution Number
5828.

© 1985 American Meteorological Society

" (e.g., Chen, 1973; Davies, 1983). However, the sim-

plifications often eliminate essential features of the
model making it difficalt to assess the performance
of the same OBC in the original model. A second
approach is to run the complicated numerical model
several times, using a different OBC each time. The
results are then compared in an attempt to understand
the differences (e.g., Flagg et al., 1982). However, this
approach may not add insight into the general effects
of the OBCs when applied to other models, and it
may not isolate the physical mechanism(s) by which
the different OBCs affect the solution. Further, this
may be an expensive approach if the model is large.

The present study is essentially an attempt to
combine the desirable features of the two approaches
described above. A number of different OBCs are
used at the cross-shelf open boundaries of a numerical
madel of barotropic coastal flow for which analytical
solutions are generally unavailable. (The offshore
open boundary is held clamped throughout for reasons
given later.) The OBCs are chosen based on the
simplicity of implementation, their common usage
and the possibility of reasonable physical behavior.
Only OBCs which are applied on a point-by-point
basis are considered, so that no special geometry or
physics need be assumed. Because an OBC may
perform differently under different physical circum-
stances, three numerical experiments are performed;
(i) barotropic relaxation, (ii) alongshelf wind stress,
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and (iii) cross-shelf wind stress. Each experiment is
designed to allow some simple analytical analyses to
interpret physically the behavior of the model.

An a priori assumption is made that the region
outside the model domain is initially quiescent and
does not influence the flow inside the model domain.
While this assumption may not be realistic for pre-
dictive studies of real ocean currents, it is applicable
to process-oriented studies of isolated physical phe-
nomena in coastal regions. Furthermore, the difficul-
ties associated with OBCs are usually compounded
by the presence of flow outside the model domain.
For example, if variables are specified along open
boundaries, based on observations, it is difficult to
distinguish in the interior between effects introduced
by the OBCs and effects introduced by errors in the
specified quantities. Therefore, the present approach
seems to be a reasonable first attempt at building
some insight into the effects that these OBCs might
have in more general contexts.. Hopefully, this study
will also encourage the testing and comparison of
other OBCs.

The numerical model used here is a modified
version of that developed by Beardsley and Haidvogel
(1981; hereinafter BH) and is described briefly in
Section 2. The OBCs are defined in Section 3. The
results of the numerical experiments appear in Section
4, followed by a summary in Section 5.

2. The numerical model

The numerical model is described in detail by BH.
The equations to be solved are the vertically-integrated
and linearized momentum and continuity equations
for a homogeneous fluid with surface and bottom
stresses:

w—fo=—ght+ =~ & (2.1a)
P P
¥ y

v+ fu=—ght, + = -1& (2.1b)
p P

Uy +v,+ §=0 (2.1¢)

where (u, v) are the transports in the alongshelf (x)
and cross-shelf (y) directions, f'is the Coriolis param-
eter, g gravitational acceleration, /4 water depth, { sea
surface elevation, p the fluid density, (v, 75) the (x,
¥) wind stress components, and (5%, 74) and (x, y)
bottom stress components. Subscripts (x, y, 7) denote
partial differentiation. Solutions are obtained by finite
differences on a staggered (Arakawa C) grid in a
manner identical to BH except that their quadratic
bottom stress is here replaced by a linear bottom
stress of the form

(rs', 79) = 5w, v) (2.1d)
where r is a (constant) resistance coefficient with
dimensions of velocity. For numerical stability, the
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terms in (2.1d) are included in a semi-implicit form.
The differences resulting from the two forms of the
assumed bottom drag are negligible, but the use of
(2.1d) keeps the problem linear which facilitates
comparisons with simple analytical models.

3. Open boundary conditions

In a coastal ocean model there are typically three
open boundaries—one offshore and two cross-shelf.
Under most circumstances, the offshore boundary
can be argued to be the least significant because the
steep continental slope strongly refracts surface gravity
waves and virtually prevents cross-shelf geostrophic
flow in a barotropic model (e.g., Wang, 1982). In
fact, as the deep-ocean depth becomes large, shelf
motions become uncoupled from deep-sea motions.
Thus, an infinitely deep ocean bordering the shelf
may be approximated by a clamped boundary, in
which the open boundary variables are fixed at zero
throughout the computations. Further, for a very
deep (but finite depth) deep ocean, this choice should
not affect the numerical results as much as the choice
of cross-shelf OBCs. Therefore, all of the numerical
experiments described in Section 4 utilize a clamped
offshore boundary (located one grid space seaward of
the shelf break) so that only the effects of the cross-
shelf OBCs are considered.

The cross-shelf open boundaries in the present
experiments are always imposed along lines of con-
stant x (x = 0, x = W). The staggered grid of the
present model requires that the sea surface elevation
and the velocity tangent to the open boundary must
be specified or computed along each open boundary
at each time step. Thus, each OBC is applied to both
the sea surface elevation () and the cross-shelf veloc-

ity (v).

a. Numerical approximations

Seven different OBCs are considered, most of which
are basically Sommerfeld radiation conditions of the
form

¢ cpe=0 (3.1)

with a different prescription for the phase speed (or
advection velocity) c¢. The variable ¢ represents either
the sea surface elevation or the cross-shelf velocity.
The upper sign in (3.1) is used at the right open
boundary (x = W) while the lower sign is used at the
left open boundary (x = 0). Because the interior
points have been updated when the OBCs are applied,
it is sometimes possible to implement (3.1) in either
implicit or explicit form. This has been done with
four of the seven OBCs, making a total of eleven
OBCs whose analytical and numerical forms are
presented in Table 1. Again the upper (lower) sign of
+ or F refers to the right (left) open boundary. The
OBC:s are:
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Same as ORE except

Same as ORE

8. Orlanski radiation:

ntl

= dpz1

n—-1

[ 253

Implicit (ORI)

) _(eiwAl - eikAx)/(eiuAl — e—ikAx)

if C.>0
if C.<0

51"
5"

C; is same as in ORE

¢Bn+l =

G xcd=0

radiation: Explicit

9. Modified Orlanski
(MOE)

Fo/dx >0
Fo /. <0

if

Ax/ar if

c

Same as MOE

c=

10. Modified Orlanski

Same as MOE

Same as MOE except C; is evaluated as in ORI

radiation: Implicit

(MOI)

n-

B-j)+r j=Bx1,2,---

tm — 1
r=
n
n = grid points in sponge;

a.

alxgtx)+r;

a. Sponge outside open boundary:
r

11. Sponge plus Orlanski
radiation (SPO)
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r» = maximum r at outer edge of sponge
b. Same as ORI

const., xXg

interior 7, o

boundary location
b. ORI is applied at the outer edge of

where r;

sponge
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i) Clamped (CLP): This condition (used by BH)
assumes ¢ = 0 in (3.1) and is the most restrictive
OBC in the sense that the boundary values do not
evolve in time with the interior solution. Geostrophic
flow normal to the open boundary is eliminated
although both surface and bottom Ekman transport
across the open boundary are allowed.

ii) Gradient (GRD): This condition assumes c¢
= oo in (3.1). The boundary values evolve in time,
and geostrophic flow normal to the boundary is
allowed.

iii) Gravity-Wave Radiation: This condition may
be implemented in either implicit (GWI) or explicit
(GWE) form. The phase speed in (3.1) is chosen to
be the local, flat-bottom, shallow-water surface gravity
wave speed, ¢ = (gh)'/2.

iv) Partially Clamped: This condition is identical
to the gravity-wave radiation condition, but it includes
an ad hoc “friction-like” term (—¢/7;) on the right
hand side of (3.1), where Ty is a friction time scale.
It may be implemented in either implicit (PCI) or
explicit (PCE) form. PCE was introduced by Blumberg
and Kantha (1982) as a means of slowing the emptying
of their basin which occurred using GWE.

v) Orlanski Radiation: The phase speed at which
¢ is approaching the boundary is evaluated at each
time step from values of ¢ near the boundary. This
computed phase speed is then used in (3.1) at the
boundary. Orlanski (1976) used an explicit form
(ORE) for the phase speed, but an implicit form
(ORI) is also possible. _

vi) Modified Orlanski Radiation: This condition
(suggested by Camerlengo and O’Brien, 1980) uses
only the extreme values of phase speed from the
Orlanski Radiation boundary condition (¢ = 0 or
Ax/Ar) computed in explicit (MOE) or implicit (MOI)

- form.

vii) Sponge Plus Orlanski Radiation (SPO): This
condition combines a sponge with an absorbing
boundary as suggested by Isracli and Orszag (1981).
In the present experiments, the sponge is a region of
increasing bottom friction and the absorbing boundary
is the ORI condition imposed at the outer edge of
the sponge.

b. Boundary reflection for a special case

Before proceeding with the numerical experiments,
it is instructive to consider the behavior of the OBCs
under fairly simple conditions. At steady state (3.1)
becomes ¢, = 0, so all OBCs of the form (3.1) should
produce identical steady state solutions independent
of ¢. This includes all of the present OBCs (Table 1)
except CLP, PCE, PCI and SPO whose steady state
solutions may differ from the others. On the other
hand, the approach to steady state depends primarily
on the transient response of the system and the way
in which an OBC handles that response.
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Barotropic coastal models adjust by radiating sur-
face gravity waves, edge waves and shelf waves which
ideally would be transmitted through the open
boundaries with no wave reflection. To develop an
initial understanding of the transient behavior of the
OBCs considered here, their wave reflection properties
can be evaluated analytically for the special case of a
one-dimensional, flat-bottom basin. Consider a wave
of unit amplitude traveling in the +x direction with
frequency w and wavenumber k. Upon encountering
an OBC at x = 0, a reflected wave may be generated
which travels in the —x direction with complex
amplitude ¢y (relative to the incident wave amplitude).
The sum of the incident and reflected waves,

¢jn — ei(wnAz—ijx) + ¢R ei(wnAt+ijx) (32)
where 1 = nAt, x = jAx, must satisfy the numerical
form of each OBC. Substitution of (3.2) into the
OBCs results in the reflection coefficients (¢g) listed
in Table 1. (This procedure does not work for SPO
due the presence of the sponge layer.)

Some of the reflection coefficients are easy to
evaluate. The CLP and GRD conditions are perfect
reflectors in that the amplitude of the reflected wave
|¢r| is unity, independent of w and k. The clamped
condition produces a phase shift of = while GRD
results in a phase shift of kAx. At the other extreme,
the ORE and ORI conditions are perfect absorbers,
producing no reflected wave.

All of the other OBCs become perfectly transmitting
boundaries as kAx, wAt — 0. However, in general,
their reflection properties depend on the incident
frequency and wavenumber as well as the numerical
grid space, time step and phase speed. Figure 1 shows
contours of |¢z| on the (wAt, kAx) plane for several
OBCs. The GWE (Fig. 1a) and GWI (Fig. 1b) con-
ditions have minima along the line wAt = ukAx
(u = cAt/Ax = 0.5 in Figs. 1a, b) which is equivalent
to w = ck; i.e., the phase speed of the incident wave
is identical to the assumed phase speed for the OBC.
The reflection amplitude increases in all directions
away from that line. There is always some reflection
along this minimum due to numerical dispersion
(except when p = 1 so that the grid points lie on the
wave characteristic). There is greater reflection from
GWI than GWE for any choice of (wAt, kAx). Figure
1c represents the reflection due to MOE and MOI
which is independent of ¢ because only a single phase
speed is used. It is also identical to the reflected wave
- amplitude using GWE when u = 1. The reflection
coeflicients for PCE and PCI are different from those
of GWE and GWI, respectively, only in the factor
At/T;in both numerator and denominator (see Table
1). For a typical time step of At = 150 sec. and the
friction-time recommended by Blumberg and Kantha
(1982) of T, = 4 hours, then A#/T; ~ 0.01 and the
reflection coefficient differences between PCE and
GWE and between PCI and GWI are negligible. Not
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FIG. 1. Amplitude of the reflection coefficient |¢z| from Table 1
for (a) GWE with u = 0.5, (b) GWI with ¢ = 0.5, (c) MOI, MOE
or GWE with 4 = 1.
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surprisingly, these results all show that the amplitude
of the reflected wave is directly proportional to the
mismatch between w/k and the assumed phase
speed c.

Once a reflected wave has been generated, it remains
in the interior domain either until bottom friction
damps it out or until it encounters another open
boundary where some of the wave may be transmitted
through the boundary and some may be reflected.
The effectiveness of bottom friction in damping the
reflected waves can be estimated for a monochromatic
wave with frequency « and wavenumber k in a
nonrotating, one-dimensional (x) channel of uniform
depth A. Equations (2.1) simplify to

2

w ir
fxx+gi-l(l —Jl)f— 0 (3.3a)
with the corresponding dispersion relation
2
2@ [
k o (l wh) (3.3b)

For typical midshelf values of r = 0.05 cm s/, A
= 50 m and w = 0.001 s7, then r/wh = 0.01 < 1.
From (3.3b) the decay time scale (choosing k real) is
approximately 7, ~ 2h/r = 55.5 hours while the
decay length scale (choosing w real) is approximately
L, ~ 2h(gh)'?*/r = 4.4 X 10° km. Thus, bottom
friction alone is not very effective for wave dissipation
in space or time and should not be relied upon to
remove undesired reflected wave energy.

These simple examples help to illustrate some
similarities as well as some differences between the
various OBCs. While the results of this section cannot
be simply extended to include two dimensions, vari-
able depth, multiple waves, etc., they do suggest that
the transient behavior of a model may be strongly
affected by the choice of OBCs. In the next section,
the proposed OBCs will be used in several experiments
in order to compare their effects in more general
situations.

4. Numerical experiments

To examine the effects of the OBCs in the barotro-
pic coastal model described by (2.1), three numerical
experiments have been conducted with each OBC.
The experiments are simple enough to allow some
analytical analysis of the results while still retaining
the important dynamical features of variable depth,
rotation and bottom friction. The topography and
boundaries for each experiment are shown in Fig. 2.
Boundaries are coastal at y = 0, offshore at y = —L
and cross-shelf at x = 0, W. The OBCs are applied
at x = 0, W. The grid spacing is Ax = Ay = 10 km,
which is fine enough to handle resolvable edge waves
quite accurately (see the Appendix). A fairly small
grid of 17 alongshelf points and 12 cross-shelf points
is used (i.e., L = 105 km, W = 160 km) which serves

DAVID C. CHAPMAN
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FIG. 2. Topography and boundaries for the present experiments.
The coast is at y = 0, the deep ocean at y = —L and open cross-
shelf boundaries at x = 0, W. Depths are in meters.

to accentuate the effects of the OBCs. The topography
varies only in the cross-shelf direction. The depth at
the coast is 3 m because of the staggered grid, while
the depth at y = —L is 2000 m. The maximum shelf
depth is 95 m which occurs one grid space shoreward
of the offshore boundary. Thus, the bottom slope
over most of the shelf is 4, = —0.001. The complete
topography is given by

300 — 0.0004y, —5X10°<y<0
h=9-000ly, —95X10°<y<—5X10°
—1.80025 X 10® — 0.1905y, y < —95 X 10°
“.n

where 4 and y are in cm. For most of the analytical
analysis, the bottom slope will be assumed constant
(h, = —0.001) with little imposed error. When the
error is appreciable, (4.1) must be used. (Note that
the offshore boundary is always clamped, so that the
deep-ocean depth only enters the calculations when
averaged with neighboring depths.) The bottom fric-
tion coefficient is fixed at either r = 0 or r = 0.05
cm s~!. The Coriolis parameter is taken as f = 107*
s! and the density is assumed to be p = 1 gm cm™3,
The time step is Az = 150 sec. Additional details of
the finite-difference scheme may be found in BH.

a. Barotropic relaxation

This experiment is designed to investigate the wave
reflection properties of the various OBCs in more
general circumstances than considered in Section 3b.
Following BH, the fluid is initially at rest with the
sea surface elevated in a symmetrical mound centered
at the middle of the computational domain with
elevation maximum at the coast and linearly decreas-
ing offshore;

$im(t = 0)
(m — 4) sin![x(j — jm, + 5)/10] if
= 4 <j—j.<4, S5<m<l1l
0, otherwise

4.2)
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(o) CLP
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FIG. 3. Total energy (Ey), along a cross-shelf transect at j = j, + 5 given by (4.3), versus time for the first 20 h of the barotropic
relaxation experiment. The dashed curve is the result for the large domain which represents perfectly transparent cross-shelf boundaries
in the small domain. The solid curve is E; when using (a) CLP, (b) GRD, (c) GWI, (d) PCI, (e) ORI, (f) MO, (g) SPO.

where j,, is the grid point in the middle of the
numerical domain and y = mAy. As the fluid relaxes,
surface gravity waves, edge waves and continental
shelf waves radiate from the center mound and
impinge on the open boundaries at x = 0(j = 1) and

x = W{(j = 17). To simulate the model response with
perfectly transparent open boundaries, the same ex-
periment was performed on a large grid with 101
alongshelf grid points and the mound centered at j,

= 51. The calculations were halted before any reflec-
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tions from the boundaries of the large grid had
affected the middle 17 grid points.

As a diagnostic, the total energy (kinetic plus
potential) along the cross-shelf transect at j,, + 5 was
computed at each time step;

§
m=2 hj 2

2
J=im+5
2
+ (yﬂizg”"—“) ] + ggm2} . (43)

(The choice of diagnostic is arbitrary. The present
choice allows reflections to be seen clearly whereas
other choices, for example the total energy in the
domain, may not.) Several plots of E versus time
for selected OBCs are shown in Fig. 3 for the first 20
hours of each run with no bottom friction (r = 0).
The results for the large domain (dashed; meant to
represent the small domain with perfect OBCs) and
for the small domain with the OBCs imposed (solid)
are shown. For this experiment, SPO was used with
no interior friction (r; = 0), maximum sponge friction
of r,, = 0.1 and a sponge four grid spaces in width
(n = 4; a fairly thin sponge). For each run, the rms
error [the standard deviation of the difference between
the large domain and small domain energies from
(4.3)] is listed in Table 2.

The high reflectivity of CLP and GRD is obvious
in Figs. 3a, b and from the large standard deviations
in Table 2. (Note that, although energy is conserved

ET=
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in the small domain with both CLP and GRD, the
amplitude of the response at j = j,, + 5 increases due
to multiple reflections which set up standing wave
components.) Conditions GWE (not shown) and GWI
(Fig. 3c) show a marked improvement over CLP and
GRD, although they consistently underpredict the
energy at large times. At short times, the fast gravity
waves are reaching the boundaries with phase speeds
close to (gh)'/. At larger times, the slower edge waves
are reaching the boundaries with phase speeds less
than (gh)"?. So, GWE and GWI overestimate the
edge wave phase speeds and consequently remove
energy and mass too rapidly. This is presumably the
cause of the basin-emptying in Blumberg and Kantha’s
(1982) work. Note that in Section 3b, GWI showed
higher reflectivity than GWE. In the present experi-
ment this higher reflectivity partially counterbalances
the rapid loss of energy and mass, leading to an
apparently less reflective result for GWI. The PCE
and PCI conditions reduce this basin-emptying effect
by further increasing the reflective nature of the
boundaries (compare Fig. 3¢ and 3d at times between
5 and 10 hours). The ORE and ORI conditions,
although being perfect absorbers in one-dimension,
show some reflection here with ORI (Fig. 3e) being a
considerable improvement over ORE (Table 2). The
MOE (not shown) and MOI (Fig. 3f) conditions show
substantial reflection, neither being an improvement
over ORI. The best results are clearly obtained by
using SPO with a fairly small maximum bottom
friction r,, =~ 0.1 (Fig. 3g and Table 2). The condition

TABLE 2. Selected results from the numerical experiments. First column identifies the OBCs. Second column is the rms error due to
each OBC in the barotropic relaxation experiment with no bottom friction (r = 0). Third column is the same as the second column with
r = 0.05. Fourth column is the maximum bottom friction r,, of the sponge layer used with SPO. Fifth column is the alongshelf velocity
near the coast in the alongshelf wind stress experiment after 72 h. Sixth column is the sea surface elevation near the coast in the cross-

shelf wind stress experiment after 72 h.

Barotropic relaxation rms error

Alongshelf wind stress Cross-shelf wind stress

(J/m?) u/h at (j, m) = (9, 11) $at (j, m)=(9, 11)

Open boundary after 72 h after 72 h

condition r=0 r=0.05 . (cm s7") (cm)

CLP 1.302 0.471 -17.24 1.52

GRD 1.925 0.753 —20.00* 2.96*

GWE 0.104

GWI 0.096 0.073 -19.82 2.77

PCE 0.078

PCI 0.078 0.058 —18.10 1.74

ORE 0.620

ORI 0.200 0.147 —19.88 2.85

MOE 0.510

MOI 0.634 0.316 -19.92 2.86

SPO 0.094 0.0

SPO 0.049 0.05

SPO 0.047 0.10

SPO 0.052 0.25

SPO 0.051 0.5

SPO 0.059 1.0

SPO 0.081 2.0

SPO 0.034 0.15 —18.04 2.89

analytical -20.00 3.02

* Still oscillating
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SPO is very accurate at small times partly due to the
sponge layer and partly due to the increased size of
the computational domain (i.e., waves take longer to
reflect from the ORI boundary and return to the
small grid). In fact, there has been little attempt at
optimizing SPO which could be further improved by
adjusting the size of the sponge layer n and the
maximum bottom friction r, .or constructing an
entirely different sponge. However, this is beyond the
scope of this paper and the reader is referred to Israeli
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and Orszag (1981) for a more complete discussion of
the effects of sponge-layer size and friction. '

Snapshots of sea surface elevation { in the small
domain after 4 hours support the above results. The
CLP (Fig. 4a), GRD (Fig. 4b), and MOI (Fig. 4f)
results show little resemblance to the large domain
(uppermost panel). The GWI (Fig. 4c) and PCI (Fig.
4d) results are nearly identical with each other and
contain features similar to the large domain, but they
are contaminated by small-scale features (short waves).

2)
/J K

(b) GRD

—— e ——

N BETAC
&’\ —__\ @

N

XN

(f) MOI

=T
>

N

1.5 ——

08 —,"_\0__,

&7
2
15—

FIG. 4. Snapshots of sea-surface elevation contours (cm) after 4 h in the barotropic relaxation experiment. The upper panel is the
middle section of the large domain (no reflection at x = 0, W). Other panels correspond to (a) CLP, (b) GRD, (c) GWI, (d) PCI, (¢)
ORI, (f) MOJ, (g) SPO (dashed lines indicate the beginning of sponge region).
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This occurs because edge-wave phase speeds are not
depth dependent, whereas GWE, GW1, PCE and PCI
all assume depth dependent phase speeds. Therefore
the edge waves are necessarily distorted and scatter
into smaller-scale waves. The ORI (Fig. 4e) result is
quite similar to the large domain, while the SPO (Fig.
4g) result is almost identical to the large domain.
The addition of bottom friction in the computa-
tional domain (r = 0.05 cm s™!) reduces the standard
deviations in Table 2. It does not, however, alter the
general conclusion that SPO is more transparent to
waves than any of the other OBCs considered here.
GWE, GWI, PCE, PCI and ORI appear to be reason-
ably transparent, while CLP, GRD, ORE, MOE, MOI
are unacceptably reflective and should be avoided in
_ this type of experiment.

b. Alongshelf wind stress

Of major importance when modelling coastal cir-
culation is the response of the water to an applied
surface wind stress. To examine the effect of each
OBC on the wind-driven response, an impulsive
alongshelf wind stress of 7,* = ~1 dyn cm™2 is applied
over the entire computational domain at time ¢ = 0
and continued for 72 hours.

Although an analytical solution to (2.1) for this
problem is unavailable, some insight can be gained
from a somewhat simplified analysis of the transient
response of an infinitely long coast (which the OBCs
are supposed to mimic), If the alongshelf sea-surface
slope and the cross-shelf transport are very small
({x < 1, v < 1) then (2.1a) simplifies to

T ru
== 44
U, o 7 (4.4)
from which
h X
U= (1 - g, (4.5)
pr

This suggests an adjustment time of //r for u to reach
steady state. Thus, the alongshelf transport in shallow
depths should reach steady state faster than in large
depths. With r = 0.05 ¢cm s7/, then u at 5 m depth
takes 2.8 hours to reach steady state, while u« at 100
m depth takes 56 hours to reach steady state.

With the same assumptions the alongshelf flow in
(2.1Db) is in geostrophic balance, fu = —gh¢,, so from
(2.1a, b)

— X ry
S = ofs f (1 — e"™Mdy. (4.6)
pgr J-L
The adjustment of sea surface elevation at offshore
distance y depends on all of the time scales A/r
between the offshore boundary and y. Thus, the {
adjustment time scale will be determined by the
largest #/r between the offshore boundary and y and
may be quite different from the u adjustment time
scale. Physically this means that the steady-state sea
surface tilt ({,) sets up rapidly in shallow water
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generating an alongshelf geostrophic current. However,
the sea surface continues to rise (while maintaining
the same tilt) until the entire shelf is “filled” by the
Ekman transport. This sea level rise may last much
longer than the u adjustment time near the coast.

A detailed comparison of the numerical results
with (4.5) and (4.6) is somewhat unfair because of
the assumptions and simplifications involved in ob-
taining (4.5) and (4.6). (During the adjustment time
period, the numerical results are typically within 10
percent of the simple analytical solutions.) However,
the different adjustment time scales for ¢ and u are
apparent in the numerical results. Figure 5a shows
hourly averaged velocity (u#/h) over the 72 hour
experiment at (x, ¥) = (80 km, —5 km) and (x, y)
= (80 km, —45 km) for selected OBCs, while Fig.
5b shows hourly averaged sea surface elevation over
the 72 hour experiment at (x, y) = (80 km, —5 km).
(The hourly averaging_filters out the kind of high-

a TIME (hr)
0 20 40 60 80
O 1 1 1 p—
g 45 km offshore
N
§
0 A
NI
N 5 km offshore
20~
b
GRD
MO/
.4
15 o
T
N
<
R0
X
N s0
W Pct
Y
& 54
S
R cLP
X
&
0O s T — 1
0 20 40 60 80
TIME (hr)

F1G. 5. Time history’of (a) alongshelf velocity at (x, y) = (80
km, —5 km) and (x, y) = (80 km, —45 km), and (b) sea surface
elevation at (x, y) = (80 km, —5 km) for various OBCs in the
alongshelf wind-stress experiment (7 = —1 dyn em™2, r = 0,05
cm s7!, = 107* s71). In (a), solid curves are results for GRD,
GWI, ORI, MOI; dashed curve is for PCI and SPO; dotted curve
is for CLP.
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frequency transient response which was discussed in
Section 4a). The velocity reaches steady state rapidly
near the coast and more slowly offshore (as discussed
above) regardless of the OBC. According to (4.5) the
steady state velocity should be u/h = 7.5/pr = =20
cm s~! everywhere. The steady values achieved by
the various OBCs are listed in Table 2. (Only implicit
versions of the OBCs are used here.) The GRD, GWI,
ORI and MOI conditions produce virtually identical
adjustment in velocity (Fig. 5a; solid curves) and
reach almost the same steady state. The CLP, PCI
and SPO results, although rapidly reaching a steady
state, are not asymptotic to the correct value (Fig.
5a; dashed curve is PCI and SPO, dotted curve is
CLP). This difference in behavior is also seen in sea
surface elevation (Fig. 5b), where from Eq. (4.6), the
steady sea surface elevation at y = —5 km should be
¢ = —(fr¥/pgr(y + L) = 20.4 cm. The GRD, GWI,
ORI and MOI results show a slow evolution of {
toward this value, but they have not reached the
steady state after 72 hours. The CLP, PCI and SPO
conditions produce incorrect steady state values after
only a short time.

The reason for the inaccurate behavior using CLP,
PCI and SPO is that each of them limits the amount

(a) ORI

16

14
12
10

8
6
4
2
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of geostrophic flow which can pass through the open
boundary; CLP and PCI through clamping and SPO
through increased bottom friction in the sponge.
Along an infinite coastline, the alongshelf transport
across x = W is equal to the net onshelf Ekman
transport per unit alongshelf distance along the coast
at x > W. The CLP, PCI and SPO conditions do not
allow all of this transport to pass through the open
boundary and, therefore, do a poor job of representing
a section of an infinite coastline. This is even clearer
in Fig. 6 where contours of { are plotted after 72
hours. Figure 6a is the result for ORI, but GRD,
GWI and MOI are similar. The reduced inflow at
x = W with CLP (Fig. 6b), PCI (Fig. 6¢) and SPO
(Fig. 6d) is evidenced by the small cross-shelf gradient
in sea surface elevation ({,) near the open boundary.

The effect of the limitation on geostrophic inflow
at x = W decreases with distance away from the open
boundary because the reduced geostrophic inflow can
be compensated by the Ekman transport onto the
shelf. To estimate the length of coastline necessary to
neglect the effect of the reduced geostrophic inflow,
consider the steady version of (2.1) in which the
alongshelf flow is assumed geostrophic (as in Csanady,
1978):

" (b) CLP

C\&sy//

SY

\

A |

|

4
|
{
I
i

FI1G. 6. Contours of sea surface elevation (cm) after 72 hours in the alongshelf wind-stress experiment using
(a) ORI, (b) CLP, (c) PCI, (d) SPO (rF = —1 dynem™2, r = 0.05 cm 57, /= 107 s7").
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X

o = —ght + =
fu = —ghs,
e + v, =0. (4.7)
The velocities can be eliminated from (4.7) to obtain
Gt f—;l—y Gy =0 (4.82)

where £, is assumed constant. The boundary condition
at the coast (v = 0 at y = 0) becomes

_i.g = 7S
Jho g pgho
where A is the depth at y = 0. The offshore boundary
is clamped;

G — at y=0 (4.8b)

=0 at y=-L. (4.8¢)
A solution to (4.8) can be written as
¢= —f 2 (y+ L)+ z B,e™ sin[k,(y + L)]. (4.9)

n=0

where k, tan(k,L) = h,/hgy, I, = k,*r/h,f, and the B,
are unknown constants.

For an infinitely long coast, there would be no
alongshelf structure, so all the B, would vanish leaving
the steady version of (4.6). Nonzero B, exist only
when the OBC limits the steady flow through the
open boundary. Thus, the effect of the limiting OBC
decays away exponentially and can be neglected at a
distance /;~! from the open boundary (/y is assumed
to be the smallest /,). In the present experiments (4,
~ —0.001, hp = 3 m, f= 107* 5! r-OOScms",
L = 105 km), ko =~ 1.45 X 10‘ cm™! and 7!
=~ 950 km. So, the effect of the CLP, PCI and SPO
conditions may be felt for roughly 1000 km away
from the open boundary. This is a rather serious
limitation which makes CLP, PCI and SPO undesir-
able for problems involving alongshelf wind-driving
over long time scales.

The solutions using the other OBCs all behave in
a proper physical manner, but they do show some
differences which are consistent with the relaxation
results of Section 4a. Due to its highly reflective
nature, GRD produces a sea surface elevation which
oscillates more than using any other OBC, and it still
oscillates substantially after 72 hours. The GWI con-
dition consistently predicts smaller sea surface eleva-
tions than the others because some mass is being
artificially transported out through the open bound-
aries. The ORI and MOI conditions appear to have
the best overall behavior in this experiment.

¢. Cross-shelf wind stress

The third numerical experiment is another exam-
ination of the wind-driven response. An impulsive
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cross-shelf wind stress of 7/ = 1 dyn cm™2 is applied

over the entire computational domain at ¢t = 0 and
continued for 72 hours. Along an infinitely long
coast, the response consists of oscillations due to
gravity waves which radiate away from the coast
leaving a steady state setup of sea surface elevation
at the coast. There are no alongshelf gradients because
identical conditions exist at all x. In the limited
domain of the numerical experiment, however, two
changes to this scenario occur. First, the cross-shelf
OBCs introduce alongshelf gradients, thus changing
the adjustment process and possibly the steady state.
Second, the offshore clamped boundary (deep ocean
of nearly infinite depth) reflects the radiating gravity
waves resulting in seiching motions at the natural
frequencies of the small domain.

Figure 7 shows the sea surface elevation response
at (x, y) = (70, —5) km for several OBCs. In all cases,
there are large oscillations initially. These oscillations
persist with CLP and GRD, but they rapidly die out
with the other OBCs. This is because CLP and GRD
are perfect reflectors and keep all of the wave energy
inside the domain, thus allowing seiches to be main-
tained with bottom friction alone causing their decay
with time. The other OBCs create alongshelf gradients
near the boundaries and radiate energy out of the
domain.

To examine the CLP response consider the non-
rotating (/= 0), unforced (7", 7 = 0) and frictionless
(r = 0) version of (2.1) in which all motions occur at
frequency w. Then (2.1) may be combined to eliminate
the velocities, yielding

hy w?
g_xx+§‘yy+;§‘y+g7§-=.0. (410)
The x dependence must be sin(nwx/W) where n is
any nonzero integer. Thus, (4.10) becomes

h > o
Qﬁf{ﬂ[‘; (")]; 0 (4.11a)

with boundary conditions
=0 at y=-L
=0 at y=0.

Equation (4.11) has been solved numerically using a
shooting technique to find the frequencies w,. For
increased accuracy, the topography given by (4.1) is
used here. The first mode seich frequency w; = 4.61
X 107* s7! which corresponds to a period of 3.79
hours. The observed period in Fig. 7a is 3.64 hours
suggesting that the oscillations in Fig. 7a are due to
the lowest mode seich (with the CLP conditions).

The GRD response may be examined with rotation
included because no alongshelf gradients should be
present ({, = 0 at x = 0, W). In this case, (2.1)
without forcing or friction becomes

(4.11b)
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FIG. 7. Time history of sea-surface elevation (cm) at (x, y) = (80 km, —5 km) in the cross-shelf wind-stress
experiment using (a) CLP, (b) GRD, (c) GWI, (d) PCI, (e) ORI, (f) MOI (¢ = I dyn cm™2, r = 0.05 cm s7/,
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ryy'*'zyfy"' (—E};ﬁ)§'=0
for motions with frequency w. Equation (4.12), along
with boundary conditions (4.11b), has also been
solved by a shooting technique [again using (4.1) for
the topography] which yields w = 3.84 X 107*s™! or
a period of 4.54 hours. The observed period in Fig.
7b is 4.36 hours suggesting that the oscillations in
Fig. 7b are due to the lowest mode seich (with the
GRD conditions).

There are no true seiching modes when using the
other OBCs, so the solutions quickly reach steady
state. However, the steady-state sea surface elevations
(¢ after 72 hours) vary with the different OBCs (Fig.
7, Table 2). The theoretical steady state may be
approximated by neglecting time derivatives, x deriv-
atives and cross-shelf bottom friction (75 = 0) in
(2.1). The resulting sea surface elevation is described
by

(4.12)

_"Tsy hy
= — 4.13
Sy g i (4.13a)
Boundary conditions are
=0 at y=-L
75
$ = at y=0. (4.13b)
ogho

Using 7 = 1 dyn cm™2 and the full form of 4 given
by (4.1), then (4.13) may be integrated to yield

—2.55 In(300 — 0.0004y) + 18.86,
~-§X10<y<0
—1.02 In(—0.001y) + 9.35,
—95 X 105<y<—5>< 10°
—0.0054 In(—1.80025 X 10° — 0.1905y)
+ 0.065, y < —95 X 10°,

= 4.14)

The corresponding steady-state cross-shelf and along-
shelf transports are zero everywhere.

The nearly constant values of { at (x, y) = (80,
—5) km approached after 72 hours in Fig. 7 are listed
in Table 2 along with the theoretical value from
(4.14). Cross-shelf profiles of { at x = 70 km after 72
hours are shown in Fig. 8a for each OBC along with
the theoretical profile (solid curve) from (4.14). The
steady states achieved with ORI, MOI and SPO are
very close to the theoretical curve with SPO predic-
tions falling virtually on the curve in Fig. 8a. The
GRD steady state is close to the curve, but it is still
oscillating due to the seiches. The GWI results un-
derestimate the theoretical values as they did in the
other experiments. Most notable, however, are the
grossly incorrect steady states achieved using both
CLP and PCI. Both of these OBCs inhibit the setup
near the open boundaries thus limiting the interior
setup as well. This is shown again in Fig. 8b where
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the cross-shelf profiles of alongshelf transport are
plotted. The theoretical values are zero everywhere
because the surface Ekman transport exactly cancels
the bottom Ekman transport. Again ORI, MOI, SPO
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F1G. 8. Cross-shelf profiles of (a) sea-surface elevation and (b)
alongshelf transport at x = 70 km after 72 h in the cross-shelf
wind-stress experiment. Theoretical steady state is the solid curve
in (a) and is identically zero in (b). Symbols identify the OBCs
used (r¢ = Idynecm™2, r = 0.05 cm s, f= 1074 s7}).
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and GRD are close to zero, although GRD is oscil-
lating substantially. The GWI results are somewhat
less acceptable while the alongshelf transports using
CLP and PCI are large over most of the shelf. The
conclusion is that CLP and PCI are unacceptable for
coastal numerical models which include a cross-shelf
wind stress. .

The clamped offshore boundary has a substantial
effect on the response in this experiment. In some
sense, the results using GRD may be the most
accurate because the seiches should be present if the
deep ocean has nearly infinite depth. On the other
hand, the time scale of the seiches is fairly small—
much less than the 2-10 day time scales of primary
interest in large-scale wind-driven coastal models.
Therefore, it can be argued that the “best” OBC for
modelling a coastal wind-driven response is one which
allows the rapid removal of the seiching, yet has the
correct low-frequency response. Further, most realistic
large-scale models have alongshelf variations in both
bottom topography and coastline as well as nonuni-
form wind forcing, so that seiching should not be a
serious problem. For these reasons, the ORI, MOI
and SPO conditions are considered to perform in the
most desirable fashion for the cross-shelf wind stress
experiment.

5. Summary

Testing of OBC performance could continue in-
definitely. For example, the effects of different bottom
frictions, different topographies, time-dependent wind
forcing as well as grid size, time step, treatment of
the offshore open boundary, other OBCs and other
finite-difference schemes could all be explored. There-
fore, both the number of OBCs considered and the
types of numerical experiments used to compare the
OBCs must be limited. For this reason, the present
set of OBCs and experiments is far from exhaustive.
However, even these few experiments show that
coastal flows can be drastically changed simply by
using different OBCs. Thus, at the very least, the
results should serve to emphasize the importance of
OBC:s in barotropic coastal models and to encourage
the use of simple - tests to compare various OBCs
before choosing one.

The experiments performed here represent a cross
section of the types of behavior with which an OBC
in a barotropic coastal model might deal. Not every
coastal model will include all of these behaviors, so
it may be unfair to rank the OBCs based on total
performance. For example, if a coastal model deals
primarily with wave propagation and no wind forcing,
then SPO is clearly the most accurate OBC. (And its
performance could be improved by adjusting the
sponge parameters.) But SPO did not fare well with
alongshelf wind driving. Instead ORI and MOI ap-
peared better suited for that problem. In other words,
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for a specialized problem, an OBC could probably be
tailored to fit the desired behavior. On the other
hand, if a barotropic coastal model is designed to
study general flows over the shelf, then all of the
behaviors may at some time be important. In this
case, the recommended OBC (of those tested) is ORI
(Orlanski radiation condition applied in implicit form)
because its response is adequate in the barotropic
relaxation experiment and entirely acceptable in the
wind stress experiments. All other OBCs performed
poorly in at least one of the experiments. It should
be emphasized, however, that new OBCs continue to
be developed (e.g., Roed and Smedstad, 1984), and
such OBCs should be tested and compared with
others to understand their relative strengths and
weaknesses. ‘

Finally, the present results suggest that any OBC
which significantly clamps the cross-shelf open
boundaries should be avoided. In particular, a clamped
open boundary (CLP) is probably the worst choice of
cross-shelf OBC for barotropic coastal models. It (i)
is a perfect reflector of wave energy, (ii) severely
limits the geostrophic flow through the open boundary,
and (iii) prohibits the sea surface change associated
with setup or setdown. Further, its effects may be
important far from the open boundary (Section 4b)
which then requires an enormous spatial domain in
order to have any unaffected interior region.
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APPENDIX
Edge Waves in the Numerical Grid

Edge waves probably represent the dominant form
of large-scale transient motion in the present coastal
model during most adjustment periods. Therefore, it
is important that the numerical model resolve the
dominant edge waves with reasonable accuracy. For
example, if the grid spacing of 10 km is too large to
resolve edge waves, then the model will not respond
realistically and the effects of the various OBCs will
be meaningless.

To examine the approximate behavior of free edge
waves in the numerical grid, the finite-difference
forms of (2.1) with no rotation (f = 0) and no
bottom-friction (r = 0) can be combined and written

as .
2 2 2
(P 1

9% _on (2 Al
a2 Bim\5x2 T 52 (AD)
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FIG. Al. Theoretical dispersion curve (solid) for the lowest mode
edge wave with 4, = —0.001. Numerical dispersion curves (dashed)
for the lowest mode edge wave given by (A3) with A, = —0.001,

= 10 km, At = 150 sec, and various depths A;,.

where 8%/6t2, 8/8x2, 6%/6y%, §/8y represent centered
second differences, #4;, the water depth at x = jAx,
y = mAy, and A, the cross-shelf bottom slope (assumed
constant). The lowest mode edge wave on thls grid
should have the form

g— =4 eiwnAt:tiijx+kmAy ( A2)
i.e., propagating along the coast in either direction
and decaying exponentially offshore. Substitution of
(A2) into (A1) yields the numerical free-wave disper-
sion relation

1 Ar?
w= Kt COS_l{l + &hjm Xx_z [cos(kAx)

A
For vanishingly small Ax and At¢, the exact dispersion
relation, w = (—glklh,)"/?, is recovered. However, for
nonzero (Ax, Af) the dispersion relation (A3) is a
function of y (due to A;,), so that free edge waves do
not really exist in the form (A2).
Figure A1 shows the exact dispersion curve along
with solutions of (A3) for several choices of depth

+ cosh(kAx) — smh(kAx)} (A3)

DAVID C. CHAPMAN

1075

R (with Ax = 10 km, Af = 150 sec., 1, = —0.001).
For small k (<3 X 1077 cm™!), the numerical solutions
are indistinguishable from the exact solution indepen-
dent of A;,. As k increases, the difference between
the exact and numerical dispersion curves becomes
strongly dependent on 4;,,. However, the “effective”
hjm in (A3) can be no larger than the maximum
depth “felt” by the edge wave. In other words, only
depths shoreward of the offshore decay scale (k1)
can appreciably affect the wave dispersion. For ex-
ample, with 4, = —0.001 a wave with offshore decay
scale k! = 20 km (k=5X 1077 cm™") can only be
affected by depths 4;,, < 20 m. The numerical dis-
persion curves for 3 m < £, < 20 m are w1th1n 2
percent of the exact value at kK = 5 X 1077
indicating that the term in (A3) involving hj,,, is
negligible. Similar examples with other wavenumbers
suggest that the present numerical model should
handle resolvable edge waves quite accurately.
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