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ABSTRACT

In May 1980 an 18-day sequence of oceanic velocity profiles was obtained off the coast of Southern California.
The measurements were made using a pair of Doppler sonars mounted on the research platform FLIP and
angled downward 45°. The profiles extend to a depth of 600 m. Depth resolution is approximately 30 m. From
these profiles the vertical wavenumber—frequency spectrum of the oceanic shear field, ®(x, w) {oufdz)*y/
dxdw is estimated.

The shear spectrum is resolved between vertical wavenumbers 1/530 and 1/28 cpm. It is band-limited in
wavenumber in the frequency region encompassing near-inertial waves and semidiurnal tides. Motions of vertical
wavelength between 100 and 300 m have the greatest shear spectral density. As frequency increases, the band
of most energetic motion shifts to ever higher wavenumbers. At frequencies above 8 cpd only the low-wavenumber
side of the energetic band can be resolved by the sonars. The wavenumber dependence here appears blue.

1t is unlikely that the high-frequency, high-wavenumber shear is a result of linear internal wave activity. The
spectrum ®(x, w) is not consistent with previous estimates of the spectrum of isotherm vertical displacement if
linear internal wave scaling is used. The vertical displacement spectrum becomes progressively more red (low-
mode dominated) with increasing frequency while the shear spectrum becomes progressively more blue. In
ignorance of the dynamics of these motions, it is unwise to use internal wave (WKB) scaling to describe the
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vertical variation of the shear field.

1. Introduction

This paper presents estimates of the vertical wave-
number-frequency spectrum of shear, ®(x, w). Mea-
surements were made using a pair of Doppler sonar
mounted on the Research Platform FLIP. The shear
spectral estimates are essentlally rewexghted versions
of velocity spectra presented in a companion paper
(Pinkel, 1984). It is worthwhile to present them inde-
pendently here in that they differ greatly from the pre-
existing model of the shear spectrum (Garrett and
Munk, 1975, 1979). Specifically, at low frequency (one
to three times inertial) the wavenumber dependence
of the spectrum is band limited. The greatest variance
density is associated with 100-300 m vertical scales.
At higher frequencies the spectrum becomes progres-
sively more blue (Figs. | and 2).

Two points will be emphasized in this work. The
first is that this unusual estimate of ®(«, w) is completely
consistent with previous estimates of the shear spec-
trum as a function of vertical wavenumber alone, ®(x).
Specifically, Gargett ef al. (1981) have presented esti-
mates of ®(x) which are white down to scales of 10 m
and change to a ™! form between 10 and 1 m. When
®(k, w) is integrated over frequency, the resulting
wavenumber spectrum is essentially white, at vertical
scales less than 100 m. The finite (30 m) vertical res-
olution of the sonars precludes comparison with Gar-
gett et al. (1981) at small scales.

The second point is that the high frequency-high
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vertical wavenumber shear variance, which is a signif-
icant fraction of the overall shear in the sea, is not
likely due to linear internal waves. Previous estimates
of the wavenumber—frequency spectrum of isotherm
vertical displacement (Pinkel, 1975) have a high wave-
number-high frequency spectral form which is incon-
sistent with the present estimate of ®(x, w) if linear
internal wave scaling is applied. Specifically, the wave-
number dependence of the displacement spectrum be-
comes more red with increasing frequency while that
of the shear spectrum becomes more blue.

It is likely that the advection of motions of small
horizontal scale by the larger scale flows contributes to
this discrepancy. The advected features must have a
high length-to-depth aspect ratio while simultaneously
having a short horizontal length, to be consistent with
the measurements. Whether these are internal waves
of low intrinsic frequency or quasi-geostrophic features
of very small scale, as suggested by Holloway (1983),
is currently unclear. ,

A brief description of the measurements and the
analysis technique is given next. The remainder of the
paper discusses various forms of the shear spectrum
that are presented.

2. Measurements

The observations of the shear field occurred during
an 18-day period in May 1980. The measurements were
made using a pair of Doppler sonars mounted on the
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- FIG. 1. Component waveniumber-frequency spectrum of shear for the 70- and 75-kHz sonars. A near-inertial peak
dominates the spectrum at low frequency and wavenumber. At higher frequencies the wavenumber dependence of the
spectrum becomes progressively more blue. No modeled noise is removed in this spectral estimate. The “noise correction”
process has very little effect at frequencies below 1 cph.
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FIG. 2. Rotary wavenumber-frequency spectrum of shear. These estimates are obtained by combining information

from the offshore and longshore sonars. No modeled noise is removed.
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Research Platform FLIP. The operation commensed
at 30°50'N, 124°0'W, approximately 500 km WSW of
San Diego. It concluded 200 km to the south, at
28°40'N, 124°0'W.

The sonars were mounted on FLIP’s hull at a depth
of 38 m and slanted 45° downward. They were oper-
ated at frequencies of 70 and 75 kHz. The 70-kHz sonar
was directed toward 235° true, a direction nearly or-
thogonal to the Patton Escarpment, a 2 km step in the
seafloor which parallels the California coast for some
500 km. It will henceforth be referred to as the offshore
sonar. The 75-kHz sonar was oriented toward 135°
True, approximately parallel to the escarpment and
(perhaps) to the mean path of the California Current.
The strategy was to maximize the sensitivity of the off-
shore sonar to baroclinic motions generated at the Pat-
ton Escarpment by the barotropic tides. It was antici-
pated that the orthogonal, longshore sonar (75 kHz)
would see the less of a tidal signature and more of the
effects of the mean shear of the California Current.
These measurements are described in greater detail by
Pinkel (1983). The subsequent wavenumber—frequency
spectral analysis is described by Pinkel (1984).

There are several significant technical uncertainties
in this work. One consideration is the use of WKB
stretching in the two-dimensional spectral analysis of
these data. WKB stretching is used to correct for the
effects of refraction of the propagating internal waves,
due to variation of the Viisild frequency with depth
(Pinkel, 1984). It is seen below that a significant con-
tribution to the shear variance comes from high-fre-
quency motions that are not likely linear internal
waves. The effect of the WKB stretching is to introduce
a spatial nonhomogeneity to these motions. While this
effect is probably slight, it is nevertheless a concern.

A second uncertainty is associated with measure-
ment noise. The noise results predominantly from
measurement errors in the sonars which are localized
in space and time. The velocity noise spectrum should
be white in frequency and wavenumber. The resulting
shear-noise spectrum would then have a «*> wavenum-
ber dependence. The issue is whether this noise dom-
inates the spectrum of the water motion in any region
of the frequency—-wavenumber domain resolved by the
experiment.

Simple modeling of the shear-noise spectrum sug-
gests it will be a significant contributor in the high-
frequency, high-wavenumber region. Fortunately, the
effect of the noise contamination can be ascertained
by subtracting a «* spectrum of the appropriate level
from the estimated shear spectrum. While simple to
implement, this correction alters the estimate of overall
shear variance. It also changes the wavenumber de-
pendence of the spectrum at very high frequencies from
a monotonically increasing form to a band-limited one.

To aid the reader in distinguishing those spectral
regions that are unaffected by noise, those where the
influence of noise is easily understood, and those where
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there is no useful information, spectral estimates are
presented in this paper both with and without the
modeled noise removed. This enables an intuitive as-
sessment of the data quality. A model shear-noise
spectrum corresponding to a velocity noise level of 1.5
cm? 572 is used. This is somewhat less than the actual
noise experienced in the offshore, 70-kHz measure-
ments, but more than that experienced in the long-
shore, 75-kHz measurement. Fortunately, the essential
conclusions of this work remain unaffected even when
so much modeled noise is “removed” that the resulting
longshore spectrum becomes negative at high wave-
number.

The dominant technical uncertainty in the work re-
sults from the tilting motion of FLIP. This not only
degrades the vertical resolution of the measurements,
but also confuses the depth and time dependence of
the signals. Both effects are potentially significant, even
given the very modest values of FLIP’s tilt (0.5-2° rms
at frequencies above 1 cpm, depending on sea state,
0.5° rms or less at frequencies below 1 cpm). A dis-
cussion of the effects of tilt, including model simula-
tions, is presented in the Appendix. Artifacts associated
with FLIP’s motion are noted in the text.

The spectral analysis is described in detail by Pinkel
(1984), and can be summarized briefly here. The ve-
locity series are first differenced in both time and range
and are then Fourier transformed in time. The resulting
Fourier coefficients are WKB stretched and Fourier
transformed in depth. To obtain spectral estimates of
shear rather than “first differenced velocity” the
squared Fourier coefficients are “recolored” in wave-
number using the factor {(w«/k,)*/[2 — 2 cos(wx/k,)]}
where « is the wavenumber and «,, is the Nyquist wave-
number. This factor differs significantly from unity as
the Nyquist wavenumber is approached, where it
reaches the value 7%/4. The conventional factor 1/[2
— 2 cos(rw/w,)] is used to recolor the frequency de-
pendence of the spectrum.

Unlike as done by Pinkel (1984), the units of the
shear spectra presented here have been scaled to give
the variance of horizontal (not slant) velocity per unit
of vertical (not slant) distance. Spectral density is given
per cycle per vertical (not slant) meter. This facilitates
direct comparison with the shear spectrum of Gargett
et al. (1981). To justify this conversion, one must as-
sume that the slant differences in vertical velocity are
negligibly small and that the horizontal gradient of
horizontal velocity is small compared to the vertical
gradient (Appendix).

The shear spectrum ®(x, w) is presented in several
different formats in this paper. In Fig. 1, deformed sur-
face plots of the spectrum are presented for the long-
shore and offshore sonars. In Fig. 2, these data are
combined to produce estimates of the clockwise and
counterclockwise (viewed from above) rotary spectra.
In both figures the overall motion field is separated
into upward and downward (energy) propagating
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components. An internal wave convention is assumed
here, with downward energy propagation correspond-
ing to upward phase propagation.

In Figs. 1 and 2, the averaging interval increases log-
arithmically in wavenumber. A logarithmic averaging
technique is used for frequency-averaging also. How-
ever, additional linear smoothing is employed to reduce
the signature of a series of spectral ridges that occur at
fixed frequencies. These ridges might be harmonics of
the baroclinic tide. They cannot be quantified with ad-
equate statistical precision in this limited, 18-day data
set. The linear averaging smoothes them out, allowing
a clear view of the underlying continuum. (Whether
this “spectral continuum” is strictly an artifact of the
severe smoothing remains an issue.)

In Figs. 3 and 4, cross sections of the shear spectrum

®(x, w;) are presented as functions of vertical wave-’

number at the set of center frequencies {w; = 1, 2, 4,
8, 10, 32 and 64 cpd}. Here linear smoothing is em-
ployed in wavenumber. Statistical stability is achieved
primarily by averaging in frequency. The frequency
averaging interval increases with increasing center fre-
quency.

In Fig. 5 cumulative shear spectra are presented for
the 70- and 75-kHz sonars. These are plots of

P,(x) = J: ::f Pk, w)dw

for the set of frequencies {w; = 1, 2, 4, 8, 16, 32 and
64 cpd}. Note that in Fig. 5, the upper limit on the
integration band is the same as the center of the av-
eraging bands in Figs. 3 and 4.

In Fig. 6 estimates of the frequency spectrum of shear
are presented. These are simply

'Kmax

P(w) = P(k, w)dk.

Xmin

Here kmin is taken as 1/530 cpm and kpmay as 1/28 cpm.
Figure 7 depicts Munk’s (1981) inverse Richardson
function.

Ri'(k, w;) = N2 f B(R, &)dddk.

Kmin ¥ Wmin
Here N is the Viisild frequency, kmin is 1/530 m™* and
wmin = 0.5 cpd. This is essentially a cumulative shear
spectrum, normalized by the Viisild frequency.

3. Discussion: The wavenumber—frequency spectrum
of shear

Estimates of the wavenumber-frequency spectrum
are presented as defomed surface plots in Figs. 1 and
2 and as series of spectral cross sections in Figs. 3 and
4. The shear variance associated with the spectrum is
sensitive to the assumed level of noise contamination.
Two estimates of shear variance are given in Table 1.
The first includes all forms of measurement noise. The
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second estimate is obtained after a modeled noise
spectrum is subtracted from the direct estimate of ®(«,
w). These variances are calculated over the vertical-
wavenumber band from 1/530 to 1/28 cpm.

The shear spectrum is seen to be band-limited in
wavenumber in the region encompassing the inertial
and semidiurnal tidal frequencies. Motions of vertical
wavelength between 100 and 300 m have the greatest
shear spectral density. A pronounced high-wavenum-
ber cutoff is seen in the spectrum, particularly in the
near-inertial frequency region. The cutoff occurs over
vertical scales of approximately 50 to 80 m. Spectral
slopes exceed « 2 in this region. The potential influence
of FLIP motion on this apparent cutoff is discussed in
the Appendix and indicated schematically in Fig. 3.

As frequency increases, the band of most energetic
motion shifts to ever higher wavenumbers. At fre-
quencies above 8 cpd only the low-wavenumber side
of the energetic band is resolved by the sonar. The
wavenumber dependence here appears blue. The
wavenumber slope of the high-frequency region is
slightly in excess of k*!. At very high wavenumber, in
excess of 0.03 cpm, a pronounced downturning of the
spectrum occurs. This is a manifestation of the finite
resolution of the sonar measurements and not a prop-
erty of the motions in the sea.

The contrast between this estimate of the spectrum
and the spectral models proposed by Garrett and Munk
(1972, 1975) is clearly seen in Figs. 1-4. Their modeled
vertical wavenumber dependence does not change with
frequency. Here, the change is striking. On the other
hand, Garrett and Munk set out to model the spectrum
of a random field of linear internal waves. It is unlikely
that all of the motions that contribute variance to this
shear spectrum are linear waves.

Support for this contention comes from previous
measurements of isotherm vertical motion obtained
from the profiling CTD system on FLIP (Occhiello and
Pinkel, 1976). Estimates of the wavenumber—frequency
spectrum of vertical motion become progressively more
red in vertical wavenumber as frequency increases
(Pinkel, 1975). This is just the reverse of the trend seen
in the Doppler data, which are presumably most
strongly influenced by horizontal, not vertical velocity.
At frequencies above 1 cph, the spectrum of vertical
velocity is dominated by the lowest internal wave mode.
The spectrum of slant velocity, in contrast, looks nearly
white. If /inear internal waves are responsible for all of
the observed motion, and the wavefield is isotropic,
the spectral forms should be congruous. Thus, most of
the shear variance on vertical scales less than 60 m
comes from the part of the spectrum that is the least
wavelike. This casts suspicion on the use of internal
wave WKB scaling for the motions in this spectral re-
gion.

As a consequence, the convention used in this work,
to separate motions into upward and downward prop-
agating components, needs to be reexamined. Specif-
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F1G. 3. Cross sections of the component wavenumber-frequency spectrum of shear at 1, 2, 4, 8, 16, 32
and 64 cpd. Spectral estimates are calculated at 20, 36, 68, 132, 260, 516 and 1028 degrees of freedom.
Dashed lines give the spectrum as measured. Solid lines give an estimate of the spectrum with a modeled
noise spectrum removed. The noise level chosen corresponds to 1.5 cm? s72 velocity noise variance. The
sharp drop in the spectrum at vertical wavenumbers greater than 3 X 1072 cpm is a consequence of the
finite resolution of the measurement. Any actual high-wavenumber cut off of the spectrum is not resolved
in these measurements. The dotted modifications to the downward propagating near-inertial cross sections
indicate potential corrections to the spectrum to account for FLIP’s tilt. For the 70-kHz section an extreme
correction was used, corresponding to the +5° rms tilt (Fig. 9). A more reasonable degree of correction,
+1.5° rms, is applied to the 75-kHz section.



NOVEMBER 1985 ROBERT PINKEL 1459

10-1 T v o T T [[[][]I rrromg 10-‘ RSRRAALLL B IHIIII LIBLRLAALE
E CLOCKWISE 3 F CLOCKWISE .
[ UPWARD ENERGY ] T DOWNWARD ENERGY ]
PROPAGATION | | PROPAGATION 4
107° | 3 10° 3
F 3 E 1 3
I ] | )
073 E 07 E
€ 3 E g S i
o - . (XY [ 4
© | . x - .
X =
= o ~4 = o .
8 -4 ‘\" -4
20 3 o0 F E
S E 3 's = 3
g F ] & F ]
107 = 3 10° 3 3
10° |- = 10°° - =
- ] - 3
- e o -1
}_ - -
‘0—7 Lo nul J_Lxuml Lol il ‘0-7 i ;uuul i iluml Ll blilg
107" {0? 1072 10" 107 107? 107? {0
WAVENUMBER, cpm WAVENUMBER, cpm
‘O-l T vvnrnﬁl T T | LR ILL 10-‘ E T T TTThr T Iﬂlll"] T 1 lllll;
F COUNTER CLOCKWISE I COUNTER CLOCKWISE 3
[ UPWARD ENERGY J [ DOWNWARD ENERGY ]
. PROPAGATION . - PROPAGATION .
-2 ] -2
0 3 o 3 E
107 — 0L N —
E 3 =3 3 E
s f ; o ;
I ) = [ ]
a o
S0t E E S0 E 3
‘o - 3 ‘o E 5
I ] 4 F ]
10° = 10 |- .
107 |- — 10 |- -
[ ] [ ]
40-7 — T | 4_1n|ml Lod )it 0-7 1 nuul i 1|11u|| Ll lili
10 107 107 {0 10 107 107 10
WAVENUMBER, cpm WAVE NUMBER, cpm

FIG. 4. Cross section of the rotary wavenumber-frequency spectrum of shear.
The interpretation is as in Fig. 3.



1460

1077 T T T TTTTTTT

F  OFFSHORE ]

L 70 kHz ]

L 235° AZIMUTH .

0 —

a 3

e R .
(-9
2

0 -

) - -

L - .

w - ~d

e E

- .

‘0'6 1 1 f 41l Il 1 | Ll

107? : 1072 10"

WAVENUMBER,  cpm

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 15
-2 "
10° Ll LT T T T 1117
- LONGSHORE
C 75 kHz 1
- 145° AZIMUTH -1
= N
107 |~ —
s ]
R .
€
(-9
e -4
o 1 E
© -4
b -

T IIIIIII

I
1

107

! Ill]ll'

IlllllLL

!
i

-6 4 L1t ll! | Ll Ll
10 1072 107
WAVENUMBER, cpm

FIG. 5. Cumulative shear variance as a function of vertical wavenumber for the 70- and 75-kHz sonars.
The contribution to the overall variance from frequencies 0.5 to 1, 0.5 t0 2+ - 0.5 to 64 cpd is given by the
various lines. Dashed lines give the variance contribution as measured. Solid lines show the result of subtracting
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spectral levels above 3 X 1072 cpm is a consequence of the finite resolution of the measurement.

ically, motions that do not propagate at all will con-
tribute variance équially to the upward and downward
spectral estimates. When the up—down spectral levels
are examined closely in Figs. 3-4, clear differences are
seen at low frequency and intermediate wavenumber,
presumably associated with propagating near-inertial
waves. At high frequency the up-down symmetry is
more apparent.

In contrast, the similarity between the offshore and
longshore spectra is nearly perfect at low frequency in
the near-inertial band. Even small irregularities in the
spectrum are seen to reproduce (Fig. 3). In the tidal (2
cpd) band there is more variance in the offshore record
than in the longshore. Curiously, at high frequency the
offshore spectral levels are nearly a factor of two higher
than the longshore. This is seen in the 16, 32 and 64
cpd cross sections.

4. The vertical wavenumber spectrum of shear

The wavenumber-frequency spectrum of shear ®(«,
w) is band-limited in wavenumber at low frequency
and blue at high frequency. It would seem difficult to

reconcile this complex variation with the Gargett et al.
(1981) view that the wavenumber spectrum ®(x) is es-
sentially white at vertical scales between 10 and 100
m. In fact the two-dimiensional spectrum estimated
here is consistent with a white ®(x). This can be seen
by integrating ®(x, w) over frequency, to achieve a
wavenumber spectrum alone. This is done in Fig. 5.
The frequency integration is performed in a series of
one-octave increments, from %2 to 1 ¢cpd, %2 to 2 cpd,
I to 4 cpd, etc. In this manner the contribution from
the various frequency bands to the various wavenum-
ber bands can be seen. The lowest-frequency motions
contribute most to the low-wavenumber portion of this
spectrum, as expected. However, the contribution to
scales less than 50 m comes from progressively higher
frequencies. This contrasts with the Garrett-Munk hy-
pothesis that near-inertial motions dominate the con-
tribution to the shear spectrum at all vertical scales.
This distinction is of significance in the statistical mod-
eling of low Richardson number events.

It is not surprising that the shear spectrum is not
perfectly white over scales of 10-100 m. The long
wavelength portion reflects the level of near-inertial
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FIG. 6. Component frequency spectrum of shear (top), the rotary frequency spectrum (bottom).
The modeled noise spectrum has been removed. An w™! reference line is shown.

wave energy, which is known to be highly variable. spectral level is approximately a factor of two greater
The shear spectral level at shorter wavelengths, 50-30 than the Gargett et al. (1981) measurements in the
m, might well not be due to waves at all. The overall Atlantic.
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FIG. 7. The inverse Richardson function Ri~'(x, ) evaluated at frequencies 1, 2,4 - -

+ 64 cpd. The dashed line gives

the function with no modeled noise removed. The solid line indicates the result of subtracting a modeled noise spectrum

from the shear spectral estimate.

5, The frequency spectrum of shear

The wavenumber—frequency spectrum &(x, w) can
also be integrated over wavenumber to produce a fre-
quency spectrum of the shear field (Fig. 6). Here fre-
quency spectra are presented for offshore and longshore
velocity components as well as for clockwise and coun-
terclockwise rotating motions. The contributions to
these spectra from upward and downward propagating
motions are presented separately. The spectral esti-

mates are formed from $(k, w) by integrating in « over
50 wavenumber bands (25 independent bands) and
then smoothing additionally. in frequency. Band-av-
eraging over 10 bands (above 0.16 cph) and over 20
bands (above 0.32 cph) was employed. Adjacent fre-
quency bands are not independent.

The spectra have a nearly w~' form from 0.1 to 1
cph. A hint of a Viisila cutoff is seen at 3 cph. Above
this frequency the spectra drop to an irregular noise
floor of order 1.5 X 1077 s™%/cph. The spectral form

TABLE 1. Shear variance (s72 X 10°) for seven one-octave frequency bands from 0.5 to 64 cpd. Vertical propagation direction is determined
using an internal wave convention, “Downward” implies downward propagation energy or upward-phase propagation. The left number in
each column glves the variance from the uncorrected spectral estimate. The right number gives the variance from a spectral estimate with
a modeled noise spectrum removed. The modeled noise level corresponds to 1.5 cm? 572 of (slant) velocity noise.

Offshore 70 kHz Alongshore 75 kHz
235° Azimuth 145° Azimuth
Frequency '

(cpd) Downward Upward Downward Upward
0.5-1 0.71,0.71 0.38,0.38 0.72,0.72 0.37,0.37
1-2 1.73, 1.72 1.19, 1.18 1.58, 1.57 1.20, 1.19
2-4 1.00, 0.99 0.90, 0.88 0.70, 0.68 0.53, 0.51
4-8 0.82,0.79 1.12, 1.08 0.72, 0.68 0.72, 0.69
8-16 1.10, 1.03 1.43, 1.36 0.78, 0.70 0.83,0.75
16-32 1.12,0.97 1.47, 1.32 0.84, 0.69 0.94, 0.80
32-64 1.26, 0.96 1.35, 1.05 0.94, 0.64 0.97, 0.67
Total 7.75,7.16 7.83,7.24 6.27, 5.68 5.56, 4.97
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above 2 cph is strongly influenced by the modeled
“noise removal” employed. When no noise is “re-
moved”, the 3 cph cutoff becomes less distinct and the
high-frequency noise level doubles, to approximately
3 X 1077 s7?/cph.

The w™! slope at intermediate frequency contrasts
with an w™!-® slope seen in the corresponding spectrum
of velocity (Pinkel, 1984). The difference in slopes re-
sults from the changing form of the wavenumber de-
pendence of the spectrum with changing frequency.

Pronounced near-inertial peaks dominate the off-
shore and longshore spectra, as well as the clockwise
rotary spectrum. Near-inertial shear variance associated
with downward propagating wave groups exceeds that .
of upward propagating groups. Surprisingly, upward
propagating shear levels are found to be significantly
greater than downward over the frequency range 0.2-
2 cph for the offshore (but not longshore) measure-
ments. This is seen in the velocity spectra also (Pinkel,
1984).

6. The inverse Richardson function

Munk (1981) introduced the inverse Richardson
function,

me=Nﬂf¢mﬁ
0

as a means of quantifying the contribution of shear
variance to the Richardson number as a function of
vertical scale. The white shear spectrum of Gargett et
al. (1981) imply a «*! form for the inverse Richardson
function. Here, the definition of the inverse Richardson
function can be broadened to include the effects of
both wavenumber and frequency variation in ®(x, w).

mﬂ&@=N4fA Bz, &)dodk

where wpin = 0.5 cpd and «p,;, = 1/530 cpm.

The level of Ri™! is somewhat arbitrary in that the
proper value of N? is difficult to define. A WKB
stretching appropriate for internal waves is used to cal-
culate ®(k, w). Yet much of the high frequency shear
might not be due to internal waves. Should the value
of N? be determined by averaging over the actual depth
of the observations or over the WKB stretched depth?
If stretched depth is used, the higher values of N are
more heavily weighted in the average. The value of N
= 3.6 cph was chosen, subjectively, for the present cal-
culation. It is closer to the value averaged over stretched
rather than real depth.

Profiles of the Ri~!(k, w) as a function of wavenum-
ber at fixed frequencies are presented in Fig. 7. The
low-frequency profiles, 0.5-1 cpd and 0.5-2 cpd, in-
crease rapidly with increasing «, but then level off con-
siderably at x > 0.02, vertical scales shorter than 50 m.
This reflects the low level of shear spectral density at
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high wavenumber (above the wavenumber cutoff) rel-
ative to that below. Note that most of the “near-iner-
tial” shear occurs at frequencies slightly above ! cpd.
This is responsible for the large separation between the
1 and 2 cpd profiles. As the contribution of higher fre-
quencies is included, there is virtually no change in
the form of Ri™!(k, w) at low wavenumber. This is a
consequence of the dominance of near-inertial shears
at low wavenumber. At high wavenumber, the high-
frequency contribution of shear variance significantly
increases the inverse Richardson function.

Gargett et al. (1981) emphasize the importance of
the value of Ri™!(k, wmax) at the vertical transition scale
of 10 m. They suggest a value of Ri™}(0.1, wmg) = 1is
universal. If the present estimates of Ri™!(k, wmax) are
extrapolated to 10 m scale, values of 1.25 and 0.6 are
obtained for the offshore and longshore data respec-
tively. This corresponds to component Richardson
numbers of 0.8 and 1.6. When the results are combined
to give an estimate of the Richardson number reflecting
both components of the shear an overall extrapolated
value of 0.540 is obtained. It is unlikely that the esti-
mate of N? is a factor of two in error. The disagreement
between this result and the Gargett e al. universal (but
only measured once) value stems primarily from the
unusually large shears associated with a few distinct
near-inertial wave packets that propagated under FLIP
during the course of the experiment. The shear spectral
levels (Fig. 5) are a factor of two greater than those of
Gargett et al. It is not surprising that the inverse Rich-
ardson function should be a factor of two greater.
However, the extrapolation of these data from 30 m
vertical scale down to 10 m is a highly uncertain pro-
cedure. The blue regions of ®(k, w) must eventually
level off with increasing wavenumber, and then de-
crease, in order to be consistent with the Gargett et al.
(1981) measurements between 10 and 1 m scales.

7. Concluding discussion

An estimate of the vertical wavenumber spectrum
of shear, ®(«, w) has been presented. The estimate dif-
fers from previous expectation in that the wavenumber
dependence is band-limited at low frequency and blue
at high. It is emphasized that this unusual form is com-
pletely consistent with previous measurements of the
one-dimensional shear spectrum ®(x), which are nearly
white (Gargett et al., 1981). A cutoff in ®(x, w) as a
function of wavenumber is seen at low frequency. Little .
indication of this cutoff is seen in ®(x). It is obscured
by the shear-variance contribution from high wave-
number and high frequency. This high wavenumber-
high frequency shear is unlikely due to linear internal
waves. Previous estimates of the spectrum of isotherm
vertical displacement (Pinkel, 1975) indicate a spec-
trum that becomes increasingly dominated by low
modes (long vertical wavelengths) as frequency in-
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creases. This shear spectral estimate suggests the reverse
trend.

An estimate of the vertical displacement spectrum
is currently being prepared from a sequence of six
thousand CTD profiles obtained in May 1980, con-
current with the sonar measurements. From the dif-
ference between the measured shear spectrum and that
part that would be predicted, using linear internal wave
theory, from the displacement spectrum, the wave-
number—frequency distribution of the disparity can be
calculated. In advance of this difficult exercise, one can

conjecture that the shear spectrum of the high-fre-

quency field is band-limited in wavenumber, rising as
«! for k < kg (as seen in the high-frequency cross section
of Figs. 3-4) and falling as ™! for « > kg as estimated
by Gargett et al. (1981). Here «, is some wavenumber,
suggested to be 0.1 cpm by Gargett ez al. (1981), that
is too large to be resolved by the Doppler sonars.

Holloway (1983) has suggested that the high fre-
quency-high wavenumber shear consists of a mixture
of nonlinear internal waves of short horizontal wave-
length and “two-dimensional geostrophic turbulence,”
- advected to high encounter frequency by the large-scale
and internal-wave fields. He refers to the possibility of
nonlinear interaction between fields associated with the
“geostrophic branch” and internal-wave branches of a
total dispersion surface. Recently Miiller (1985) has
coined the term “Vortical Mode” in his study of the
two-dimensional motions. He identifies this class of
motions as responsible for the disparity between esti-
mates of the vertical coherence of vertical motion vs
horizontal motion in the IWEX data set. (Miiller et
al., 1978).

These dynamic models of the high frequency-high
wavenumber shear must be reconciled with the rather
elaborate arguments offered by Gargett et al. (1981) in
explaining their spectral estimate $(x). They assert that,
over the range of vertical scales between 1 and 10 m,
the shear spectrum is completely determined by the
two parameters ¢ and V. Here ¢ is the rate of turbulent
dissipation. The shear spectral level is set by

®, = (eN)'2.
A buoyancy scale is defined by
kp = (N*/e)'2.
They find empirically that the spectrum has a «™! form

at wavenumbers less than «, down to some «o. Curi-
ously, if one states this explicitly,

K
q)(K)=—bq>b, Ko < K < Kp
K

= (GN)I/Z(N:’/G)I/ZK_I

= N%', ko <k <Kp.
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It is seen that the spectral level in this region is inde-
pendent of e. Now, if this regime is valid down to some
wavenumber g, below which the spectrum is of con-
stant level,

(k) = Py, «k < ko

then &, = N?/k,. As a consequence, the inverse Rich-
ardson function, evaluated at «q, is always of order 1,
independent of N2, ¢, ko, and the dynamics of the region
K < Kg.

Ri—l(Ko) = (I)()K()N_Z = 1.

Their argument can be continued a second step if
one truly believes that the shear spectrum ®(«) is con-
stant at wavenumbers below kg, that its value is globally
universal, and that it varies in the vertical according
to WKB internal-wave scaling, [®(, z) ~ N?(z)]. Then
ko = N?/®, is a universal dimensional constant inde-
pendent of both depth and location. Gargett et al.
(1981) find «,~' approximately 10 m. In these obser-
vations, k™! ~ 25 m.

However, if the small-scale shear is not due to in-
ternal waves, the applicability of WKB scaling is ques-
tionable. In addition, since the shear field is dominated
by internal wave motions at vertical scales longer than
60 m and (perhaps) nonwave motions at shorter scales,
is there a reason why the overall shear spectrum is
nearly white? Similarly, the relationship between the
strongly horizontal nonwave field and the yet smaller-
scale motions, successfully scaled with ¢ and N, remains
to be explained.
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APPENDIX
Sonar Geometry, Resolution and FLIP Tilt

For the purpose of studying shear, one would like
data in the form of continuous vertical profiles of hor-
izontal velocity. The FLIP sonars provide slant profiles
of slant velocity. Linear internal wave theory suggests
that these measurements are a good approximation to
the ideal at frequencies much less than N. However,
the derivative with range of slant velocity will more
closely approximate dw/dx than du/dz at frequencies
near N. Could this geometric effect be responsible for
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the changing form of the spectrum with frequency?
The measurement process is simulated in the first sec-
tion below, using the Garrett-Munk 1975 spectrum.
It is found that the complex geometry plays little role
in determining the observed spectral form.

More significant effects result from the tilting of FLIP
by waves and by wind gusts. Tilting not only degrades
the vertical resolution of the measurements but con-
fuses the depth and time dependence of the motions
as well. The vertical resolution issue is discussed in the
second section below. An investigation of tilt and the
depth/time dependence concludes the Appendix.

1. The shear spectrum and sonar beam geometry

The slant wavenumber-frequency spectrum sensed
by a sonar can be related to the true horizontal wave-
number—frequency spectrum by a rather complicated
integral [Pinkel, 1981, Eqn. (10)]. Many of the weight-
ing terms in this integral are frequency dependent. To
see whether the frequency dependence observed in
these spectral estimates is purely an effect of the ob-
servation, one can evaluate the integral using a model
form for the horizontal wavenumber—frequency spec-
trum. The Garrett-Munk (1975) spectrum model is
attractive to use, as its wavenumber dependence does
not change with frequency. The spectrum is also as-
sumed to be horizontally isotropic and vertically sym-
metric. The signature of the wave components on the
sonar velocity measurement will vary significantly,
however, depending on the propagation direction of
the waves relative to the sonar beam direction. The
modal cutoff is set at j* = 6 (6 cycles per buoyancy
scale depth), corresponding to 12-18 ‘‘equivalent
modes”.

Synthetic estimates of a slant wavenumber—fre-
quency spectrum of velocity are generated at frequen-
cies of 1.1 (f1is singular), 2f, 4f, . . ., 64fin Fig. 8 left.
The spectrum is evaluated at slant wavenumbers 1
through 30 cycles/slant kilometer. A companion spec-
trum of the slant difference of slant velocity (i.e., shear)
is presented in Fig. 8 right. In neither spectrum is there
a significant variation in the wavenumber dependence
with frequency. The interesting effect is the nearly
identical spectral values at frequencies of 32 and 64
cpd. At these high frequencies, the sonar is sensing pre-
dominantly the vertical component of velocity. As the
spectrum of vertical velocity does not change with fre-
quency, the successive profiles are congruent.

2. Resolution and high-frequency tilt

In the absence of time-dependent tilting of FLIP,
the effective depth resolution of these measurements
is set by the combined effect of the vertical beamwidth
of the sonar beams and the range resolution along the
beams. The effective range resolution here is approx-
imately 40 m (depth resolution 28 m). The resolution
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is set by the duration of the transmitted acoustic pulse
as well as subsequent averaging of the data in range.
The vertical beam widths of the sonars are less
than 1°.

Acoustic pulses are transmitted at nominal two-sec-
ond intervals. However, the autovariance function of
the returns is averaged over five-minute intervals to
improve the statistical stability of the Doppler velocity
estimate. During this time surface waves are causing
FLIP to rock. Direct forcing at the wave frequency as
well as a high-tilt response at a 1-minute tilt resonance
period result in rms tilts of 2° in rough seas. Peak tilts
of £5° are occasionally seen. The effective beamwidth
of the array is thus much wider than the nominal value.
It is given by the convolution of the nominal beam-
width with the tilt probability density function over
the five-minute averaging interval. This renders the
vertical resolution of the array both weather and depth
dependent, as Az = rAf. Note that the smearing effects
of tilt are most significant at great range depth.

To model these effects, WKB solutions to the inter-
nal wave equation

N2_w2

wz _ f2
were generated numerically using a modeled Viisadld
profile:

W'z + k¥ ( ) Wan=0

N(z) = Noe™#%, b = 800 m.

Solutions were obtained in the midfrequency limit 2
< w® < N? at values of ky/w such that the average .
vertical wavenumber was 0.01, 0.02, 0.03, . . . cpm over
the depth interval 100 to 650 m. Note that at great
depth, the local vertical wavelength is somewhat longer
than the average, at shallow depth it is somewhat
shorter. This partially mitigates the increasing effect of
tilt smearing with range.

From these solutions for vertical velocity, the cor-
responding set of solutions for horizontal velocity were
generated. Their variance, over the depth range 100-
650 m, was calculated. The solutions were subsequently
smoothed by averaging over “range cells” whose di-
mensions, while fixed in range and in angle, actually
increase in the depth dimension with increasing range.
The range bins are weighted in range by a triangle
function with a 40-m base. This approximates a rect-
angular resolution cell of 22 m (resulting from a 30 ms
acoustic pulse), which is subsequently range-averaged
over an additional 20 m. The angular width of the
range bin is determined in both “optimistic” and “re-
alistic” cases. In the optimistic case, a sinc? function
is used. This closely approximates the angular depen-
dence of the acoustic beam. In the realistic case, a
Gaussian angular dependence is used. This more
closely approximates the distribution of angles in which
the narrow beam was pointed during the five-minute
time-averaging interval.
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FIG. 8. A simulated slant-wavenumber spectrum of slant velocity, as seen by a sonar beam directed 45° downward

from horizontal (left). The corresponding spectrum of shear as a function of effective vertical wavenumber (right).
Cross sections are presented at frequencies of 1.1, 2, 4, 8, .. ., 64 cpd. The Garrett-Munk 1975 spectrum is used as a
basis for this simulation, with a 1 cpd inertial frequency assumed.

Range-bin dimensions are calculated as a function
of depth for a variety of assumed angular beam widths,
corresponding to different degrees of rms tilt. The hor-
izontal velocity wavefunctions are averaged over the
range-cell volumes and the variance of the spatially
averaged velocity values is recalculated. The ratio of
the variance of the averaged velocity to the un-averaged
is plotted in Fig. 9 as a function of the WKB average
vertical wavenumber. At low wavenumber, the volume
averaging has little effect on the observed variance. In
the “optimistic” case, with an angular width given by
the sonar beamwidth, the variance is seen to be reduced
to 80% of its true value at vertical scales of 30 m. This

\

is an insignificant effect. However, when tilting is real-
istically assessed, the variance can be brought to half
its true value at 30-m scale, and to 30% of the true
value at 20-m scale, for large values of rms tilt. In ret-
rospect, its is attractive to identify the sharp down-
turning of the spectra with wavenumber, visible at high
wavenumber in Figs. 3-5, with a tilt induced degra-
dation of vertical resolution. Fortunately, one can see
from Fig. 9 that the correction to the form of the spec-
trum over the interesting range of scales between 100
and 30 m is most likely rather slight. The actual cor-
rection is indicated by dotted lines in Fig. 3 for the
downward propagating near-inertial bands.
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(right), due to FLIP motion.

3. Tilt and depth/time dependence

In the analysis of this data set, time series of shear
are formed at fixed range. If FLIPs tilt changes slowly
over the minutes to days of the time series, depth vari-
ations in shear will appear as time variations at fixed
| range.

Fortunately, there is a distinct geometric signature
associated with this form of “fine structure” contam-
ination, even when the shear field is random. This can
be seen when a Fourier model of the shear is employed:

s(r, ) = f f Ak, w)ellsreostO—cilgyd.,,

Here ris sonar range, (¢) is the angle of the sonar beam
from vertical and « is the vertical wavenumber. In 1980
6(t) = 45° + 6(¢), where § is the time variable part of
the tilt, which was not measured. Subsequent mea-
surements of low-frequency tilt, made when FLIP was
loaded comparably to the 1980 experiment, show that
it is surprisingly small, less than 0.5° rms except in

periods of extreme wind. However, even this small tilt

variation causes significant vertical excursion of the
sonar beams at great range. The resulting time-variation
dependence of the shear at fixed sonar range is given
by

d © o )
% —irsind Kl f f kAe wreost=wdly ds
ot dt J-w J-

oo {e o]
—i f f wAe = =0y dw.
Q0 —a0

The effect of tilt variation is given by the first term on
the right while the intrinsic time variation is given by
the second. Note that the magnitude of the contami-
nation increases linearly in range. It also increases with
wavenumber, provided the wavenumber dependence
of A(k, w) is k™! or “whiter”. One can form a quantity
that formally separates the noise and signal by noting

& fw J‘°° wAe" o5~y dw
-0 -

dt

ds/ot

m = —rtanf

- ) ) ]
cosf f f kA &eoI=eDdl dy
-0 —0o0

de (as / 6s)
—rtanf — + | = [ — .
dt ot ar uncontaminated

The contamination term in this ratio increases linearly
and has no phase reversals with range. Random fluc-
tuations of the ratio with range should be due to the
true signal variation.

In Fig. 10 top, a 40-hour segment of shear is plotted
as a function of range and time. There are several clear
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episodes of high frequency-high wavenumber activity
at intermediate range. These die out at great range as
suggested by linear internal wave scaling, rather than
grow, as the noise model would predict. Note that the
shear does not appear to consist of a collection of ““fro-
zen” low-frequency features that appear first at one
range, then at another, as FLIP tilts. The extremely
noisy appearance of the bottom five ranges is due to
weak sonar returns from great range, and not tilt. Figure
10 bottom shows the corresponding ratio

ds/ot
ds/or’
The random nature of the field is clearly evident. One

concludes that while tilt errors are present in these data,
their effect does not dominate the intrinsic variability.
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